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PREFACE. 



The following Treatise is designed to be an introduction 
to the science of Applied Mechanics; in this it diflfers 
from aJl the elementary works commonly in use, which 
are introductory to Rational Mechanics. How great a 
difference is caused by this circumstance will appear from 
an inspection of the Contents ; it may^ however, be men- 
tioned that, at the least, one half of the present work has 
ho counterpart in any Elementa/ry Treatise that has fallen 
under the author's. notice : that so great a divergence from 
the usual type should be possible seems sufficient reason for 
believing that something is wanting in the ordinary works, 
but how far the present will supply that want is, of course, 
another question. It was originally intended to be a book 
of examples, and a supplement to others already in 
existence; it was, however, soon found that by a few 
additions it could be made independent, and it was thought 
that what was gained in point of convenience by complete- 
ness, would more than compensate a small increase of size 
and cost^ 

The work is intended to comprise two courses ; the first 
is contained in Chapter 1, and in the first sections of 
Chapters 2, 3, 4, 5, 6, 7, of Part I. and of Chapter 1 of 
Part II. ; the second forms the remainder of the book. 



VI PREFACE. 

The first course may be read by any one who understands 
arithmetic, a little algebra, practical geometry, and the 
rules of mensuration ; in many of the examples it is in- 
tended that a geometrical construction should take the 
place of calculation : instances of the use of construction 
are given in Examples 168, 197, 251, 307, 370, and 377. 
In this course the principles of the science are simply 
expounded, their formal demonstration being reserved to 
the second course ; in other words, the order most conve- 
nient for teaching and learning has been followed at some 
sacrifice of the systematic development of the subject. 
The second course presupposes that the reader is acquainted 
with Euclid, algebra, and trigonometry, as commonly 
taught in schools ; a very few examples are insei-ted which 
require some acquaintance with co-ordinate geometry and 
the differential calculus*; the reason for their insertion will 
generally be obvious from the context in which they occur. 
Frequent use has been made of simple geometrical limits ; 
they will probably present but little diflficulty to the 
reader ; he will find some remarks on the subject of limits 
in Appendix I. 

Very many examples require numerical answers ; it is 
hoped that but few of the arithmetical operations will 
prove laborious to any one who possesses a proper facility 
in manipulating numbers, and it must be remembered 
that few things are more important to a learner in the 
earlier stages of his progress than that he should be con- 
tinually referred to the numerical results that follow from 
the formulae he investigates. Hints and explanations have 

* Most of these examples are contained in Chap. 8, Fart I.; the others 
are distinguished hj an asterisk. 
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been freely given in connection with the more difficult 
examples, and it is hoped they will be found sufficient to 
enable the reader to complete the solutions, though many 
of them are important mechanical theorems, and some of 
them but rarely to be met with {e.g. Ex. 134, 149, 297, 
365, 469, 509, 515, &c.) 

A list is subjoined of the principal works referred to in 
drawing up the present Treatise; particular instances of 
obligation are acknowledged in the foot notes in the course 
of the work. A more explicit recognition of assistance is 
due to the Eev. H. Moseley, Canon of Bristol: about two 
hundred of the Examples were given by him to his classes 
at King's College, London, in the years 1840, 1, 2, 3; 
these he very kindly placed at the author's disposal, and 
also gave him permission to use freely his excellent treatise 
on the " Mechanical Principles of Engineering " — a permis- 
sion of which great use has been made. 

Staff College, August, 1860. 
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PRACTICAL MECHANICS. 



CHAPTER I. 

ON SOME OF THE PHTSICAL PROPERTIES OF ICATERIALS. 

1. Properties of materials. — The object of the present 
chapter is to serve as an introduction to those that follow. 
It contains examples illustrative of the more obvious 
physical properties of the materials commonly used in con- 
struction and machinery. These physical properties are 
(1) Weight; (2) Expansion or Contraction, produced by 
change of temperature; (3) Elongation and Compression, 
produced by Pressure ; (4) Resistance offered to Rupture by 
Strain ; (5) Resistance offered to Rupture by Compression. 
2. Weight — For estimating the weight of masses with 
suflScient accuracy it may be assumed that the weight of a 
cubic foot of water is lOOOoz. This number is easily 
remembered, and is within a very little of the truth. In 
every example contained in the following pages wherein 
the weight of masses is concerned, it will be assumed 
that the weight of a cubic foot of water is lOOOoz., 
unless the contrary is specified. As a matter of fact, a 
cubic foot of pure water at 39"^ F. (when its density is 
greatest) weighs 998 '8 oz. It may also be convenient for 
the reader to remember that a gallon contains 277*274 

PL 
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cubic inches, and that a gallon of water at the standard 
temperature (62® F.) weighs 10 lbs. 

Ex. 1. — A reservoir is internal] j 18ft. long, 5 ft. wiile, and 3 ft. deep: 
determine the weight of the water it contains when full, and the error 
produced by considering that each cubic foot weighs 1000 oi. 

Aiu, Weight, 5 tons, Ocwt. 50 lbs. 
Error. 13^1bs. 
Ex. 2. — A cylindrical boiler terminated by plane ends, is internally 
15 ft. long and 4 ft. in diameter; through the lower half pass lengthwise 
50 fire tubes, 3 in. in external diameter : determine the volume and weight 
of the water contained in it when the surface of the water passes through the 
centres of the ends. Ant. Vol. 57 -43 cubic ft. 

Weight, 1 ton, 12cwts. Oqr. 8 5 lbs. 
Ex. 8. — The surface of a pond measures 10 acres; in the course of a period 
of dry weather the surface falls 1} in. by evaporation: what is the weight of 
the water that has been withdrawn ? Ana, 152 tons, nearly. 

3. Specific gravity.- -The specific gravity of a solid or 
liquid substance means the proportion which the weight of 
a certain volume of that substance bears to the weight of 
an equal volume of water ; thus when it is stated that the 
specific gravity of cast iron is 7*2070, it means that a cubic 
foot, or a cubic inch, &c. of cast iron weighs 7*2070 times 
as much as a cubic foot, cubic inch, &c. of water ; coilse- 
quently a cubic foot of cast iron will weigh 7207oz., and 
in general, if S is the specific gravity of a substance, a cubic 
foot of it will weigh lOOOS oz., at least with sufficient 
accuracy in almost all cases. The following table gives the 
specific gravities of some common materials :•— 
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Specific Gravities. 






METALS. 




Platinum (laminated) . 


. 22-0690 


Brass (cast) . 


. 8-3958 


Pure Gold (hammered) 


. 19-3617 


Steel (hard) . 


. 7-8163 


Gold 22 caret (do.) 


. 17-5894 


Iron (cast) 


. 7-2070 


Mercury 


. 13-5681 


Iron (wrought) , 


. 7-7880 


Lead (cast) . 


. 11-3523 


Tin (cast) 


. 7-2914 


Pure Silver (hammered) 


. 10-5107 


Zinc (cast) . , 


. 71908 


Copper (cast) • 


. 8-7880 
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Marble (white Italian) 


. 2*638 


Portland Stone 


2*145 


81ate (Westmoreland) 


2-791 


Coal (Newcastle) . 


1*2700 


Granite (Aberdeen) 


. 2*625 


Brick (Bed) . 


2*168 


Paving Stone . 


• 


2'4158 


Clay . . . , 


1*919 


Mill Stone 


• i 


, 2*4835 


Sand (River) . 


1*886 


Grindstone 


• • 


2*1429 
WOODS 


Chalk (mean) 
(dry). 


2315 


Kim. • . 


• 


0*588 


Oak (English) 


, 0*934 


Fir (Riga) . 


• • 


0*753 


Teak (Indian) 


0*657 


X«arch 


• « 


0-522 


Cork . . . . 


0240 


Mahogany (Spanish) 


0*800 







1 foot length of Hempen rope weighs in lbs. 0*045 x (circ. in inches)*. 
1 ^ ^ Cable weighs in lbs. 0*027 x (circ. in inches)'. 
1 cubic foot of Brickwork weighs 112 lbs. 

NoTB. — The above numbers, where printed to four places of decimals, are 
taken from Dr. Young's Lectures on Natural Philosophy, v. ii p. 503; 
where printed to three places of decimals, from Mr. Moseley's Mechanics of 
Engineering, Ist ed. p. 622. A definite specific gravity is assigned to each 
substance to prevent ambiguity in working the following examples. It will 
be remarked, however, that different specimens of the same substance 
have different specific gravities: thus, of 16 specimens of cast iron the 
specific gravities have been found to vary from 7*295 to 6*963. The 
reader must, therefore, bear in mind that the numbers in the text give mean 
values from which the specific gravity of any specimen of a given sub- 
stance will not largely vary — though the limits of variation are greater 
with some substances than with others. A similar remark applies to all 
quantities determined by experiment. 



Ex. 4. — What is the weight of a rectangular block of marble 63 ft. long,« 
and in section 12 ft. square? Ans, Weight, 667 tons, 14 cwts. 3 qrs. 

Ex. 5. — The girth of a tree is 3 ft. at top, 3 ft. 9 in. at bottom, it is 14 ft. 
long. Determine its weight according as it is larch, oak, or mahogany. 
Also, its value at the following prices: larch, 2«. 6d,; oak, 7«.; mahogany, 
19s; per cubic foot rough. 

Ana, YoL 12 74 cubic ft. 

Weight. Larch, 415 '6 lbs. Oak, 743*7 lb. Mah. 637 lbs. 
Price. „ 1/. lU. lOdL „ Aids. 2d. „12/.2«.ldL 

[The volume to be determined as the frustum of a cone.] 
Ex. 6.— Find the weight of a rectangular mass of oak, 12 ft. long, 4 ft. 
broad, and 2^ ft. thick. What would bo the weight of a mass of granite of 
the same dimensions? ^im. Oak, 62 cwts. 2 qrs. 5 lbs. 

Granite, 176 cwts. 2 qrs. 3ilb8. 
B 2 



4 PRACTICAL MECHANICS. 

Ex. 7. — Find the separate weights of a cast iron ball, 4 in. in radios, 

and of a copper cylinder 3 ft long, the diameter of whose base is 1 in. 

Determine also the diminution in the weight of the ball if a hole were cut 

through it which the cylinder would exactly fit, the axis of the cylinder 

passing through the centre of the sphere. Also, find the error that results 

from considering the part cut away a perfect cylinder. 

Arts, Weight of sphere, 1118'09oz. 

M cylinder, 143*8 oz. 

Weight of part cut from sphere, 26*204 oz. 
Error, 0*102 oz. 

Ex. 8. — ^If a loin, shell were of cast iron, and were Sin. thick, what 
would be its weight supposing it complete? If the weight of a 10 in. shell 
were 86 lbs. what would be its thickness supposing it complete? 

Ans. (I) 107 lbs. (2) 1-41 in, 

Ex. 9. — A hammer consists of a rectangular mass of wrought iron, 6 in. 
long, and 3 in. by 2 in. in section ; its handle is of oak, and is a cylinder 
3 ft. 6 in. long, on a base 1 in. in radius. Determine its weight. 

Ans. 12*73 lbs. 

Ex. 10. — A pendulum consists of a cylindrical rod of steel 40 in. long, 
on a base whose diameter measures ^ in. ; to the end of this is screwed a 
steel cylinder ^in. thick, and l^in. in radius, which fits accurately a 
hollow cylinder of glass, containing mercury 6 in. deep, the glass vessel 
weighing 3 oz. Determine the weight of the pendulum. Ans. 360*95 oz. 

Ex. 11. — Determine the weight of a leaden cone whose height is 1ft. 
and radius of base 6 in.; determine also the external radius of that hollow 
cast iron sphere which is 1 in. thick, and equals the cone in weight. 

Ans. (I) 185*74 lbs. (2) 8 02 in. 

Ex. 12. — A rectangular mass of cast iron 6 ft. long, 6 in. wide, and 3 in. 
deep, has fitted square to its end a cube of the same materials whose edge 
is Ijft. long; find its weight. Ans. 1858 lbs. 

Ex. 13. — It is reckoned that a foot length of iron pipe weighs 64*4lbs. 
when the diameter of the bore is 4 in. and the thickness of the metal 1^ 
in. : what does this assume to be the specific gravity of iron ? Ans. 7*197. 

Ex. 14. — A cast iron column 10 feet high and 6 inches in diameter will 
safely support a weight of 17^ tons, whether it be solid, or hollow and 1 in. 
thick ; determine : — (1) the weight of a solid column ; (2) the number of 
equally strong hollow columns that can be made out of 500 solid columns ; 
(3) the price of 500 solid columns at lOs. per cwt and of 500 hollow 
columns at lis. 3d. per cwt.; (4) the cost of sending the 500 solid and 
the 500 columns to a given place at the rate of 10s. 6d. per ton. 

Ans. (1) 884*2 lbs. (2) 900. (3) 1974/. 3«. solid. 1233/. 16s.. 
hollow. (4) 103/. 13s. solid. 57/. 12s. hollow. 



BBICKWORK, 5 

Ex. 15. — Determine the weight of a hollow leaden cylinder whose 
length is 3 in., internal radius l|in., and thickness l| in. Ans, 26*121 lbs. 

Ex. 16. — Determine the weight of a grindstone 4ft in diameter and Sin. 
thick, fitted with a wrought iron axis of which the part within the axis 
is 2 in. square, and the projecting parts each 4 in. long with a section 2 in. 
in diameter. Ans. 1135*7 lbs. 

Ex. 17. — ^Determine the weight of an oak door 7 ft. high, 3 ft. wide and 
1| in. thick. Ans, 153^ lbs. 

Ex. 18. — There is a fly wheel of cast iron the external radius of whose 
rim is 5 ft. and internal radius 4 ft. 6 in. ; it is 4 in. thick and is connected 
with the centre by 8 spokes 4 in. wide and lin. thick, strengthened by 
a flange on each side lin. square (so that their section is a cross 4 in. 
long and 3 in. wide) each spoke is 4 ft. long ; the centre to which they 
join the rim has the same thickness as the rim, is solid, and (of course) 
6 in. in radius : determine the weight of the whole. Ans, 2948*7 lbs. 

Ex. 19. — There are 2 rooms each 100 ft. long and 30 ft. wide ; the one 
is floored with oak planking 1^ in. thick ; the other with deal planking 
(Riga fir) l|in. thick. Determine the weights of the floors and their 
cost, the price of deal being Ss, and oak 7s. per cubic feet. 

Ans. Deal floor weighs 17648 lbs. costs 56/. 5s. 
Oak „ 18242 lbs. „ 109/. 7s, 6dL 

Ex. 20. — A cubic foot of copper is drawn into wire ^ of an inch in 
diameter ; what length of wire is made ? Ans. 46936 ft. 

Ex. 21. — It is said that gold can be drawn into wire one millionth part 
of an inch thick ; what will be the length of such a wire that can be made 
from an ounce of pure gold. Ans. 1793448 miles. 

Ex. 22.^-It is said that silver leaf can be made y^ij^ of an inch thick ; 
how many ounces of silver would be required to make an acre of such silver 
leaf? Ans. 6*875 oz. 

4. Brickwork. — The measurement and determination of 
the weight of a mass of brickwork depend upon the follow- 
ing data : — 

(1.) A rod of brickwork has a surface of 1 square rod 
(or 30;^ square yards) and a thickness of a brick and a half, 
i. e. of 1ft. l^in., or it contains 306 cubic feet. 

(2.) A rod of brickwork contains about 4500 bricks in 
mortar, or 5000 bricks laid dry 

(3.) A rod of brickwork requires 3 J loads {i, e. 3 J cubic 
yards) of sand and 18 bushels of stone lime. 

(4.) A brick measures 8 J x 4;^ x 2 J inches, i, e a quarter 
of an inch each way less than 9 x 4 j^ x 3 inches. 

B 3 



6 PRACrriCAL MECHANICS. 

(5.) A bricidayer's hod measures 16x9x9 inches, and 
can contain 10 or 12 bricks.* 

Ex. 23. — How many rodf of brickwork are there in a square tower 117 ft. 
high and 28 ft. by 7 ft. at ita base, externally, and 3 bricks thick ? Deter- 
mine the number of bricks required to build the tower and their price 
at \L lOs. per thousand. 

Arts. (1) 52-43 rods. (2) 236,000 bricks. (3) 354t 
Ex. 24. — A tower the base of which measures externally 9ft. square is 
50ft. high and 2 bricks thick ; how many bricks are required to build it, 
and how many loads of sand and bushels of lime ? Determine also the 
cost of the materials if the bricks cost 1/. 10«. per thousand, sand 5«. 4dL 
per load, and lime Is. Sd, per basheL 

Ans, (1) 7*35 rods. (2) 33,000 bricks, 25} loads of sand, 
132^ bushels of lime. (3) Cost 67(. Ss, 2d. 

Ex. 25. — How many rods of brickwork are there in a reserroir of a 
rectangular form, the internal measurements of which are 20 ft. long 6 ft. 
wide and 12 ft. deep ; the work being 2 bricks thick, riz. both walls and 
floor ; and the reservoir being open at the top ? Ana, 4*43. 

Ex. 26.— How many rods of brickwork are there in a wall 360ft. long, 
17ft. high and 2 bricks thick; and determine the cost of the material 
from the data in Ex. 24. Ans. (1) 30 rods. (2) 275/. lOs. 

Ex. 27. — If the wall in the last example had an additional 2ft. of foun- 
dation 3 bricks thick, and were supported by 20 square buttresses reaching 
to the top of the wall 2 bricks thick on foundations 3 bricks thick and 
measuring 2|ft. in a direction perpendicular to the face of the wall ; de- 
termine the number of rods of brickwork in the foundations and buttresses. 

Am, 10*2 rods. 

Ex. 28. — ^What woald be the cost of the carriage of the bricks in the 
wall described in the last two examples at 5«. 6d. per ton? 

Ans, 169/. 2«. 6<f. 

Ex. 29. — The following are the actual dimensions of the brickwork of 
the outer shell of the chimney of St. RoUox, Glasgow. Commencing from 
the top, there are five divisions; the tops of these divisions are respectively 
435^, 350|, 210J, 114^, 54^, above the ground; the external diameters at 
the tops of the divisions are respectively 13ft. 6 in., 16 ft. 9 in., 24ft., 
30ft. 6in.4 35ft. The diameter on the ground is 40 ft.; the thickness of 
the divisions are respectively 1^, 2, 2^, 3, and 3j bricks; below ground the 
brickwork reaches 14 ft., with a uniform external diameter of 40 ft.; the 



* Mr. Weale*8 Contractor's Handbook. The Handbook states that a 
hod contains 20 bricks, but this must be a misprint. 
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first 8 feet are 3ft. thick; in the remaining 6 feet the thickness gradnaUj 
increases to 12 ft. thick. Determine the number of rods of brickwork 
contained in the chimney; the number of thousand bricks employed, their 
cost at 1/. \\8. 3d, per thousand; also, if the mortar were of sand and 
stone lime, determine the number of loads of sand and basbels of stone 
lime required, and their cost at 5«. 4dL per load, and Is, Sd, per bushel, 
respectively, 

[The surface of each division of the chimney may be considered as that 
of a conic frustum; the real volume of each division will be the difference 
between the volumes of two conic frustums. A sufficiently close approxima- 
tion may be obtained by multiplying the mean surface by the thickness and 
considering the slant side equal to the height; the volume of the part 
below ground is to be determined accurately.] 

Ana. (I) 2188 rods, or 981,000 bricks. (2) Cost of bricks, 
1532/. 16«. 3(2. (3) 763 loads of sand, costing 

2032. 9s. 4(2. (4) 3924 bushels of Ume, costing^27l 

5. EocpaTiMon and contraction by heat — It is found 
that all bodies experience a small change of volume on the 
application of heat. In general the change is one of in- 
crease *, and with suflBcient accuracy may be considered to 
obey the following law within moderate ranges of tempera- 
ture. If a volume V be increased by A; V for an addition 
of one degree of heat, it will be increased hjnxkV for an 
addition of n degrees of heat, i. e, the increase of volume is 
proportional to the increase of temperature. It must be 
remembered that the same rule is true of the expansions in 
length which a body experiences from an increase of tem- 
perature. In order to fix the conception of a degree of 
heat it will be proper to mention that when heat is applied 
to ice the water produced by melting retains a constant 
temperature imtil the whole of the ice is melted. This 
temperature serves as one fixed point, and is called the 
freezing point. Moreover, boiling water in free contact 
with the air also keeps at a constant temperature (at least 
when the barometer stands at a given height^. This fact, 
therefore, supplies a second fixed point, and is called boiling 



* Water, near freezing point, is a conspicuous exception, 
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point, the boiling point being determined when the baro- 
meter stands at 30 inches. These two points being fixed, 
the graduation is then arbitrary. The scale on Farenheit's 
thermometer (which is commonly used in England) is con- 
structed by dividing the space between the freezing and 
boiling points into 180 equal parts, termed degrees, and by 
commencing the graduation 32° below freezing point, so that 
the freezing point is marked 32°, the boiling point 212°. 
In the centigrade thermometer (commonly used in France) 
the graduation begins at the freezing point, and the interval 
between the freezing and boiling points is divided into 100 
equal parts called degrees.* It is easy to see that if at any 
temperature Fahrenheit's thermometer stood at F° and the 
centigrade at C°, we should have 

F°^32 _ C° 
180 100 

Ex. 30. — The density of water is greatest at 3^*9 on the centigrade scale: 
what is the same temperature called on Fahrenheit's scale? 

Ans, 39° 02 F. 

Ex. 31. — The standard temperature commonly referred to in English 
experiments is 60° F.; what would the same temperature be called in 
France? Ans, 15°-55C. 

Ex. 32 — If the centigrade thermometer stood at 5° below zero, or at 

— 5° C, what would the same temperature be marked on Fahrenheit's scale? 

Ans, 23° F. 
Ex. 33.— What degree on the centigrade scale would be equivalent to 

— 4° on Fahrenheit's scale? Ans, — 20° C. 

The following Table gives the fi-actional part of the 
whole by which a substance expands when heated : — f 



* In Reaumur's thermometer the freezing point was marked zero, and the 
boiling point 80° j consequently — rf. =__ 

t From Dr. Young's Natural Philosophy, voL ii. p. 390. 
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TABLE IL 
Expansion pboducbd bt Hbat. 



In length. Glass Tube 
„ Platinum 
„ Cast Iron 
„ Wrought 1 
Iron J 
„ Steel rods 
„ Brass rods 
n Lead . • 
„ Copper . 
In bulk. Mercury 
„ Mercury in "| 
glass (ap- - 
parent) J 


Temperature raised 
from 320 to 2iao F. 


Temperature 
raised \o F. 


Authority. 


000077615 

0000856 

0-0011094 

0001156 

0-0011447 
0-0018928 
0-002867 
0*001700 

• 

• * 


0*0000043 1 
0-00000476 
0-00000617 

0*00000642 

000000636 
000001052 
0*00001592 
000000944 
000010415 

0*00008696 


Roy. 

Borda. 

Lavoisier. 

Borda. 

Roy. 

Roy. 

Sraeaton. 

Smeaton. 

Roy. 

Committee of 
Royal Society. 



Ex. 24. - The length of the base line of the Ordnance Survey on 
Hounslow Heath, was found to be 27,404 ft. ; this was measured first by 
glass tubes, and then by steel chains; if, in correcting the glass rods for 
temperature a uniform error of 1^ in excess had been committed, and in 
correcting the steel chain an error of l^ in defect had been committed, 
what would have been the difierence between the apparent measurements? 

Am, 3-51 in, 
Ex. 35. — If the wrought iron rails on a railway are 10 miles long when 
at a temperature of 32^ below freezing, by how much will they lengthen if 
their temperature is raised to 88° F. Arts. 29*83 ft. 

Ex. 36.— Ramsden's brass yard exceeded Shuckburg's by 0-002505 of an 
inch; what would be the difierence of their temperatures when accurately 
the same length? Ans. 6^'6F, 

Ex. 37. — Two rods, respectively of iron and brass, ab and c d are fast- 
ened together in the mid- 
dle; they are accurately ^**- *• 
the same length, at 62° F. ; 
to their ends are fastened 
by pivots tongues AS and 
DBF which are perpendi- 
cular to the bars, at 62° F. ; ^ ^ 
in consequence of the unequal expansion or contraction of the bars the 
tongues will assume difierent positions, as shown by the dotted lines; it is 
required to determine the length of ce, that the point e may remain unmoved 
by the expansion or contraction of the bar. The length of a b is 10ft. and 
the distance ag is 1*725 in. Ans. CE = 4*426 in. 
Ex. 38.— If the expansion in length of a substance is e times the length at 
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given temperatare, ihow that the expansion in Tolome will be Terj nearly 

3 e times the yolume at that temperature 

Ex. 39. — The Tolume of a mass of lead being a cubic foot at 60^ F. 
what will be its volume at 0^ FJ> and what at 88° F.? 

Aiu. At (P F. 0*9971344 cubic ft. 
At 88° F. 1-00133728 cubic ft. 
Ex. 40. — There is half a cubic inch of mercury in a thermometer at 
32° F. ; when the temperature is raised to 92° F. the mercury ascends 

4 in. ; what is the diameter of the bore of the glass tube? 

Ang, 0*0288 in. 

6. Elongation produced by strain, — The principle on 
which this determination is made is the following : — Sup- 
pose the length of a beam or bar to be L feet, the area of its 
section to be K square inches, then if by the application of 
a strain of P lbs. its length becomes L + ^ it appears from 
experiment that 

f : L : : 5 : E 

where E is a constant number depending on the nature of 
the material, and is called the Modulus of Elasticity. 

It is found that all substances obey this law when the 
degree of extension does not transgress certain limits ; the 
limits are different in different substances, and in many are 
very nan*ow. It appears also that within these limits (i. e. 
the limits of elasticity) a strain producing a certain degree of 
extension will, if applied in the opposite direction so as to 
become a thrust, produce an equal degree of compression. 

It will be observed that — is the strain or thrust per 

square inch on the section of the beam or bar. It is also 

p 
plain that if-- were equal to E then would I be equal to L, 

so that the modulus of elasticity is that strain per square 
inch of the section of a bar which would double its length 
if its elasticity continued perfect. It is, perhaps, unnecessary 
to remark that scarcely any substance has limits of elasticity 
any way approaching this in extent. 



ELONGATION PEODUCED BY STRAIN. 



11 



TABLE m 
Moduli of Elasticitt.* 



Material. 


Modulus. 


Material. 

• 


Modulus. 


Wrought iron bars 
Cast iron . 
Cast brass . 
Steel (hard) 
Copper wire 


29,000,000 
17,000,000 
8,930,000 
29,000,000 
17,000,000 


Oak (English) . 
Tiarch 
Fir (Riga) 
Elm • • • 


1,450,000 

1,050,000 

1,330,000 

700,000 



Ex. 41. — By how much would a bar of wrought iron I of an inch square 
and 100ft. long lengthen under a strain of 2 tons (neglecting the weight of 
the bar)? An8. 0*247 ft. 

Ex. 42. — Determine the elongation of a steel bar 2 in. square and 40 ft. 
long when subjected to a strain of 40 tons. What would have been its 
elongation had it been of cast brass? Ans, Steel 0*03 ft. Brass 0*1 ft. 

Ex. 43. — A bar of wrought iron 2 in. square has its ends fixed between two 
immoveable blocks when the temperature is 20^ F.; what pressure will it 
exert against them if the temperature becomes 96° F. Ans, 25^ tons. 

Ex. 44. — A wall of brickwork 2 ft. thick and 12ft. high is supported by 
columns of oak 6 inches in radius 18 ft. high and 14 ft. apart from centre 
to centre ; determine the thrust per square inch exerted on the section of the 
columns, and the amount of their compression. 

Ans. (1) 332*71b. (2) i in. nearlj. 

Ex. 45. — In the last example if the wall had been of Portland stone and 
l|ft. thick, what would have been the pressure per square inch, and the 
degree of compression. Ans. (1) 248 9 lb. (2) ^ in. 

Ex. 46. — In the last example if the oak column were replaced bj a 
wrought iron bar 2 inches square, what would be the degree of compression ? 
and at what temperature would the iron rod have the same length as it has 
when unpressed at 32° F.? Ans. (1) ^in. (2) 69*8° F. 

Ex. 47.— A bar of wrought iron a square inch in sectipn is fixed firmly 
between two immoveable blocks which are 50 ft. apart; if the temperature is 
raised 50° F. above that which the bar had when fixed find the pressure pro- 
duced against these blocks. Ans, 9309 lbs. 

Ex. 48. — In the last example, if only one of the blocks were immoveable 
and the other were capable of revolving round a joint 12 ft. below the 
point, at which it is met by the rod, determine the angle through which it 
will be turned by the expansion of the rod. Ans. 0°'4' 36". 

Ex. 49. — It is observed that the two opposite walls of an ancient building 



* Based on Mr. Moseley's Mech. Eng. p. 622 compared with Mr. Bankine's 
Applied Mechanics, p. 631. 
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are each 3^ oat of the vertical, the inclination being outward ; to bring them 
into the perpendicular the following means are employed: at certain inter* 
yals iron bars are placed across the building, their ends passing through the 
walls and projecting on the outside, on these ends strong plates or washers 
are screwed; the rods are then heated and expand, in this state the washers 
are screwed tightly against the outside of the walls and the rods allowed to 
cool, when they contract and draw the walls together; the process being 
continued until the walls become vertical.* If we suppose the rods to be 50 ft. 
long and 3 square inches in section, and to be fastened 15ft. above the joint 
of the masonry, round which walls will be made to turn ; and if the range 
of temperature is from 60° F. to 240° F.; determine the number of times the 
bars must be heated before the operation is complete, and the pressure with 
which the walls would be drawn together if they were entirely immoveable. 

Ans, (I) 27 times. (2) 100,572 lbs. 

7. Mesistance to rupture by tearing or tenacity. — When 
a strain which elongates a bar attains a certain magnitude, 
the bar will break. If we determine by experiment the 
force in lbs. per square inch, we obtain the tenacity of the 
substance. It is manifest that the strain which will tear a 
bar whose section is n square inches will be n times the 
tenacity. 

TABLE IV. 
Tenacities. 



Bfaterial. 


Tenacity. 


MHterial. 


Tenacity. 


Wrought Iron 

(bars) 
Castlron (average) 
Iron wire ropes 
Cast Brass • 
Copper wire 


67,200 lbs. 
16,500 „ 
90,000 „ 
18,000 „ 
60,000 „ 


Oak (English . 

Larch 

Fir (Riga) . 

Elm . 

Hempen ropes . 


17,3C0 lbs. 
10,000 „ 
12,000 „ 
13,500 „ 
5,600 „ 



Ex. 50. — How great a strain will a cylindrical bar of wrought iron bear 
which is \ of an inch in diameter? and by what fraction of its length would 
it elongate under this strain if the elasticity continued perfect? 

Ans, (1) 3298-67 lbs. (2) 0*0023. 

Ex. 51. — How many iron wires ^ of an inch in diameter must be put 
together to sustain a strain of 3 tons? Ans. 12. 



* The walls of Armagh Cathedral were restored by this process. Daniell's 
Chemistry, p. 103. 
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Ex. 52. — ^What is the length of a bar of wrought iron which being gns- 
pended vertically would break by its own weight? Ans, 19,880ft. 

Ex. 53. — What strain will a bar of oak Ij in. square sustain ? 

Ans, 38,925 lbs. 

Ex. 54. — ^What strain will a cylindrical bar of larch 1| in. in diameter 
sustain ? Ans. 1 7,67 1 lbs. 

Ex. 55. — If a rope be made of wires whose diameter is d, show that the 
number of wires in each square inch of the section of the rope is very nearly 

given by the formula — - — 3. or 



V3d» 7rf* 

Ex. 56.— How many wires ^ of an inch in diameter must be put together 
to form a rope a square inch in section. Ans. 115. 

Ex. 57. — What is the difference in the number of wires ^ of an inch in 
diameter which would form a rope with a section of a square inch as deter- 
mined by the formula in Ex. 55? Ans, 4*8. 

Ex. 58. — Show that the number of lbs. weight in a foot length of iron 
wire is given by the formula (circ. in inches)* x 244 very nearly; the 
specific gravity of iron wire being assumed to be the same as that of 
wrought iron. 

Ex. 59. — Show that if a rope of hemp has the same strength as another 
of iron wire ; the circumference of the latter is about |, and its weight about 
I of the former. 

8. Resistance to rupture by compression. — There are as 
many as five forms which the results of crushing assume in 
different bodies. They are enumerated as follows by Mr. 
Bankine * : — 

(1.) Crushing by splitting^ when the substance divides 
in a direction nearly parallel to the direction of the pres-^ 
sure. This occurs in the case of hard, homogenous sub- 
stances of a glassy texture, 

(2.) Grushvng by shearing^ when the substance divides 
along a plane inclined at a certain angle to the direction of 
the force, the upper part of the substance sliding upon the 
lower. This fact was ascertained, and its conditions inves- 
tigated, by Mr. Hodgkinson. It takes place in the case of 
substances of a granular texture, such as cast iron, and most 



* Applied Mechanics, p. 303. See also Mr. Moseley's Mechanics oi 
Engineering, pp. 549, 579. 
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kinds of stone and brick. To exhibit its effects the block 
to be crushed must be at the least one half higher than it 
is thick. In the above cases the resistance to crushing is 
considerably greater than the tenacity. In the case of cast 
iron the resistance is more than six times the tenacity. 

(3.) Crushing by bulging^ when the material spreads 
like compressed dough. This takes place with ductile 
substances, such as wrought iron in short blocks. In this 
case the resistance is somewhat less than the tenacity, being 
with wrought iron about \ of the tenacity. 

(4.) Crushing by cripplingy which is characteristic of 
fibrous substances, and takes place when the thrust acts 
along the fibres in timbers and in bars of wrought iron that 
are too long to yield by bulging. It consists in a lateral 
yielding, and sometimes separation of the fibres. In the 
case of dry timber the resistance is about J of the tenacity, 
in the case of moist timber about :^th of the tenacity ; con- 
sequently, moist timber is only half as strong as dry when 
subjected to a crushing force. 

(5.) Crushing by (nvssbreakingy which is the mode of 
fracture in columns and struts where the length greatly 
exceeds the diameter. Under the breaking load they yield 
sideways, and are broken across like beams under a trans- 
verse pressure. 



TABLE V. 

CrUSHIKO PreSSUBE in lbs. per 8QDABB INCH. 



Matorial. 


Pressure. 


Material. 


Pressure. 


Wrought Iron . 
Castlron (average) 
Cast Brass 
Brick 
Sandstone 
Limestone (gra- 
nular) . 


36,000 

112,000 

10,300 

800 

4,000 

4,000 


Granite (average) 

Oak (English) dry 

Larch dry 

Fir (Riga) dry . 

Elm 


8,000 
9,500 
5,500 
6,000 
10.300 
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Ex. 60. — What mast be the height of a column of cast iron prodndng 
that pressure per square inch which would crush a short column of the same 
material? Ans, 35,805 ft. 

Ex. 61. — Compare the heights of columns of cast iron, wrought iron, 
cast brass, and larch fir, which would produce the pressure per square inch 
requisite for crushing riiort columns of their respective materials? 

Ans, 1-475 : 0439 : 01 16 : 1. 

9. Ultimate and proof strength and working stress. — It 
must be borne in mind that no material is in practice sub- 
jected to the strain or thrust which it is capable of support- 
ing. This will appear very clearly from the following 
definitions * : — 

(1.) The ultvmate strength of a solid is the stress required 
to produce fracture in some specified way. 

(2.) The proof strength is the stress required to produce 
the greatest strain in some specified way consistent with 
safety. A stress exceeding the proof strength, though it 
does not produce immediate fracture, will produce it by long 
application or frequent repetition. 

(3.) The working stress is always made less than the 
proof strength in a certain ratio determined by experience. 

In the cases of wrought-iron boilers, timber, brick, and 
stone, the ultimate strength is from 2 te 3 times more than 
the proof strength, and from 8 te 10 times the working 
stress. In the following examples the working stress is 
assumed te be ^th of the ultimate strength : — 

Ex. 62. — A wall of hrickwork 3 ft. thick, is supported at intervals of 
10 ft. hj sandstone columns 9 in. in diameter; to what height can the wall 
be carried? ^n^. 7*6 ft. 

Ex. 63. — If in the last example the columns had been of brickwork 2 ft. 
thick, to what height would the work then be carried ? Am. 10*8 ft. 

Ex. 64. — To what height could the wall in Ex. 44 be carried with safety 
80 far as the strength of the columns is concerned? Ans. 34*2 6 ft. 

Ex. 65. — Make the same determination with regard to Ex. 45. 

Ans. 45*8 ft. 

* Bankine, Applied Mechanics, p. 273, 
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Ex. 66. — What would have been the heights in each of the last examples 
if the columns had been of brickwork? What if of limestone? What if 
of granite? Ans, Brickwork, 2*9 ft. 3*9(1. 

Limestone, 1 4*4 ft. 1 9*3 ft. 
Granite, 289 ft. 38*6 ft. 
Ex. 67. — A wall of brickwork, 50 ft. high and 3 ft. thick, is to be carried 
bj columns of brick 20 ft. apart, ftt)m centre to centre; determine the least 
diameter consistent with safety. Make the same determination if the 
columns were of granite. Ans, 73j in, brickwork. 23j in. granite. 

10. Strength of cast iron columns. — The columns in the 
preceding examples are supposed to follow the law of the 
crushing of short columns. It may be instructive to add 
the following particulars, which have reference to the 
crushing of cast iron columns exceeding that length. The 
greatest part of our knowledge of this subject is due to ex- 
periments conducted by Mr. Hodgkinson, who thus states 
his conclusions with regard to the form of the ends of iron 
columns : — "1st. A long circular pillar, with its ends flat, 
is about three times as strong as a pillar of the same length 
and diameter with its ends rounded in such a manner that 

the pressure could pass through the axis 2nd. If a 

pillar of the same length and diameter as the preceding 
has one end rounded and one flat, the strength will be 
twice as great as that of one with both ends roimded. 
3rd. If, therefore, three pillars be taken, differing only in 
the forms of their ends, the first having both ends rounded, 
the second having one end rounded and one flat, and 
the third both ends flat, the strength of these pillars will 
be as 1 — 2 — 3 nearly." Mr. Hodgkinson further considers 
that the breaking weight w o{ a. hollow column is given in 
tons by the formula, 

^ = Mx ^y:^3— 

and that of a solid column by the formula, 

D3-6 
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where M and m are constants depending on the nature of 
the iron, D the external and d the internal diameters of the 
column in inches, and I the length in feet. The values of 
M and m vary considerably with diflferent kinds of iron, but 
may be taken at 42 tons. The limits of variation in the 
values of m are 49*94 and 33'60.* 

Ex. 68. — Betennine the breaking weight of a solid cast iron colnmn 
20 ft. high and 6 in. in diameter. Ans, 168*3 tons. 

Ex. 69. — ^Determine the breaking weight of the colnmn in the last 
example if it were hollow and 1 in. thick. Ana, 127*6 tons. 

Ex. 70. — ^Determine the thickness of a column 20 ft. high and 7 in. in 
external diameter, which is as strong as that in Ex. 68. Ana, 0*774 in. 



* Proceedings of the Bojal Society, y. yiii. p. dl8. 
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CHAP. 11. 

ON WORK; OR THE EFFICIENCT OF AGENTS. 

11. Definition of work, — An agent is said to do work 
when it causes the point of application of the pressure it 
exerts to move through a certain space ; thus a carpenter 
employed in planing wood works, since he causes the point 
of application of the pressure he exerts to move through a 
certain space, and the same is true of any agent that works 
in the sense here intended. For the sake of distinctness it 
may be observed that the union of pressure and motion is 
essential to the conception of work; thus when the expan- 
sive force of steam lifts the piston of a steam engine it does 
work. In the boiler, though it produces an enormous 
pressure on the surface, it does no work, since the pressure 
is unaccompanied by motion. The unit by which the work 
of different agents is expressed numerically is called the 
unit of work ; according to the practice of English writers 
it is defined as follows : — 

Def. — The work done when a pressure of 1 lb. is exerted 
through 1 ft. is called a unit of work. 

The following important principle is deducible from this 
definition. When a pressure of P lbs. is exerted through 
a space of S ft., it does PS units of work, the pressure 
being exerted along the line in which its point of applica- 
tion is made to move. For since a unit of work is done 
when a pressure of 1 lb. is exerted through 1 ft., there 
must be 2 units of work done when a pressure of 2 lbs. is 
exerted through 1 fb., 3 units of work when a pressure of 
3 lbs. is exerted through 1 ft., and generally P imits of 
work when a pressure of Plbs. is exerted through 1 ft. 
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Again, since P units of work are done when a pressure of 
P lbs. is exerted through 1 ft., there must be 2P done 
when it is exerted through 2 ft., 3P when it is exerted 
through 3 ft., and generally PS units must be done when 
the pressure of P lbs. is exerted through S ft. 

Ex. 71. — How many units of work are expended in raising 2 cwts. through 
30 fathoms ? Ana. 40,320. 

Ex. 72. — The mean pressure on the piston of a steam engine is 15 lbs. 
per sq. in., the length of the stroke is 6 ft ; if the area of the piston is 
448 sq. in., how many units of work are done per stroke ? Ans. 40,320. 

12. Comparison of the efficiency of agents. — If the 
above examples are compared, it will be seen that the 
work done during each stroke by the steam on the piston 
of the engine is equivalent to the work expended in raising 
2 cwts. through a height of 30 fathoms; and whatever 
agent raises this weight, it must do as much work as that 
done by the steam. In these examples we have not con- 
sidered the ti/me in which the work is done ; let us then sup- 
pose that the engine in Ex. 72 makes 10 strokes per minute ; 
the expansive force of the steam will then do 403,200 
units of work per minute. Now, if we suppose an agent, or 
a number of agents, to raise a weight of 1 ton through 30 
fathoms in one minute, they will do exactly 2240 x 180 or 
403,200 units of work per minute. It is plain that under 
these circumstances the comparison is complete between 
the efficiency of the expansive force of the steam and the 
efficiency of the other agents, and that they are reciprocally 
equivalent. Hence we infer the general principle : — 

The nwmber of v/aits of work yielded by any agent 
in a given time is the true measure of its effUciency or 
working power. 

Of course it follows from this principle that the working 
powers of two agents are in the ratio of the number of units 
of work done by them in the same time. 

The most familiar instance of this mode of measuring the 

c 2 
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power of an agent is furnished by the steam engine^ whose 
efficiency is estimated in horse-power, as when we speak of 
an engine of *Hwenty horse-power." From some experi- 
ments, Mr. Watt concluded that a horse is capable of yield- 
ing 33,000 units of work per minute. The conclusion, as 
far as regards the efficiency of the animal, is not very cor- 
rect ; it has, however, fixed the meaning of the term horse- 
power when applied to a steam engine. Hence 

Bef, — A steam engine works with one horse-power when 
it yields 33,000 units of work per minute. 

Of course an engine of n horse-powers yields n times 
33,000 imits of work per minute. 

Ex. 73. — The piston of a steam engine is 15 in. in diameter, its stroke is 
Sj ft long ; it makes 40 strokes per minute ; the mean pressure of the 
steam on it is 15 lbs. per square inch ; what number of units of work is 
done bj the steam per minute and what is the horse-power of the engine ? 

Ans, 265072 units of work. 8*03 H.-P. 

Ex. 74. — A weight of 1| tons is to be raised from a depth of 50 fathoms 
in 1 minute ; determine the horse-power of the engine capable of doing 
the work. Ans, 30^ H.-P. 

Ex. 75. — The resistance to the motion of a certain weight is 440 lbs. 
how many units of work must be expended in making this weight move 
over 30 miles in 1 hour ? What must be the horserpower of an engine 
that does the same number of units of work in the same time ? 

Ana, 69,696,000 units of work. 35 J H.-P. 

13. Application of the foregoing principles. — A con- 
siderable number of practical questions can be answered by 
means of the principles already laid down, viz. such ques- 
tions as the horse-power of the engine required to do a 
certain amount of work, the time in which an engine of a 
certain power will do a certain amount of work, &c. .... 
They are all done by following the same method, viz. First, 
from a consideration of the work to be done, obtain the num- 
ber of units of work that must be expended in a certain 
time. Next, from a consideration of the power of the agent 
obtain the number of units yielded in the same time. One 
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of these expressions will contain an unknown quantity ; but, 
since by the terms of the question they are equal, they will 
form an equation from which the imknown quantity can 
be readily determined. 

Ex. 76. — ^An engine is required to raise a weight of 13 ewts. from a 
depth of 140 fathoms in 3 minates ; determine its horse-power ? 

Let X he the required horse-power ; then the units of work yielded in 3 
minutes will equal 33000 x x x 3 ; also the number of units of work required 
to raise 13 cwts. from a depth of 140 fath. equals 13x112x140x6. 
And since these two numbers are equal we have 

33000 x3xx»13xll2xl40x6. 
/. X- 12-35 H.-P. 
Ex. 77. — ^In how manj minutes would an engine working at 25 horse 
power r^e a load of 12 cwts. from a depth of 160 fathoms ? 

Ana, 1 *564 min. 
Ex. 78. — ^A locomotive engine draws a gross load of 60 tons at the rate 
of 20 miles an hour ; the resistances are at the rate of 8 lbs. per ton ; what 
must be the horse-power of the engine ? 

[The reader must bear in mind that the work to be done is to overcome 
a resistance of 480 lbs. through 20 miles in one hour.] 

Ans. 25*6 H.-P. 
Ex. 79. — ^What must be the horse power of an engine that raises 20 
cubic feet of water per minute from a depth of 200 fathoms ? 

Am, 45^ H. P. 

Ex. 80. — ^How many cubic feet of water would an engine working at 
100 horse-power raise per minute frx>m a depth of 25 fathoms ? Ans, 352. 

Ex. 81. — How many cubic feet of water will an engine of 250 horse- 
power raise per minute from a depth of 200 fathoms? Ans. 110 cub. fr. 

Ex. 82. — It being required to raise 100 cubic feet of water per minute 
from a depth of 495 ft., what must be the horse-power of the engine ? 

Am, 93f H-.P. 

Ex. 83. — There is a mine with three shafts which are respectively 300, 
450, and 500 ft. deep : it is required to raise from the first 80, from the 
second 60^ from the third 40 cubic feet of water per minute ; what must be 
the horse-power of the engine ? Am, 134|| H.-P. 

Ex. 84. — At what rate per hour will a locomotive engine of 30 horse- 
power draw a train weighing 90 tons gross, the resistances being 8 lbs. per 
ton ? Am, 15*625 miles. 

Ex. 85. — What is the gross weight of a train which an engine of 25 
horse-power will draw at the rate of 25 miles an hour, resistances being 
8 lbs. per ton ? Ana, 46*875 tons. 

Ex. 86. — A train whose gross weight is 80 tons travels at the rate of 
20 miles an hour, if the resistance is 8 lbs. per ton what is the horse* 
power of the engine ? ^m, 34^ H.-P. 

3 
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Ex. 87. — An engine working with the same power ai that in the last 
example draws a train at the rate of 30 miles an hour ; the resistances 
being 7lbs. per ton what is the gross weight of the train ? 

Ans, 60}f tons. 

Ex. 88. — ^What must be the length of the stroke of the piston of an en« 
gine> the surface of which is 1500 square inches, which makes 20 strokes 
per minute, so that with a mean pressure of IS lbs. on each square inch of 
the piston, the engine may be of 80 horse-power ? Ans, 7 J ft. 

Ex. 80. — The diameter of the piston of an engine is 80 inches, the length 
of the stroke is 10 feet, it makes 1 1 strokes per minute, and the mean pres- 
sure of the steam on the piston is 12 lbs. per square inch : what is the 
horse-power f Ans, 201*06 H.-P. 

Ex. 90. — Find the horse-power of an engine that will raise in one mi- 
nute 100 cubic feet of water from a depth of 600 feet ? Ans, 113^ H.-P. 

Ex. 91. — A train weighing 50 tons is to be drawn along a railway at the 
rate of 20 miles an hour ; the resistances being 8 lbs. per ton, find the 
horse power of the engine. Ans, 21| H.>P. 

Ex. 92. — ^The cylinder of a steam engine has an internal diameter of 3 
feet ) the length of the stroke is 6 feet ; it makes 6 strokes per minute ; 
under what effective pressure per square inch would it have to work in 
order that 75 horse-power may be done on the piston? ^ns. 67*54 lbs. 

Ex. 93. — ^What must be the horse-power of a stationary engine that 
draws a weight of 150 tons along a horizontal road at the rate of 30 miles 
per hour ; fHction being 8 lbs. per ton? Ans, 96 H.-P. . 

14. Modulus of a machme. — An agent rarely, if ever, 
does a considerable amount of useful work directly , but 
nearly always through the intervention of a machine, by 
which the motive power of the agent is so applied as to over- 
come the resistance in the most convenient manner. For 
instance, when a steam engine raises water out of a shaft, 
the motive power is the expansive pressure of the steam on 
the piston, the resistance to be overcome is the weight of 
the water, the beam^ crank, &c. of the engine are the means 
by which the motive power is applied so as to overcome the 
resistance. Now it will be remarked that each part of the 
machine presents more or less resistance to the motion, so 
that a certain part of the work done by the motive power 
must be expended in overcoming these resistances, i. e, in 
reference to the purpose of the machine must be expended 
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uselessly. The remainder of the work done by the motive 
power will lie expended usefully in accomplishing that 
purpose. 

It admits of proof in the case of a machine moving nni- 
formly, that if the number of units of work done by the 
agent is represented by U, the number expended in over- 
coming prejudicial resistances by Uq, and the number ex- 
pended usefully by Up all in the same given time, then 

U = U+Ui 
It also appears that in most machines U;^ bears to U a 
constant ratio, so that 

Ui = KU 
where the letter K denotes some proper fraction, depending 
on the nature of the machine, this fraction is called the 
modulus of the machine ; the following table, taken from 
Greneral Morin's Aide-M&movre de MScanique PraMque^ 
gives the value of K fordifferent classes of steam engines :-— 

TABLE VI. 



Moduli of Steak Ekoimiis. 



Description of Machine. 


Horse-Power. 


Value of K. 






Best Working. 


Ordinary do. 


Watt's low-pressure engine 


4to 8 


0-50 


0*42 




10 „ 20 


0-56 


0-47 




30 M 100 

• 


0-60 


0-54 


Cornish engines, working 


up to 30 


0-44 


0-85 


bj expansion and con- 


30 „ 40 


0-49 


39 


densation 


40 „ 50 


57 


046 


k 


50 M 60 


0*62 


0-50 




60 „ 70 


0-66 


0-53 




70 ,, SO 


0-82 


0-66 




80 „ 100 


0-70 


0-59 


High-pressnre engines. 


up to 10 


0-60 


0'40 


working without ex- 


10 ,, SO 


0-55 


0-44 


pansion or condensation 


20 „ 30 


0-60 


0-48 




80 „ 40 


0-65 


62 


. 


above 40 

• 


0-70 


0*56 
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Ex. 94. — The diameter of the piaton of a ■team engine is 60 in. i it 
makes 11 strokes per minate; the length of each stroke is 8 ft.; the mean 
pressure per iqaare inch, 15 lbs. The modulus of the engine being 0*65, 
determine the number of cubic feet of water it will raise per hour from a 
depth of 50 fiuhoms. 

[The number of units of work done bj steam on piston in one hour equals 
w X 30^ X 8 X 15 X 11 X 60; this number multiplied bj 0*65 will give the 
number of units useftiUj spent in raising water; hence the number of 
cubic feet of water is found.] Ahm, 7762*87 cub. ft. 

Ex. 95. — The diameter of the piston of an engine is 80 in., the mean 
pressure of the steam is 12 lbs. per square inch, the length of the stroke h 
10 ft, the number of strokes made per minute is 11. How manj cubic 
feet of water will it raise per minute from a depth of 250 fathoms, its 
modulus being 0.6? Ans, 42*46 cub. ft 

Ex. 96. — If the engine in the last example had raised 55 cubic fieet of 
water per minute from a depth of 250 fitthoms, what would haye been its 
modulus? .^liw. 0*7771. 

Ex. 97. — ^How many strokes per minute must the engine in Ex. 95 make 
to raise 15 cubic feet of water per minute from the given depth? Ans. 4. 

Ex. 98. — What must be the length of the stroke of an engine whose 
modulus is 0*65, and whose other dimensions and conditions of working 
are the same as in Ex. 95, if thej both do the same useful work? 

Ans, 9*23 ft 

Ex. 99.— The diameter of the cylinder of an engine is 80 inches, the 
piston makes per minute 8 strokes of 10^ ft under a mean pressure of 
15 lbs. per square inch; the modulus of the engine is 0*55. How many 
many cubic feet of water will it raise from a depth of 1 12 ft in one minute? 

Aiu. 485*78 cub. ft 

Ex. 100.— If in the last example the engine raised a weight of 66,433 lbs. 
through 90 ft in one minute, what must be the mean pressure per square 
inch on the piston? ^ns 26*37 lbs. 

Ex. 101. — If the diameter of the piston of the engine in Ex. 99 had 
been 85 in. what addition — in horse-power — would that make in the uae/id 
power of the engine? Ans. 13*28. H.-F. 

1 5. Work oftvater wheels. — ^Hitherto we have considered 
only one kind of motive power, viz. the pressure of steam. 
The same principles are applicable to machines worked by 
any other motive power, as by the muscular force of animal 
agents, the pressure of moving air, or of falling water. The 
last of these, viz. the power of felling water, is, next to 
steam, the most conspicuous example of work done on a 
l^ge scale by an inanimate agent. We shall therefore 
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consider somewhat particularly the application of this 
power in the instance of water wheels. 

It is plain that 1 lb. of water, in descending through 1 
foot, must accumulate as much work as would be required 
to raise it through one foot, and hence if P lbs. of water 
descend through h feet, they will accumulate Th imits of 
work ; and if, moreover, we suppose this water to descend 
against an obstacle, such as the float boards of a water 
wheel, the amount of work so accumulated will be done 
upon the wheel, and this work may then be applied to any 
useful purpose after a certain deduction has been made on 
account of prejudicial resistances. 

It must be borne in mind that the height of the fiedl is 
the diflference between the levels of the surface of the water 
in the reservoir and in the exit canal; in the case of over- 
shot wheels it is supposed that the extreme circumference 
of the wheel is just in contact with the surface of the water 
in the exit canal. The height is represented by A b in the 
accompanying figures; of which fig. 2 represents the 



Fig. 2. 



Fig. 3. 




ordinary undershot wheel with plane float boards; fig. 3 
the breast wheel, in which the water acts upon the float 
boards considerably above the level of the exit canal. Fig, 4 
represents the overshot wheeL 
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Fig. 4. 




The following table exhibits the moduli of various kinds 
of water wheels. It is founded on results given in General 
Morin's Aide-M&moire. In the table H denotes the length 
of the line AB in figs. 2, 3^ 4^ and h denotes the length of 
BC in fig. 3 : — 

TABLE VIL 
Moduli or Wjltbb Wheels. 



Deicripdon. 


Modulus. 


(1) Undershot wheels with flat float-boards . 


0-25 to 0-ao 


(2) Breast wheels with flat float boards 




(a)wheii^-J . . . 


0-40 to 0-45 


(b) » ;! - 8 ... 


0-42 „ 0-49 


. (e) - Jj = i . . - 


0-47 


(d) „ |-| ... 


0'55 


(e) „ ^ - 1 . . . 


0-65 „ 0-70 


(3) Breast wheels with corred float boards (Pon- 

celet's construction) 

for Hgreater than 6} feeL 


0-60 to 0-65 


(4) Overshot wheels, when the vdocitj is small and 
the bnckeU half filled 


0-70 to 0-75 
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Ex. 102. — The mean section of a stream is 5 ft. by 2 ft* ; its mean velocity 
is 35 ft. per minute; there is a fall of 13 ft. on this stream, at which is 
erected a water wheel whose modolos is 0*65 ; determine the horse-power 
pf the wheeL Ans. 5*6. H.-P. 

Ex. 103. — In how many hours would the wheel in the last example grind 
.1000 quarters of wheat, it being assumed that each horse-power will grind 
one bushel per hour? Ans» 1428 hours. 

Ex. 104. — How many quarters of wheat will the same wheel grind in 
72 hours? .^4iw. 50*41 quarters. 

Ex. 1 05. — Suppose the wheel in Ex. 1 02 to have replaced an undershot wheel 
with flat float boards, whose modulus was 0*25, determine the number of quar- 
ters of wheat each wheel will grind in 24 hours. Ans. (1) 6*5. (2) .16 '8. 

Ex. 106. — How many cubic feet of water must be made to descend the 
fall per minute in Ex. 102, 3, that the wheel may grind at the rate of 
3^ quarters per hour? Ans, 1749*5. 

Ex. 107. — Given the stream in Ex. 102, 8, what must be the height of 
the fall to grind 1^ quarters per hour; first, if the modulus of the wheel is 
0*40, next, if it is 047, and lastly, if it is 0*65. 

-4n*. (1) 37*76. (2) 32 ft. (3) 23*2 ft. 

Ex. 108. — ^The mean section of a stream is 8 ft. by 1 ft.; its mean 
velocity is 40 ft. per minute; it has a ftJl of 17^ ft.; it is required to raise 
water to a height of 300 ft. by means of a water wheel whose modulus is 
0*7; how many cubic feet will it raise per minute? Ans. 1307 cub. ft. 

Ex. 1 09. — To what height would the wheel in the last example raise 
2^ cubic feet of water per minute? Atu. 1742§ ft. 

Ex. 110. — ^The mean section of a stream is l^ft. by lift.: its mean 
velocity is 2j^ miles per hour; there is on it a fall of 6 ft. on which is erected 
it wheel whose modulus is 0*7 ; this wheel is employed to raise the hammers 
of a forge, each of which weighs 2 tons, and has a lift of 1^ ft. ; how many 
lifts of a hammer will the wheel yield per minute? Afu» 142 nearly. 

Ex. 111. — In the last example determine the- mean depth of the stream if 
the wheel yields 135 lifts per minute? Ans, 1 43 ft. 

Ex. 1 12. — ^In Ex. 1 10 how many cubic feet of water must descend the fall 
per minute to yield 9 7 lifts of the hammer per minute ? Ans, 2483 cub. ft. 

Ex 113. — Determine how many quarters of com the mill in Ex. 110 
might be made to grind in 6 days if it were to work for 13 hours daily ? 

Ans, 281*5 quarters. 

Ex. 1 14. — Water is raised to a height of 54 ft. above the bottom of a faU 

of water of 14 ft. down which descend 200 cubic feet per minute, by means 

of a wheel worked by the fall, and having a modulus 0*60; how many cubic 

feet of water will be thus raised per minute, and if the water were raised from 

the top of the fall to the same point, what would the number of cubic feet 

^en be? Ans, (1) 31*1 cub. ft;. (2) 34*7 cub. ft. 

[Of course in the second case the number of cubic feet of water taken 

from the top of the fall being x^ the number of feet that turn th^ 

wheel will be 200— x.] 1^ 
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Ex. 115.— Water has to be raised from a mine 120 ft. deep, the whole of 
the water raised forms a stream with a fall of 30 ft. the machinery by 
which the water is raised is a steam engine of 50 horse-power, and an over* 
shot wheel whose modulus is 0*715 tamed bjr the stream; determine the 
whole number of cubic feet raised per minute. Ans, 267 '8 cub. ft 

Ex. 116. — In the hist example if the ground allowed an exit to be made 
for the water 30 feet below the mouth of the shaft (by which of coarse the 
fall is entirely lost), what must be the horse-power of the engine to raise 
per minute the same amount of water as before? Ans. 45*6 H.-P. 

16. The work of living agents. — The efficiency of men 
and animals is estimated in the same manner as that of the 
inanimate agents abready considered, viz. by the number of 
imits of work they are capable of yielding. The number 
yielded imder given circumstances by any particular agent 
must of course be determined by experiment. The re- 
sults of experiment on this matter are registered in the 
tables that follow ; they are based on similar tables given 
in General Morin's Aide-MSmoi/re. It must be borne in 
mind that these tables give mean results when the agent 
works in the best manner. It would be very possible for 
the agents to work with greater velocities than those 
assigned, but were this done they would yield a much 
smaller daily amount of work — compare the work done by 
a horse walking with that done by a horse trotting. 

TABLE Vm. 
Work Doms by Mek and Animals. 



Daily 
. _ ^ -_ . duration 
Nature of Labour. of work 

'in hours. 


No. of units 
of work 
per day. 


No. of 

units 

of work 

per min. 


Weight 

raised 

ormeau 

pressure 


Vel« 

Ft. 
per min. 


Mity. 

Miles 
per hoar 


(1) Raising weights ver- 
ticoUy, 

A man mounting a gentle 
incline or ladder, with- 
out burden, i. e, rais- 
ing his own weight 


8-0 


2032000 


4230 


145 


29 


0-33 


Labourer raising weights 
with rope and pulley, 
the rope Tetuming 
without load 


60 


563000 


1560 


40 


39 


0-44 
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Table Yin. (continued.) 



Nature of Labour, 


Daily 
duration 
of worli 
inhours. 


No. of units 
of worli 
per daj. 


No. of 

units 

of work 

per min. 


Weight 

raised 

or mean 

pressure 


Velocity. 1 


Ft 
per min. 


Miles 
per hour 


Labourer lifting weights 
bj hand 


6-0 


531000 


1480 


44 


34 


0-38 


Labourer carrying 
weights on his back 
up a gentle incline or 
up a ladder and re- 
turning unladen 


6-0 


406000 


1130 


145 


8 


0-09 


Labourer wheeling ma- 
terials in a barrow up 
an incline of 1 in 12 
and returning with the 
emptj barrow 


10-0 


313000 


520 


130 


4 


0-045 


Labourer lifting earth 
with a spade to a mean 
height of 5^feet 


100 


281000 


470 


6 


78 


0-9 


(2) Action on Machines. 

Labourer walking and 
pushing or pulling ho- 
rizontally 


8*0 


1500000 


3130 


27 


116 


1-32 


Labourer turning a winch 


80 


1250000 


2600 


18 


144 


1-64 


Labourer pulling and 
pushing alternately in 
a vertical direction 


8-0 


1146000 


2390 


11 


216 


2-70 


Horse yoked to a cart 
and walking 


10-0 


15688000 


26150 


150 


175 


200 


Do. to a whim gin 


80 


8440000 


17600 


100 


175 


200 


Do. do. trotting 


4-5 


7036000 


26060 


66| 


391, 


4*44 


Ox yoked to a whim 
gin and walking 


8-0 


8127000 


16930 


145 


117 


1-33 


Mule do. do. 


8-0 


5627000 


11720 


66| 


176 


200 


AsR do. da 


80 


2417000 


5030 


30 


168 


1-95 
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The following table gives the useful effect of men and 
animals employed in the horizontal transport of burdens. 
The second and third columns give the useful effect, viz. 
the product of the weight in lbs. and the distance in feet. 
The reader must not mistake this for the units of work 
done by the agent, the agent being employed not in raising 
the weight, but in overcoming the passive resistances, fric- 
tion, &C. which depend on the weight indeed, but are only 
a fraction of it. 



TABLE IX. 

Useful effect of Agents employed in the Horizontal Transport 

OF Burdens. 



Agent. 


Dura- 
tion of 
daily 
work. 


Useful effect 
daily. 


Useful 

effect per 

minute. 


Weight 
trans- 
ported.* 


Velocity. 


Ft. 
per min. 


Miles 
perliour. 


Man walking on 
a horizontal road 
without burden 
t. e. transporting 
his own weight 


10-0 


25398000 


42330 


145 


292 


3-32 


Labourer trans- 
porting materials 
in a truck on two 
wheels, returning 
with it empty for 
a new load 


10-0 


13025000 


21710 

• 


2:0 


99 


1 12 


Do. do. in a 
wheelbarrow 


100 


7815000 


13030 


130 


160 


M4 


Labourer walking 
with a weight on 
his back 


70 


5470000 


13030 


90 


145 


1-64 


Labourer trans- 
porting materials 
on his back and 
returning unbur- 
dened for a new 
load 


60 


5087000 


14110 


145 


97 


MO 



* Exclusiye of the weight of the barrow, truck, cart, &c. Foncelet, 
Mec Ind. p 247. 
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Tablb IX. (continued.^ 



Agent. 


Dura« 

tion of 

daily 

work. 


Useful effect 
daily. 


Useftil 

effect per 

minute. 


Weight 
trans- 
ported.* 


Velocity. 


Feet 

per min. 


Miles 
perhour. 


Do. do. on a hand- 
' barrow 


10-0 


4298000 


7160 


110 


65 


0-74 


Horse tranRport- 
ing mat^als in a 
cart, walking, al- 
ways laden 

a 


100 


200582000 


334300 


1500 


223 


2-53 


Do. do. trotting 


4-6 


90262000 


334300 


750 


44 


5-06 


Do. transporting 
materials in a cart 
returning with 
the cart empty 
for a new load 


10*0 


10940800 


182350 


1500 


121 


• 

1-38 


Horse walking 
with a weight on 
his back 


100 


34385000 


57310 


270 


212 


2-41 


Do. do. trotting 


70 


32092000 


76410 


180 


424 


4-82 



Ex. 117. — How many men would be required to raise by means of a 
capstan an anchor weighing 1 ton from a depth of 30 fathoms, in 15 mi- 
nutes? Ans, 9 nearly. 

Ex. 118. — In what time would 20 men raise the anchor in the last 
example? Ans, 6*4 min. 

Ex. 119 Through how great a distance would 30 men raise the anchor 

in Ex. 117 in each minute. Ans. 42ft. nearly. 

Ex. 120. There is a well 150 ft deep, a labourer raises water from it by 
a rope and pulley, how many cubic feet of water will he raise in a day? 

Ans, 60 cub. ft. 

Ex. 121. — How many cubic feet of water would a steam engine of 10 
horse-power raise from this well in 24 hours? How many labourers would 
be required to do the same amount of work if they raised the water by wheel- 
and-axles, and how many if they raised it by means of capstans ? How 
many horses would do the same amount of work walking in whim gins? 

Ans. ( 1 ) 50688 cubic feet. (2) 380 labourers. 
(3)317 labourers. (4) 6 6 horses. 

Ex. 122. — ^lo how many minutes could 20 men working on a capstan 
raise an anchor weighing 2 tons from a depth of 200 fathoms? 

Ans, 85*88 min. 
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Ex. 123. — How many men would in 40 minates raise the anchor in the 
last example? An$, 43 men. 

Ex. 124. — Throogh how many fathoms conld 15 men raise the anchor of 
Ex. 122 in 10 minutes? Ati», 17} nearly. 

Ex. 125. — If 13 men are required to raise an anchor through 180 fathoms 
in 20 minutes, what must be the weight of that anchor? Ans. 753} lbs. 

Ex. 126. — A town is situated 25 miles from the mouth of a coal pit, 
from which coal is taken to the town by a level railway on which the re- 
sistance is 10 lbs. per ton; the engine employed is of 15 horse-power and 
weighs with its tender 10 tons ; each truck weighs 3 tons and contains 7 
tons of coals ; on each journey the engine takes 5 full trucks and returns 
with 5 empty trucks; supposing no time to be lost at the ends of the journey, 
how many tons of coals will be taken to the town in 48 hours? How 
many horses would be required to convey the same quantity of coals? 

Ans, (1) 455 tons. (2) 679 horses. 

17. JRemarks on the work yielded by different agents, — 
The following remarks upon the preceding tables and 
examples are worthy of the attention of the reader. 

(1.) Every agent must be allowed to move at a certain 
rate in order to do the greatest amount of work it is cap- 
able of yielding ; thus, a horse walking does considerably 
more work than a horse trotting, as an inspection of the 
tables will show. And this is true not of animate agents 
only, but of inanimate ; thus the work yielded by the con- 
sumption of a given quantity of coal will be larger in the 
case of a slow than of a fast engine. 

(2.) Also, in order that an animate agent may do its 
greatest amount of work it must not be required to exert 
more than a certain amount of pressure. This is also plain 
from an inspection of the table. 

(3.) It follows from the above considerations that though 
two agents may be capable of doing the same work in the 
same time, it may be in practice impossible or disadvan- 
tageous to substitute the one for the other. Thus an ox and 
a horse walking in a whim gin do very nearly the same 
amount of work ; but since the ox moves more slowly, and 
exerts a greater pressure than the horse, it would generally 
be disadvantageous to substitute a horse for an ox in a 
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machine requiring a slow heavy pressure. Again, in cases 
where great speed is a deaideraturriy it would generally be 
impossible by any machinery to make the slow agent per- 
form the labour of the rapid agent ; as, for instance, in 
the case of locomotion. 

18. On the Cost of Labour. — ^The chief elements in the 
cost of labour may be enumerated as follows : — 

(1.) In the case of human labour, the whole cost is the 
wages paid. 

(2.) In the case of a horse, the elements of expense are 
attendance, keep, and the original cost ; the last is but a 
small portion of the expense. Thus, if we suppose a horse 
to cost 20i. and to continue in working order for ten 
years, and reckon the value of money at four per cent, per 
annum, the element of CQst would be 2*465Z. yearly, or not 
quite Is. per week. 

(3.) In the case of a steam engine, the chief elements 
are the original cost and subsequent repairs, attendance, 
and fuel. Of these elements the most important is that 
of fuel ; and accordingly there is a special definition of the 
power of an engine with reference to the consumption of 
fuel. The definition i^ as follows : — 

Def. — The number of unita of work yielded by an engine 
in consequence of the consumption of 1 bushel {i. e. 84 lbs.) 
of coal, is called the' duty of that engine. 

The extent to which the economy of fuel may be carried 
is very remarkably illustrated by the engines employed to 
drain the mines in Cornwall. In 1815, the average duty 
of these engines was 20 millions; in 1843, by reason of 
successive improvements, the average duty had become 60 
millions, effecting a saving of 85,000Z. per annum* ; it is 

* Bourne on the Steam Engine p. 171. It may be remarked that this 
result depends largely on the construction of the boiler; lib. of coal in the 
Cornish boiler evaporates 11| lbs. of water, while in the waggon shaped 
boiler 8*7 is the maximum. Fairbaim, Useful Information p. 177. 

D 
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Find the pressure per square inch on the piston, the horse-power (as mea- 
sured by pressure of steam) and the duty of the engine. 

Ans, (I) 12-75 lbs. (2) (nearly) 42 H.-P. (8) 138,000,000 duty. 

Ex. 183. — In Ex. 126 suppose the engine and trucks on the one hand and 
the horses and carts on the other to want renewal erery ten years; suppose 
also that each horse and cart costs 40^ that one man attends to erery six 
horses and is paid 3s, a day, that each horse's keep is U. 6/2. a day, that there 
are two turnpikes on the road at each of which there is a toll of 6dl ; determine 
the cost of transporting 455 tons of coals. Next suppose the engine and 
tender to cost 10002., each truck 120i!. (15 trucks are required to prevent 
loss of time); that there are three drivers and three stokers each at 6«. a diqr; 
that money is worth 5 percent, and that each mile of road cost 10,000/1 to 
make and 365/. a year to keep in repair; determine in this case the cost of 
transporting 455 tons of coals. Also if coal cost Ss, a ton at the pit mouth 
what will it cost in the town according to each method of transport neglecting 
profit. 

Ans. (1) 218/. (2) 123/1 (8) 12«. 6i. a ton by cart. 
(4) 8«. 5d. a ton by rail. 

[Interest on the cost price of engine, trucks, horses and carts can h4 
neglected.] 



Section II. 

19. On the work done by a variable pressure. — ^There 
are two important questions in the subject of work which 
we shall treat in the present section: they are (1) the 
work done by a variable pressure, when exerted through a 
certain space ; (2) the total amount of work done in rais- 
ing a number of weights through different heights. 

Fig. 5. As an introduction to the theorem which 

follows, it may be remarked, that if a constant 
pressure of P lbs. act through a space of S 
feet, and if a rectangle A B C D be drawn, of 
which the base A B represents the S feet on 
scale, and the perpendicular A D represents the 
P lbs. on the same scale : then, since the 
area of A B C D contains P S square imits on 
the same scale, that area will correctly represent 
the work done by P. 
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Fropoaition 1. 

If a variable pressure acta through a certain space, and 
if a curve be drawn the abscissas of which represent the 
spaces, and the corresponding ordinates the pressures at 
the ends of those spaces, then will the area of the curve 
between any two ordinates represent the work done by the 
pressure while acting through a space represented by the 
difference between the extreme abscissse. 

When the pressure has acted through a space represented 
on a certain scale by A N, suppose it to be represented on 
the same scale by PN ; also, 'i*- s. 

■when it has acted tbrou^ a 
space A M, suppose it to be 
represented on the scale by 
Q M ; let the curve P Q be 
drawn in such a manner that . 
any ordinate PjNj represents 
the pressure when it has 
acted through a space A Nj ; we have to prove that the 
area P X M Q represents the work done by the pressure 
while acting through the space N M. 

For divide N M into any number of equal parts in 
N„ N^ N, . . . . draw the ordinatfis P,N„ P^^ P;,N, .... 
and complete the rectangles PN„ P,Ny PjN, .... Now, 
if we suppose the pressiures at the banning of each of 
these short spaces N N„ NiNj, N^, .... to continue un- 
changed during its action through that short space, we 
shall nearly represent the actual case, and shall represent 
it more nearly the smaller we take the spaces, the actual 
case being the limit we continually approach by increaang 
the number of spaces. 

But if the pressure acts uniformly through each space, 
it will do a number of units of work represented by the 
Bum of the rectangular areas PN,, PiN^ P,N, ...... and 

thill being true whatever be the number of the small spaces, 
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the work actually done will be properly represented by the 
limit of the sum of these rectangles, ^.6. by the curvilinear 
areaPNMQ. 

Cor. — It must be borne in mind that the scale must be 
the same for lbs. and for feet; thus, if the scale be in 
inches, then P N must be as many inches long as the 
pressure contains lbs., and N M must be as many inches 
long as the space represented contains feet ; this being so^ 
the area of the curve in square inches will give the number 
of units of work. 

Ex. 184. — A rope / ft. long and weighing w lbs. per foot hangs by one 
extremity, determine the number of units of work required to wind up a ft, 
of the length. 

Fig. 7. Take A B on scale equal to l^ draw A C 

c perpendicular to A B and on the same scale 

equal to to /, join BC; in AB take any point 
N, draw PN parallel to AC, then sinoe 

FN:NB::CA:AB::w:l. 

Therefore PN«toNB,t.e.the ordinate 
P N represents on scale the weight of th« 
rope left hanging when the extremity has 
been raised through a space A N. Hencd 
the area ABC represents the number of 
nnits of work required to wind up the whole rope, and the area C B P N 
the number of units of work required to wind up a length A N of the ropo. 
Hence if U is the required number of units 

U=toa(/— |). 

Ex. 135.— A weight of 2 cwts. has to be raised from a depth of 100 
fathoms by a rope 3 in. in circumference ; determine the number of units 
of work that must be expended in raising it and the number of minutes 
in which 8 men would do the work, by means of a capstan. 

Am, (1) 207300 units. (2) 8-28 min. 

Ex. 136. — How heavy will that anchor be Which 13 men will raise by 
means of a capstan from a depth of 180 fathoms in 40 min., supposing the 
cable to weigh 1125 lbs.? (neglecting the buoyancy of the water). 

^ Ans, 945| lbs. 

Ex. 137. — A chain each foot of which weighs 8 lbs. is suspended from 
the top of a shaft the depth of which is 50 fathoms ; determine the number 
^of units of work req«ired to wind up each snccessire 100 ft. of its length.; 
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determine also the length of the chain which will reqaire twice as many 
units of work to wind it np. 

Ana, (1 ) 200,000, 120,000, 40,000 nnits of work respectirely. (2) 424 ft. 

Ex. 138. — If a chain 300 ft. long and weighing 8 lbs. per foot is wound 
up in 4 min.; how many men working on a capstan, would do it ? How 
many horses working in a whim gin P How many steam horses ? How 
many of each agent would be required if the weight per foot of the chain 
were doubled ? And how many if the length of the chain were doubled ? 
Ans, (1) 29 men. (2) 5*1 horses. (3) 2^ horse-power. 

(4) 57 men. 10*2 horses. 5^ horse-power. 

(5) 115 men. 20*4 horses. 10^ horse-power. 

Ex. 139. — A chain is a ft. long, divide it into n parts such that the 
winding up of each may require the same number of units of work. 
Ans, 



-7=(Vn-Vm-l), -==:(^/n-«l-A/n-2), " (Vn-2- Vn-3> 

Ex. 140. — Coal is raised fronf the bottom to the mouth of a pit 150 ft. 
deep in loads of a quarter of a ton, the box containing it weighs 1 cwt, the 
rope by which it is raised is 3 in. in circumference ; determine the number 
of units of work spent in raising the coal, and the number spent in raising 
the box and rope. Suppose the lifting engine to work with 10 horse-power 
determine the weight of coals raised in 2 hours, supposing the ascent and 
descent of the box take to equal times. 

Ana, (1) 84000 units to raise eoaL (2) 21d56| units to raise box and 
rope. (3) 47 tons. 

Ex. 141 — In the last example s«ppose machinery to be employed by 
means of which the same drum winds up the rope of an ascending box and 
unwinds that of a descending box. Determine the number of tons raised 
in 2 hours ? * Ana, 1 18 tons. 

[Of course the units of work done by the descending box and rope will 
nearly equal that expended on the ascending box and rope — the weight of 
box and rope can therefore be neglected.] 

Ex. 142.— Determine the number of tons raised under the conditions of 
Ex. 140 and 141 supposing J a minute is expended in filling or emptying 
the box. Ana, (1) 18 tons; (2) 39| tons. 

Ex. 143. — If 4 ewL of material are drawn from a depth of 80 fathoms 
by a rope 5 in. in circumference ; how many units of work are expended 
in raising it, and what horse power is necessary to raise it in 4| minutes ? 

Ana, (1) 344,640 units. (2) 2*32 H.-P. 



* The primary object of this mode of working was, probably, to save 
time, the saving of labour being an accidental result ; though that saving 
is very considerable. 

d4 
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Ex. 144. — ^A rope 3 in. in circumference is strong enough to bear a 
working strain of 4 cwt. ; how many units of work are wasted in the last 
example by using a rope 5 in. in circumference. Ans, 82944 units. 

Ex. 145.—- A winding engine raises to the surface a load of 12 cwts. in 
6J minutes from a depth of 1 15 fathoms ; the rope employed is a flat rope 
composed of 3 ropes each 3 in. in circumference. What is the horse-power 
of the engine ? Ans. 5*67 H.-P. 

Ex. 146. — If the engine in the last example has a cylinder 20 in. in dia- 
meter, and makes per minute 15 strokes of 2 ft. 10 in., under what mean 
pressure per square inch of steam does it work if its modulus is 55 ? 

Atu, 25*5 lbs. 



Fig. 8. 



20. The Steam Indicator. — A very instructive appli- 
cation of Proposition 1 occurs in the steam indicator, which 

may be sufl&ciently described as follows : 
A B is a small hollow cylinder con- 
taining a powerful spring, which can be 
partly seen through the aperture E F, 
N within the indicator is a small piston 
or plunger (marked in the figure by 
dotted lines) which is kept down by the 
— [UQm spring, so that if it is forced up the 
compression of the spring gives the 
amount of the compressing force, which 
can be read off on the scale C D by 
means of the pointer Gr H, which rises 
and falls with the plunger. The end 
H of the pointer carries a pencil, the 
point of which rests against a sheet of 
paper wrapped round a cylinder K L ; if 
this cylinder is stationary, and the pencil moves, a vertical 
straight line will be described; if the pencil is stationary, 
and the cylinder revolves, a horizontal straight line will be 
described ; but if both the pencil moves and the cylinder 
revolves, a curved line will be described. 

The instrument is used in the following manner : — 
The end A being screwed into an aperture properly con- 
structed, the steam in the interior of the cylinder of the 
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steam engine can be admitted into the indicator by opening 
the cock P ; at first, however, the cock P is shut, so that 
the pointer remains stationary. The end of the string M N 
is attached to some part of the engine in such a manner that 
the paper K L makes one revolution while the piston of the 
steam engine makes a stroke ; this being done^ and the cock 
kept shut, the pencil will trace on the paper a straight line, 
called the atmospheric line : on the next stroke the cock 
is opened, and now the steam pressing on the plimger the 
pencil will rise or fall according as the pressure of the 
steam is greater or less than that of the atmosphere, and 
will describe a curve that will return into itself at the end 
of a double stroke (or revolution). The area of the curve 
thus described will give the amount of work done by the 
steam during a single stroke. 

To explain this, suppose ABCDEF tobe the curve 
given by the indicator, A Gr the atmospheric line, draw 
P N Q any double ordinate, 
then P N represents the ex- 
cess of the steam pressure 
above that of the atmo- 
sphere when the ascending 
piston is at a certain point, 
and N Q represents the de- 
fect of the vacuum pressure 
below that of the atmo- 
sphere when the descending piston is at the same point. 
Now the eflfective pressure of the steam is the excess of 
the steam pressure above the vacuum pressure ; but 

P N = steam pressure— atmospheric pressure, 
N Q = atmospheric pressure— vacuum pressure, 
. .*• P N + N Q = steam pressure— vacuum pressure, 

therefore P Q represents the effective pressure of the steam 
when the ascending piston is at the point corresponding 
to N, i. 6. assuming the vacuum pressure at any point of 
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one strobe to be the same at the same point of the next 
stroke. If, then, for the sake of distinctness*, we suppose 
each inch of the ordinate to denote a pressure of 1 lb. and 
each inch of the abscissa (i, e, of the atmospberic line) to 
denote a foot of the stroke, the area of the curve will give 
the number of unitA of work done during a single stroke 
by the steam on an area equal to that of the plunger, and 
if the area of the piston of the steam engine be n timea 
that of the plunger, the work done bj tbe steam during a 
tmgle strobe will be n times that given by the curve. 

The area of tbe curve may be found by Simpson's rule, 
TJz. — -Divide A Q into any number of equal parte, and 
draw the corresponding ordinates ; take the sum of the 
extreme ordinates, four times the sum of the even ordi- 
nates, and twice the sum of the odd ordinates, add them 
together, and multiply the sum by one of the parts of the 
abscissa ; the product will be three times the area of the 
curve-t 

Ex. 147.— Let the cam shown in the figure to be Chat given by t, strote 
of S ftet i tappow A B to be divided into 13 equal parte, Knd the or6\natta 
1.2.3 to be drawn ; suppose that they re- 
present respectivelj pressores per square inch 
of a, <73, 8-05, B'lS, e-ll, 8-09, 7-93, 7-08, 
4'6I, 3-84, 303, S '51 lbs. reKpectirelf. 
J, The radius of the piston being 15 in. detennina 
fi nninber of units of work done per stroke ) 
id the nent pressures per square inch on the 

[The mean pressare per iquare inch most, of coarse, do the same number 
of anits of work per stroke as the actaal pressures.] 

Am. (1) 126ST nnits. (2) 595 lbs. per square inch. 

'Ex. 148. — Determine the nnmber of units of woik and the mean pres- 
ture per square inch on a platon 3j feet in diameter having a stroke of 5 
feet, if the ordinates measured at intArrals corresponding to three inchei 
<tf the stroke give tbe folkiiriog preaaarw S-OS, 12-57, 1804, 20-78, 21-OS, 

* In practice the scale wonld be conaidcrabl? less than this. 
-f- The curve given by the indicator is useful in other ways beside th>t 
nendoned in the text. Bourne on Bteuu Eogine, p. 246. 
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21 11, 21-25, 20-72, 20-14, 18-63, 16«46, 13-24, 10-83, 8-58, 6'49, 4*87, 3*99, 
8-74, 3-62, 3-25, 2 75. 

Ans. (1) 87604 units. (2) 12*65 lbs. per sq. in. 

21. Work eospended on the elongation of bars, — It 
is plain that if a rod be lengthened by a gradually in- 
creasing pressure, the pressure at any degree of elonga- 
tion will be proportional to that elongation ; so that if the 
abscissae represent the degree of elongation, and the ordi- 
nates the strain, the area which gives the units of work will 
be a triangle. Hence : 

Ex. 149. — There is a bar the length of which is L and seciicm K ; it is 
gradually elongated by a length /; if its modulus of elasticity be E, show 
that the work expended on its elongation will be given by the formula 

u- JLke. 

2L 

Ex. 150. — The pumping apparatus of a mine is connected with the en- 
gine by means of a series of wrought iron rods 200 ft long ; the section of 
each rod is f of a square inch ; the strain is estimated at 6 tons ; how many 
units of work are expended at eyery stroke upon the dongation of the bars? 

Ans. 830 units. 

Ex. 151. — ^A bar of wrought iron 100 ft. long with a section of 2 square 
inches has its temperature raised from 32^ F. to 202^ F. ; how many units 
of work has the heat done ? Ans, 3875 unite, 

22. The work expended in raising weights through 
various heights,— - The questions arising out of this im- 
portant part of the present subject are solved by means of 
the following proposition. 

Proposition 2. 

When any weights are raised through diflferent heights, 
the aggregate of the work expended is equal to the 
work that would be expended in lifting a weight equal 
to their sum through the same distance as that through 
which the centre of gravity of the system of weights has 
been raised. 

Let Wp Wju Wj be the weigWja oi eidj(^ ^y^'^dx^^ 
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body ; conceive a horizontal plane to pass below them all ; 
let Ap ^2» ^s * * ' * ^ ^^^ heights of these bodies above the 
plane before they are lifted, and let H be the height of the 
common centre of gravity; then (Prop. 15) 

H(Wi + W, + W,. . . . ) = Wi/ii + W,/i,+W,A,4-. • . (1) 

Also, let ifcp fc,, ij • • • • ^ ^® heights of these weightp 
respectively, after they have been lifted, and K the height 
of their common centre of gravity ; then 

K(Wi+W, + W3.. ..) = Wi*:i + Wj^, + W,fc3 + ... (2) 

hence, subtracting (1) from (2), we obtain 

(K-HXWi + W, + Wa + ...)- Wi(^i-Ai) + W,(Aa-A,) + WaCVAs)... (3) 

Now, Wj, Wj, W3 . . . are severally raised through the 
heights ^1 — Aj, k^ — A^, i, — h^ . . . . ; therefore the right 
hand side of equation (3) gives the aggregate work ex- 
pended on lifting them ; hence that work is equal to 

(K-H)(Wi+W, + W3...), 

i,e. to the work that must be expended on lifting a weight 
WiH-W, + W3+ . . . through a height K— H.— Q. e. d. 

Cor. — In the case of the transport of bodies along any 
parallel line, the principle enunciated in the theorem will 
hold good, since the resistances are in a constant ratio to 
the weights. 

Ex. 152. — ^How many nnits of work most be expended in raising the 
materials for building a column of brickwork 100 ft. high and 14 ft. 
square ; and in how many hours will an engine of 2 horse-power raise 
them ? Ans, (1) 109,760,000 nnits. (2) 2771 hours. 

[Since the material has to be raised from the ground^ the common centre 
of gravity will have to be raised from the ground to the centre of gravity 
of the column, i,e, to its middle point 50 feet above the ground.] 

Ex. 153 — A shaft has to be sunk to a depth of 130 fathoms through 
chalk ; the diameter of the shaft is 10 ft.; how many units of work must 
be expended on raising the materials ? In how long a time could this be 
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done by a horse walking in a whim gin ? How many men working in a 
capstan would do it in the same time ? Determine the expense of the 
work supposing the horse to cost Ss, 6<f. a day, and the wages of a la- 
bourer to be 28, 6d, a day. 

Ans. (1) 3457 million units. (2) 409*6 days. (3) 5*62 men. 
(4) Cost of horse 71/. 148. Cost of men 287/. 158. 

Ex. 154. — If the work in the last Example is to be done in 24 weeks by 
a steam engine working 8 hours a day, 6 days a week, what must be the 
horse-power of the engine? Afu. 1*521 H.-P. 

Ex. 155. — In Ex. 153 suppose the box in which the material is raised to 
weigh |cwt., the rope to be 3 in. in diameter, and each load to be 4cwt8. of 
chalk, also suppose the box to take as long in ascending as in descending 
and that | of a minute is lost in unhooking and hooking at the bottom of 
the shaft and the same at the top ; when the shaft is 100 ft. deep deter- 
mine the time that elapses between the starting of one load and the starting 
of the next ; the engine working at 1^ horse-power. Atu. 2*62 min. 

Ex. 156. — ^Determine the same as in the last Example when the shaft is 
X ft. deep. 

J ^ 112x+0-04.5jr» .^^.^ •„ 
Ans. +0*5 mm. 

5500 

Ex. 157. — Determine the whole time of raising the materials of the 
shaft in Ex. 153 under the conditions of Ex. 155. Ans. 3331 honrs. 

Ex. 158. — Referring to Ex. 153, 5, suppose the drum of the winding 
machine to have two ropes wound round it in contrary directions so that 
it unwinds one rope while winding up the other, and that consequently an 
empty box descends while a full one is being raised (as in Ex. 141); de- 
termine the time that must elapse between two consecutive lifts of 4 cwts. 
when the shaft is 100 ft. deep. Ans. 1*155 min. 

Ex. 1 59. ->- Obtain a determination similar to that in the last example, 
when the shaft is x ft. deep. 

Ans. -!!?£-+ 0-25 min. 
49500 

Ex. 160. — Obtain the whole time of lifting the materials from the shaft 
under the circumstances of Ex. 158. Ans. 1246 h. 24 min. 

Ex. 161. — In how long a time would a 15 horse-power engine empty a 
shaft full of water the diameter of the shaft being 8 ft. and the depth 200 
fathoms ? If the engine has a duty of 30 millions determine the amount 
of coal consumed in emptying the shaft;. 

Ans. (1) 76 hours. (2) 75*4 bushels. 

Ex. 162. — There is a certain railway 200 miles long ; it may be assumed 
that in the course of 10 years there will be 50,000 tons of iron railing laid 
down ; and that it will be equally distributed along the line. How many 
units of work must be expended in conveying the rails (neglecting the 
weight of the trucks), if the depot is at one end of thft \.\xi<&^ Isxki^XkSsv 
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many if the depot is in the middle of the line ? The reeistancea being 
reckoned at Slhs. per ton. 

Ans. (1) 211^00 million units. (2) 105,600 million nnita. 
Ex. 163. — How many journeys of 200 miles performed by a train weigb? 
Ing 50 tons does the^difference of the results in the last Example represent? 
Resistances 8 lbs. per ton. Ans. 250 journeys. 

23. In the coDstruction of a railway it is endeavoured 
that the volume of the embankments shall equal the 
volume of the cuttings and tunnels, so as to avoid, on the 
one hand, the necessity of excavating for the mere purpose 
of obtaining earth, and, on the other, of heaping waste 
earth. Besides this, it is further endeavoured (by a proper 
arrangement of gradients) that the volume of a given em- 
bankment shall equal the volume of its neighbouring cut- 
ting, so that there may be no need of transporting earth 
from a long distance. Let us suppose a railway to be so 
arranged that the volume of each embankment equals the 
volume of its next cutting ; now, this railway may be con- 
structed on either of two principles, viz. (1) the labourers 
might commence at one end of a cutting, and work through 
to the other end of it, forming with the earth so obtained 
the whole of one of the neighbouring embankments ; (2) 
there may be two parties, one beginning at one end of the 
cutting and the other at the other end, and forming a part 
of each of the neighbouring embankments. The latter 
mode evidently saves time ; it also sav^s labour. The fol- 
lowing example illustrates the economy of labour thus 




efTected. In practice, the method cannot be adopted 
strictly, and the actual gain will not be so great as would 
appear from the example. 
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Ex. 164. — Let a i& c </ represent the section of the conntrj through which 
passes a railway whose level is A B C D ; the hill is perforated hj a tnnnel 
B C, 4 miles long, the area of the section of which is 850 square feet ; the 
content of this tunnel is equal to that of either of the embankments A 6 B 
or C(f D; A B is 3 miles long, G D is 2 miles long, and hare their centres of 
gravity in their middle point. The centre of gravity of half the embank- 
ment B 6 is distant | of a mile from B, and that of half the embankment 
G </D is distant | of a mile fVom G. The specific gravity of the earth is 
2*4 ; the resistances 10 lbs. per ton ; the weight of the trucks is neglected. 
Determine the number of units of work expended on the transport of ma- 
terial (1) when the labourers begin at B and work to G forming the em- 
bankment BbA; (2) when they begin at G and work to B forming the 
embankment CdD; (3) when they begin simultaneously at B and G and 
form half of each of the embankments. 

Ans. (1) 91,476 million units. 

(2) 78,408 million units. 

(3) 45,738 milUon units. 
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CHAP. III. 

THE FUNDAMENTAL PRINCIPLES OF STATICS. 

24. Mechanics. — The science of Mechanics is that which 
treats of the motion and rest of bodies as produced by 
force. The words "as produced by force" are added in 
order to exclude the science of pure motimi or mechanism^ 
which treat43 of the forms of machines, and in which ma- 
chines are regarded merely as modifiers of motion. Into 
all questions which are properly mechanical the idea of 
force must enter. 

25. Force. — Force may be defined to be any cause which 
puts a body in motion, or. which tends to put a body in 
motion when its efifect is hindered by some other cause. 
On this definition the following remark is to be made : — 
Suppose a given weight (say of 12 lbs.) is supported by a 
string passing over a pulley and fastened at one end; 
next, suppose an equal weight to be supported by a man's 
hand ; lastly, suppose an equal weight to be supported by 
the expansive pressure of a spring. Now, here we have 
three physical agents, viz. the tension of a string, the 
muscular power of a man, and the elastic power of a spring, 
very different in many respects, but agreeing in their com- 
mon capacity to support a given weight. They may 
clearly be regarded as equal, when viewed with reference 
to that capacity ; and in the case we have supposed, each 
may be correctly represented by 12 lbs. In short, as in 
geometry, we regard all bodies as equal which can succes- 
sively fill the same space, without any regard to their 
physical qualities, such as weight, colour, &c. so in me- 
chanics we regard all forces as equal which will severally 
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balance by direct opposition the same weight, irrespectively 
of their ^physical origvn. 

26. Statics and Dynamics. — It follows, from the defini- 
tion, that, in Mechanics, we can consider a force either as 
producing motion, or as concurring with others in produc- 
ing rest. Accordingly, the science of mechanics is divided 
into two distinct though closely connected branches, viz, 
statics and dynamics. Of these, statics is that science 
which determines the conditions of the equilibrium of any 
body or system of bodies under the action of given forces. 
Dynamics is that science which determines the motion, or 
the change of motion, that ensues in a body or system of 
bodies subjected to the action of a force or forces that are 
not in equilibrium. 

27. Determination of a pressure. — From what has 
already been said, it appears that the magnitude of any 
pressure is assigned by considering the weight it would 
just support if applied directly upward ; in other words, we 
arrive at the magnitude of any pressure by comparing it 
with the most familiar and measurable of pressures, viz. 
weight. A little consideration will show us that the efifect 
of a pressure in any case depends not only on its amount 
but also on its point of applica- 
tion^ and the Ivne along which it ^*** *'* 
acts. We may say, therefore, in 
general terms, that a pressure is 
completely determined when we 
know(l) its magnitude, (2) its point 
of application, (3) the direction of 
its action. A line is frequently said 
to represent a pressure ; when this 
is the case, it must be drawn from 
the point of application of the 
J>ressure along the line of its ac- 
tion, and contain as many imits of length (say ixvcfcL^'^ \i»- 
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the pressure contains units of weight (say lbs.). It is 
of great importance that the student should attend to 
all the conditions which must meet when a line correctly 
represents a pressure. Suppose a pressure of P lbs. to act 
on a body at the point A ; if the pressure is a pully as 
in the first figure^ the line A B containing as many inches 
as P contains lbs. will represent the pressure ; but if the 
pressure is a piiah, AB must be measured^ as on the 
second figure. 

28. Resultant and corwponenia. — If we consider any 
system of pressures that keep a body in equilibrium, it is 
plain that any one of them balances all the others : thus, 
if three strings be knotted together, and be pulled by pres- 
sures of P lbs., Q lbs., and R lbs. respectively, it is plainly 
a matter of indifference whether we consider that P ba- 
lances Q and S, or that Q balances S and P, or that S 
balances P and Q. Let us consider that S balances P and 
Q ; now R would of course balance a pressure R' exactly 
equal and opposite to itself; so that if we substitute R' for 
P and Q, or vice verea, P and Q for R', in either case R is 
balanced, and the force R' is equivalent to P and Q ; under 
these circumstances, R' is called the resultant of P and Q, 
and P and Q are called the components of R'. Hence we 
may state generally, 

Def. — ^That pressure which is equivalent to any system 
of pressures, is called their resultant. 

Def. — Those pressures which form a system equivalent 
to a single pressure, are called its components. 

29. Resultant of pressures acting along the same 
straight line. — If the pressures act in the same direction 
the resultant must be their sum. If some act towards the 
right and some towards the left, the first set can be formed 
into a single pressure (P) acting towards the right, the 
second set can be formed into a single pressure (Q) acting 
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towards the left : the resultant of these two, and therefore of 
the original set of pressures, will be equal to the difiference 
between P and Q, and will act in the direction of the 
greater. 

Ex. 165. — If three men pall on a rope to the right with pressnres of 31 
20, and 27 lbs. respectiyely, and are balanced hy 2 men who pull with 
pressures of 40 and P lbs. respectiyely ; find P. Ans, 38 Ibi. 

Ex. 166. — In the last example find the resultant of the 5 pressures (1) 
if P»30 lbs.; (2) if P-40 lbs. 

Ans, (1) 8 lbs. acting towards the right 
(2) 2 lbs. acting towards the left. 

Ex. 167. — There is a rope AB and men pull along it in the following 
manner : the first with a pressure of 50 lbs. towards A ; the second with 
a pressure of 37lbs. towards B ; the third with a pressure of SSlbs. towards 
A ; the fourth with a pressure of 20 lbs. towards A ; the fifth with a pres- 
sure of 54 lbs. towards B ; the sixth with a pressure of 27 lbs. towards A ; 
the seventh with a pressure of 52 lbs. towards B ; the eighth with a pres* 
sure of 30 lbs. towards B. Determine the single pressure that must act 
along AB to balance them and find whether it acts towards A or B 

Ans. 41 lbs. acting towards A. 

30. The parallelogram of preaav/res. — When two pres- 
sures act on a point along different lines, their resultant 
is determined by the following rule, which is denominated 
the principle of the parallelogram of pressures: — If 
two pressures OAst on a point, and if lines be dra/wn 
representing those pressures, and on them as sides 
a parallelogram be constructed, that diagonal which 
passes through the point wiU represent the resulta/rvt 
of the pressures. The student, when applying this 
principle to any particular case, must bear in mind 
the meaning of the words a line represents a pressure 
(Art 27). 

Ex. 168. — ^If at a point A of a body two ropes AP and AQ are fastened 
and are pulled in directions AP, AQ at right angles to each other hj pres- 
sures of 120 and 100 lbs. respectively; determine the magnitude and 
direction of the resultant pull on the point A. (See fig. a.) 

Along AP measure on scale AB containing 120 units of length, and 
along AQ measure AC containing 100 units of length ; complete the rect- 
angle BC and draw the diagonal AD ; this line represents the iSL«j^B;a\?Qi\<^ 

B 2 
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and direction of the resultant. In fig. (a) the aeele employed ii I in. for 
40lbt.; the retulu obtained hj conttmction were the following B« 155*8 
Ibe. and PAQ«i4U^ 5' ; the meaaurement of the angle was made with a 
eommon irorj protractor, so that the number of minutes was determined 
hj judgment : on calculating the parts of the triangle ACD the results 
obtained were R- 156 albs, and P AQ-SS^' 48'. It will be obsenred that 
when the construction is made on a small scale and with common instru- 
ments we can obtain hj the exercise of moderate care a result that can be 
Yig, 14, trusted to within the one hundredth part of the 

quantity to be determined. The same remaric 
applies to all the questions that were solyed 
bjr the construction from which the figures at 
the end of the present volume were copied. 
If in this example the point A were to be 
pushed along the line A P bj a pressure of 
120 lbs. the resultant would, of course, be 
determined bj the construction shown in the 
annexed figure. 

31. Condition of equilibrium of three pressures. — If 
three pressures, P, Q, and R, whose directioiis are not 
parallel, act on a body, it is necessary and sufficient for 
equilibrium that S be equal and opposite to the resultant 
of P and Q ; the resultant of P and Q being found by the 
parallelogram of pressures. It is worthy of remark that 
this condition involves the condition that the directions of 
the three pressures pass through a common point. 

Fit* 15* Ex. 169. — Three ropes PA, 

Q A, RA are knotted together 
at the point A; on each a man 
pulls; the angle PAQ==120<', 
Q A R = 1 32<^ and therefore RAP 
bIGS^; if the man who pulls 
on AP exerts a pressure of 24*5 
lbs. ; find with what pressures the 
other men must pull that the 
three may balance each other. 

[Produce PA to C and mea- 
sure off on scale ACb24^, this 
line must represent the resultant 
of Q and R, therefore drawing 
BG parallel to AQ and CD 
parallel to AR» the pressures Q 
and R will be represented b/ the 
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lines AD and] AB respectiyelj, and can be found hj measuring them on 
sc^e or by calculating their lengths by trigonometry. 

Ans, Q»31*35lb8. RB28.55lb8. 

Ex. 170. — If in the last Example the rope AP were pulled with a pres- 
sure of 28 lbs.; AQ with a pressure of 35 lbs. ; and A R with a pressure of 
12 lbs., determine the angles P A Q, QAR, and RAP. 

-4n*. QAR = 134<^-9'. RAP«63<^-46'. PAQ=162<>-6'. 

Ex. 171.— If in Ex. 169 PA is pulled by a pressure of 28 lbs., Q Aby a 
pressure of 40 lbs., and the angle PAQ is 135^, determine the magnitude 
of the pressure along RA, when they are in equilibrium, and the angles 
K AQ. and R A P. Am. Q AR= 135<^-34'-30". 

RAP» 89®-26'30". 
R» 28*28 lbs. 

Ex. 172.~Let ABCD be a rectangle ; AB is 
7 ft. long, BC is 3 ft long; join EF the middle 
points of AD and BC; on E act two pressures, 
P and Q, in such directions that PEF=45° and 
QEF=60°; the pressure P= 520 lbs; find Q(l) 
when the resultant of P and Q acts through B, 
(2) when it acts through F, (3) when it acts 
through C. Ana, (1) 296 9 lbs. (2) 424*6 lbs. 

(8) 588*5 lbs. 

Ex. 173. — ^A boat is dragged along a stream 
50ft. wide by men on each bank; the length 
of each rope from its point of attachment to the 
bank is 72 ft. ; each rope is pulled by a pressure 
of 7 cwts.; the boat moves straight down the middle 
of the stream; determine the effective pressure 
in that direction. If, in the next place, one of the ropes is shortened by 
10 ft., by how much must the pressure along it be diminished that the di- 
rection of the effective pressure on the boat may be unchanged? What 
will now be the magnitude of the effective pressure? 

Ans. (1) 13-13 cwts. (2) || cwt (3) 12-08 cwtfl. 

32. Cases in which the weight of a Jbody is one of the 
"pressures. — The following remarks apply to the next and 
to other questions. (1) It will be proved hereafter that 
with reference to every heavy body there exists a certain 
point (called its centre of gravity) through which the 
whole collected weight of the body may be supposed tP 
act in a vertical direction ; and that, in the case of any 
parallelogram, this point is situated at the intersection of 
its diagonalSf (2) In a large number of questions the 
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aolidiiy of the figures concerned does not enter the 
question, except so Ear as it affecta the determination of 
tiieii weight, it being manifest tliat all the forces act in a 
single plane ; in many such cases a com- 
plete enunciation would be loi^ and 
troublesome to the reader, while an im- 
perfect enunciation is without any real 
ambiguity; wherever this happens the 
imperfect enunciation will be preferred ; 
thus, in the next example all the pres- 
sures are supposed to act in a vertical 
plane passing through the centre of 
gravity ; and the di^pism oi^ht, strictly 
speaking, to be that given above, fig. 17, 
in which the dark lines are all that are shown in the 
figure which accompanies the example. 

Ilg. 18, Ex. 174. — Let ABC D represeiit > rectangular mus 

ofoaksift. (Iiick,AB«]d ADBrereflpecdT«lj4ft.and 
lafLIongi it it palled at Dhj ahoriiontal preasnre P, 
and is prereuted ttma iliding b; a ■mall ob^ade at A; 
And P when the maM of oak ia □□ the pdnt of tom- 
Ing round A Ahm. 105(^ Ibt. 

[Find O the centre of gravitjor ABCD. draw 
EW vertical meeting DC in i^ the weight will act 
along the line E W, and the reenltant of P and W 
most pMB through A lince the bodj ia on the point 
of taming roand A ; — the remfund«r of the inreiti- 
gatiou it conducted ae before.] 

Ex. 17S— ABCD ropre. 
Kntia block of oak 35 ft long 
and 3ft. Bifaare; the point A 
is kept from sliding ; the man 
ia held by a rope CE SOft. 
long in SQch a position that 
the angle DAE is 57°; de- 
tennine the direction and 
anioant of the pressure oa the 
point A, and the tension on 
the string. 
[Through G the centre of 
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grayity of the block draw GW vertical and meeting E C in F ; tb« 
pressures that balance upon the block are the weight W, the tension T of 
the string and the resistance of the ground at the point A ; this pressure 
must pass through F, and then we have three pressures acting in known 
directions through F; &c] 

Ans, (1) Tension 8453 lbs. (2) Pressure on ground 24,592 Iba. 
making with vertical an angle of 17^39'. 

Ex. 176. — On every foot of the length of a wall of brickwork whose 
section is ABCD a pressure acts on the upper angle C, in a direction 
making an angle of 45^ with the inner side B G ; determine this pressure 
when the resultant of it and of the weight of the wall passes through the 
angle A at the bottom of the wall $ the height of the weJl being 20 ft. and 
its thickness 4 ft Ana. 1584 lbs. 

Ex. 177 — ^If in the last example there were a bracket GE on the inside 
of the wall, G E being in the same line with D G the top of the wall, and 
the pressure (inclined at the same anglh as before) were applied at E 2 ft 
within the wall ; what must be its magnitude if the resultant of it and 
of the weight of one foot of the length of the wall passes through the point 
A ; determine also the point in which the resultant would cut AB the bastt 
of the wall if the pressure were the same as in the last example. 

-4iM. (1) ISlOlbs. (2)2§in. 

Ex. 178. — If AB are two points in the same horizontal line 10ft. apart ; 
AG and BG, ropes 10 ft and 5ft. long respectively tied by the point G to 
a weight W of 3 cwts. ; determine the tension on each rope. 

Ans. Tension on A G= 86*8 lbs. Tension 3036 lbs. 

[The triangle ABG is, of course, fixed in position, the weight W will 
act vertically through G and be supported by the tensions acting along 
the ropes.] 

Ex. 179. — K AB, BG are two rafters of a roof whose weights are neg- 
lected, equally inclined to the vertical at angles of 75^; at the point B it 

suspended a weight of 5 cwts., find the thrust along each beam. 

Ans, 1082 lbs. 

[The beams are supposed to be straight lines, t. e. their thickness does 

not enter into the question.] 

33. Triangle of pressures, — The reader will remark 
on reference to the figure to Ex. 169, that if lines are 
drawn parallel to the directions of P, Q, and E respec- 
tively, they will form a triangle abc similar to A B C, and 
whose sides will therefore have the same ratios as the 
pressures, each side being homologous to that pressure 
to whose direction it is parallel. This fact is frequently 
of great importance. Thus in Ex, 174, if A E be joined 

S 4 
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the sideB of the triangle A E F are respectively parallel to 
the pressures, so that 

EF : FA::W : P 

and since E F, F A, and W are knovni, P is at once found. 
Again, in Ex. 175, if AH be drawn parallel to EC, the 
side of the triangle A F H will be parallel to the pressures, 
so that 

FH :HA :: W:T 
andFH :FA :: W: R 

from which T the tension on the string, and R the pressure 
on the ground (or the reaction of the ground to which it 
is equal and opposite) are at once found. 

34. Parallel pressures. — If two pressures P and Q 
act in parallel directions, and towards the same parts at 
points A and B, their resultant will equal their sum 
(P + Q) acting in a parallel direction towards the same 
part, along a line passing through a point X, determined 
by the following construction: — Join AB, divide AB in 
X into parts inversely proportional to P and Q, i. e. so 
that 

AX : XB :: Q : P 

then X is the point required. 

Of course if the body, on which P and Q act, were fixed 
^t the point X, the pressures would balance roimd that 
point. It must be understood that a body is said to be 
fixed by a point, or to have a fixed point, when it can be 
moved round the point, but not away from it. 

Ex. ISO. — If AB is a straight rod 12ft. long, without weight, and at the 
end A is hang a weight P of 15 lbs., at the end Ba weight Q of 20lb8.« 
find the point X in the rod ronnd which the weights balance. 
Let AXbjt, then BXb12— or; hence 

dr : 12-dr:: 20 : 15. 

/.ar=6f, or AX=6? . BX=5j ft. 
Ex. 181. — Two men A and B cany a weight of 3 cwts. slung on a pole 
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the ends of which resi on their shonlders ; the distance of the weight firom 
A is 6 ft., and from B 4 ft. Find the pressure sustained by each man. 
If P is the pressure sustained by A and Q that sustained hj B 

P+Q«3cwt8. 

and6 : 4::Q: P 

/. P=1J cwt. and Q^lJ cwts. 

l&x, 182. — ^There is a beam of oak 30 ft. long and 2 ft. square ; at a dis- 
tance of 1 ft. from one end is hung a weight of I ton ; how far from that 
end must the point of support be on which the beam when horizontal will 
rest, and what will be the pressure on that point ? 

-4iw.(l) 11-61 ft (2) 9245 lbs. 

Ex. 183.^If amass of granite 30ft. long, 1 ft highland 3ft wide is 
supported in a horizontal position on two points each 3 inches within the 
ends (and therefore 29| feet apart), find the pressure on each point of 
support. Ana, 7383 lbs. 

Ex. 184. — ^If in the last Ex. another mass of granite with the same section 
and half as long is laid lengthwise on the former, their ends being square 
with each other ; determine the single pressure to which their two weights 
are equivalent, and the line along which it acts, and hence the pressure 
on the two points of support 

Ans, (1) Besultant equals 22,148 and acts 17*5 feet from one end. 

(2) Pressures on point of support respectively 9 197 lbs. and 12^950. 

Ex. 185. — If in the last case the upper block is shifted round through a 
right angle in such a manner that middle point of the upper block is ex- 
actly over a point in the axis of the lower, and the end of the lower in the 
same plane with the face of the latter; determine the pressures on the 
points of support. Ans, 7695 lbs. and 14,452 lbs. 

Ex. 186. — If in Ex. 180 the rod had weighed lib. per foot find at what 
distance from A is the point about which the whole will balance. 

Am, 6*64 feet 

[Find the resultant of P and Q as before $ and then the resultant of this 
and of the weight of the rod.] 

35. Principle of the equality of moTnents. — The defi- 
nition of the moment of a pressure is as follows: — If 
P represent any pressure, and if A be any point, and if 
on P's direction a perpendicular AN be let fall, and if the 
number of units of weight in P be multiplied by the num- 
ber of units of length in AN, the product is called the 
moment of the pressure P with reference to, the point A. 
The principle of moments in its general form will be 
found in the seqond section of this chapter ; for ^re«ft»fc 



58 PBACnCAL 1IICHANIG8. 

purposes the following statement will be sufficient. If 
any number of pre89wres acting in the mime plane keep 
a body in equilibrium round a fixed pointy amd if their 
momenta with reference to thai point be taJcen^ the eura of 
the TTuymenta of those pressurea which tend to turn the 
body from right to left round the fixed povrU, will equal 
the sum of the momcTUa of those preaaurea which tend to 
turn the body from left to right round ihat poimt. This 
principle afifords a very convenient method of solving a 
very great number of statical questions, as the student 
will find in the course of the present work ; one class of 
questions may be particularised, it is that class into which 
enters the consideration of a pressure entirely unknown, 
except that it passes through a certain point ; if we do not 
want to know this pressure, the principle of moments, aa 
above stated, is sufficient for the solution of the question* 

The following case will exemplify the mode of applying 
the principle of moments. In Ex. 175, let it be required 
only to determine the tension on the rope. Construct the 
figure to scale (see fig. 19 B); determine G- the centre of 
gravity of the block, draw the vertical line GrW, cutting 
AK in M ; draw AN perpendicular to CE ; if T is the ten- 
sion on the rope, and W the weight of the block which 
can be found to equal 18,388 lbs. ; then the moments of 
T and W are respectively AN x T and AM x 18,388 ; and 
the principle of moments assures us that these two are 
equal. In the construction from which fig. B was drawn, 
the scale employed was 1 inch to 10 feet ; and it was 
foimd that AM equals 8*25 ft, and AN equals 18*1 ft. ; 
hence was obtained for T a value of 8381 lbs.; the value 
of T as determined by calculation is 8453 lbs. 

The student is recommended, as an exercise in this im- 
portant principle, to work by this method all the previous 
examples in the present chapter, to which it can be readily 
appUed, viz. Ex. 172, 174, 177, 180—186, 
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Section IL 

The General Theorems of Statics. 

36. Aodoms. — The following elementary principles, or 
axioms, are assumed in the demonstrations of the fmida- 
mental theorems. 

Ax. 1. The line which represents the resultant of two 
pressures acting on a point, falls within the angle made 
by the lines that represent those pressures. 

Ax. 2. If two equal pressures act on a point, the line 
that represents their resultant bisects the angle between 
the lines that represent those pressures. 

Ax. 3. If a pressure acts upon a body it may be sup- 
posed to act indiflferently at any point in the line of its direc- 
tion, provided that point is rigidly connected with the body. 

Ax. 4. It is necessary and sufficient for the equilibrium 
of any system of pressures, that one of them be equal and 
opposite to the resultant of all the rest. 

Ax, 5, If a system of pressures in equilibrium be imposed 
on or removed from any system of pressures it will not 
affect the equilibrium or the resultant of that system. 

Proposition 3. 

The principle of the parallelogram of pressures is true 
of the direction of the resultant of two equal pressures. 

Let the pressures P and Q act on 
the point A along the lines AP and 
AQ ; let AB represent the pressure P, 
and AC the pressure Q, then will AB 
equal AC; complete the parallelogram 
ABCD, and draw the diagonal AD. 
We are to show that the resultant of 
P and Q acts along the line AD. 

Since AC equals AB it equals CD, therefore the angle 
CAD is equal to the angle ADC, but since CD is parallel 
to AB, the angle ADC is equal to the angle B^\>^^i5^l'^T^- 
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fore the angle BAD equals the angle CAD, and the line 
AD bisects the angle PAQ; but the direction of the 
resultant of P and Q bisects the angle PAQ (Ax. 2), there- 
fore AD is the direction of the resultant q. e. d. 

37. Remark, — The following proposition may be 
regarded as the foundation of the whole science of statics; 
the demonstration generally seems obscure to readers who 
meet with it for the first time, this results from the some- 
what unusual /orm of the proof; it may therefore be well 
to remark that the demonstration consists of two parts ; in 
the first part it is shown that if the principle is true in 
two cases, viz. with regard to the pair of pressures P and 
Pi and the pair P and P,, it must also hold good in a 
third case, viz. in regard to the pair of pressures P and 
Pi + Pj; this part of the proof is purely hypothetical, as 
much so as in the case of a demonstration by reduction to 
an absurdity ; the second part of the proof 4akes up the 
argument, but as a matter of fact the proposition is true 
in two certain cases, therefore it must be true in a third 
case, therefore in a fourth case, and so on. 

Proposition 4. 

The principle of the parallelogram of pressures is true for 
the direction of the resultant of any two com/mensurable 
pressures. 

Let the pressure P act on the point A along the line 
AB, and the pressures Pj and P^ on the point A along the 

line AC; take AB, AC, CD, 
p Pa respectively proportional to 
P,Pi, and Pgjand complete the 
parallelograms BC, ED, then 
is the figure BD a parallel- 
ogram ; draw the diagonals 
AE, CF and AF, and suppose 

the points C, D, E, F, to be rigidly connected with A, 
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(a) The lines AB and AC represent the pressures P and 
Pj ; assume that AE is the direction of their resultant;* 
then can P and Pj be replaced by their resultant acting at 
A along AE, and, since A and E are rigidly connected, by 
that resultant acting at E along AE (Ax, 3); but this re-t 
sultant acting at E can be replaced by its components act- 
ing at E, viz. by Pj along BE, and by P along CE; and 
these again, since C and F are rigidly connected with E, 
by Pj acting at F along BF, and P acting at C along CE. 

(b) Since A and C are rigidly connected, Pj may be 
supposed to act at C along CD; then CE represents the 
pressure P, and CD the pressure P^; asswme that CF 
represents the direction of the resultant, then by reasoning 
in the same manner as in paragraph (a) it can be shown 
that the pressures P and Pj can be transferred to F. 

(c) Thus it follows from our two assumptions that the 
pressures P,Pj,P2 may be supposed to act indiflferently on 
A or F, therefore each of these must be a point in the 
direction of their, resultant, i. e, their resultant must act 
along the line AF. Now AB represents the pressure P 
and AD the pressure Pj-I-Pj; hence, if the proposition is 
true of the pair of pressures P and Pj and of the pair 
of pressures, P and P^, it must also be true of the pair 
PandPj+P^. 

(d) But it appears from Prop. 3, that the proposition 
is true of equal pressures, i. e, of the pair p and j9, and of the 
pair p and p, therefore it will be true of the pair p and 
p-\-Pi i. e. ofp and 2p ; again, since the proposition is true 
of the pair p and py and of the pair p and 2p, it must be 
true of the pair p and p + 2j9, i, e. of p and Zp ; similarly 
it is true of p and 42>, of p and Sj?, &c., and generally of 
p and 7np. 

(e) Again, since the proposition is true of the pair of 
pressures mp and p^ and the pair mp and j9, it must be 
tirue of the pair mp and p +2>, i. e. of mp and 2py similarly 
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it must be true of mp and Sp, of mp and 4tp, and generally 
of mp and np. 

(f) Now, any two commenav/rable pressures P and Q must 
have a common imit (e. g. a pound or an ounce, &c), and 
therefore can be represented by mp and np; hence the theo- 
rem is true of any two commensurable pressures. Q. s. n. 

Proposition 5. 

The principle of the parallelogram of pressures is true 
of the direction of the resultant of any two incommen- 
surable pressures. 

rig. M. Let P and Q be the two pres- 

sures represented by the lines 
AB and AC, complete the pa- 
rallelogram A BCD, then will 
the resultant (fi) of P and Q act 
along the line joining A and D. 
For if not suppose fi to act along 
any other line, this line must fall 
within the angle PAQ (Ax. 1), and therefore must cut 
either C D or D B ; let it cut B I) in the point E. Now, by 
continually bisecting A B, a part can be found less than 
D E, set oflf distances equal to this part along A C, and let 
the last of them terminate at F (it cannot terminate at 
since A B and A C are incommensurable) ; therefore F C is 
less than this part, and therefore also less than D E ; draw 
F Gr parallel to C D, this line will cut B D, in a point Gr 
between D and E, join A Gr. Suppose A F to represent a 
pressure Q' aiid F C a pressure g, then will Q equal Q' -\-q; 
now Q' and P are commensurable, therefore their resultant 
(E') will act along the line A Gr. But the resultant R of 
P and Q must equal the resultant of P, Q,' and q; i.e. of 
E' and q ; but E' acts along A Gr, and q along A C, and 
therefore (Ax. 1) their resultant E must act within the angle 
Gr A Q ; but by the supposition it acts along A E without the 
angle Gr A Q ; which is absurd. Therefore, &c. Q. E. d. 
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Proposition 6. 

The principle of the parallelograan of pressures is true 
of the magnitude of the resultant. 

Let P and Q be the two pressures acting on the point 
A, and let them be repre- 
sented by the straight lines R' pig, ^^ 
A B and A C, complete the 
parallelogram A B C D, and 
draw the diagonal A D ; we 
have to prove that not only 
does the resultant R of P 
and Q act along the line 
A D, but also that it is repre- 
sented in magnitude by that 
line. Suppose E' to be the 
pressure which balance P and 

Q, it must act along DA produced. Let A E represent E' ; 
complete the parallelogram C E, and join A F ; the resultant 
of Q and E' must act along A F ; but since P balances Q 
and E', it must act along FA produced ; therefore F A B is 
one straight line^ and is parallel to C D^ so that F D is a 
parallelogram. Hence we have F C equal to AD, but F C 
equals A E, therefore E A equals A D. But E is equal and 
opposite to E', which is represented by A E, and therefore 
E is represented in magnitude by A D. Q, E. d. 

38. Application of trigonometry to statics, — It is 
manifest that the sides of the triangle A C D are propor- 
tional to the three pressures P. Q, E'. which are in equi- 
librium. .And hence if any triangle acdhe drawn similar 
to A C D, its sides will be proportional to the pressures. 
Such a triangle will be formed by drawing lines respec- 
tively parallel to the directions of the pressure, each 
pressure being an homologous term to the side parallel to 
its direction. The pressures as shown by the arrow heads 
act in the sa/me direction round the triangle. A similar 
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remark applies to a triangle formed by drawing lines 
perpendicular to the directions of three pressures in 
equilibrium. The relations between three pressures in 
equilibrium are thus reduced to the relations between the 
sides of a triangle ; and of course all the trigonometrical 
relations between the sides and angles of that triangle 
will be analogous to relations between the pressures and 
and the angles between their directions. The two of most 
importance are proved in the following proposition : — 

Proposition 7. 
If three pressures, P, Q, E are in equilibrium, and act upon 
H point A, to show that the following relations obtain : — 

(1) P : Q :: sin QAE : sin EAR 
Q : E :: sin EAP : sin PAQ. 

(2) E>=P» + Q' + 2PQcosPAQ. 

F,g.a4. (1) Draw the tri- 

p angle abc whose 

sidesfcc, ca, a6,are 
respectively parallel 
to the pressures 
P, Q, E. Then it is 
evident that the 
angles a, 6, c are re- 
spectively equal to 
180**- QAE, 180**-EAP, ISO^'-PAQ; now 

be : ca :: sin bac : sin cba :: sin QAE : sin EAP 
ca : ab :: sin cba : sin acb :: sin EAP : sin PAQ 

But by (Art. 38) 

be : ca :: P : Q 
ca : ab :: Q : R 
.-. P : Q :: sin QAE : sinEAP 
anAQ : E :: sinEAP : sinPAQ. 

These proportions are sometimes expressed by the rule. 
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^'If three pressures are in equilibrium, each pressure is 
proportional to the sine of the angle contained by the 
other two." 

(2) Employing the same figure, we have, by a well- 
known theorem in trigonometry, 

ab^=:bc^-\-ca^ — 2 be. ca. cos bca. 
Now 6ca is the supplement of PAQ, so that cos PAQ= 

— cos bca. 

.\(ib^^bc^^ca^ + 2bc. ca. cos PAQ. 

But bcy ca, aby are respectively proportional to the 

pressures P, Q, R. 

.•.R2=*=P2-|.Q^ + 2PQ cos PAQ. Q. E. D, 

Proposition 8. 

To determine the resultant of two pressures acting in 
parallel directions and towards the same parts. 

Let P and Q be the pressures acting respectively on 
the points A and B ; join AB ; suppose any two equal 
and opposite pressures T, Tj to Fig. 25. 

act at A and B respecti^y along 
the line AB ; these pressures 
being sepai-ately in equilibrium ^ 
will not aflFect the resultant of 
P and Q (Ax. 5), therefore the 
required resultant will be that of 
T, P, Q, and Tj, i. e. of U and V, if U is the resultant of 
T and P, and V the resultant of Q and T^. But since 
U's direction lies within the angle TAP and V's within 
the angle QBT^ their directions will meet when pro- 
duced ; let them be produced and meet in C ; then if C is 
rigidly connected with the body, U and V may be sup- 
posed to act at C; through C draw CX parallel to AP or 
BQ; but U acting at C can be resolved into P, acting 
along CX, and T, acting parallel to BA, and similarly V 
can be resolved into Q acting along CX, wsA^^^Ricca.^ 

F 
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parallel to AB; hence the required resultant will be that 
of T, Tj, P, and Q acting at C ; or, since T and T^ are in 
eqnilibrium, of P and Q acting along CX, 1. 1. the r^oltant 
is P + Q acting at X along a line parallel to AP or BQ^ 
and towards the same part. 

Next, to find X. Since U is the resultant of P and T, 
those pressures will be proportional to the sides of the 
triangle AXC. 

.•.AX:XC::T : P. 
Similarly CX : XB :: Q : T^. 
.-. (Ex »q.) AX : XB :: Q : P. 

Or the point X divides AC in the inverse ratio of the 
pressures, which is the proof of the rule already given 
(Art. 34). Q. E. D. 

Cot, 1. — Hence we immediately deduce the conditions 
of the equilibrium of three parallel pressures. For let 
P, Q, and E be the pressures of which we will suppose that 
P and Q act towards the same parts, then B must be equal 
and opposite to their resultant (Ax. 4) ; hence — 

(1.) B must equal P + Q actii% towards the opposite 
part 

(2.) B's direction must cut the line joining the points 
of application of P and Q into parts inversely pro- 
portional to those pressures. 

Got. 2, — Hence, also, we can determine the resultant of 

two parallel pressures acting towards contrary parts. Thus 

Fig. 26. suppose P acting at A and Q acting 

tt at B to be the pressures, of which let 

* Q be the greater; now, if B' is the 

^ pressure that balances P and Q, it must 

be equal and opposite to their resultant 

B;butB' + P = Q,andAB :BX::B' : 

P, i.e. AB + BX :BX;:E'+P : P, or 



R' 



% 



AX:BX::Q:P. 
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?. e. the resultant equals Q— P, and acts towards the 
same part as Q at a point X^ whose distances from A and B 
are inversely as the pressures^ and so taken that the 
greater pressure acts between the resultant and the lesser 
pressure. 

39. Statical Couples. — The equations which determine 
E', i. e. the pressure that balances two parallel pressures 
acting towards contrary parts, are — 

and AB:BX::R':P; 

AB-P 



or BX= 



E' 



Now, if P is very nearly equal to Q, the pressure E' 
must be very small, and since AB'P has a fixed value, BX 
must be very large ; and if we consider the limiting case, 
when P=Q, we have E' indefinitely small and BX indefi- 
nitely great ; that is to say, two equal pressures acting in 
parallel directions towards contrary parts cannot be 
brought to rest by any single pressure; or, which is the 
same thing, two such pressures do not have a single 
resultant; they constitute what is called a statical couple. 

40. The use of the positi/ve and negative sign to denote 
the direction of a pressure. — Since a line can be taken to 
represent a pressure, and since if + a is used to denote a 
line of a feet (or other units), measured to the right from 
a fixed point, then — a must be used to denote a line of 
a feet measured to the left from that point, it should seem 
that the same principle ought to be applicable to pressures, 
and that if 4- P denote a pressure of Plbs. acting to the 
right along a given line, then — P must denote a pressure 
of P lbs. acting towards the left along that line. That the 
principle so commonly used in geometry is correctly 
applied to pressures, will be evident from a little considera- 

F 2 
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tion. Thus, if P and Q are two pressures acting to the 
right along a line, and fi their resultant, we have 

E=P + Q. (1) 

If Q act to the left and be less than P, R will act to the 
right, and we have 

RcP-Q. (2) 

If, however, Q be greater than P, R will act to the left, 
and we have 

R«Q-P. (3) 

Here we have three equations to express a certain 
result ; but if we suppose P + Q to be an algebraical sum, 
these three equations can be included in one, viz. 

E=P + Q. (4) 

It is quite plain the (4) includes (1) and (2), it also 
includes (3), since that equation can be written 

-R=P-Q. 

This circumstance enables us to abbreviate considerably 
the enimciation of the general theorems of statics. Thus : 
— (a) If any nurnher of pressures a^t along a line their 
algebraical sv/m equals their resultant ; a statement which 
is identical in meaning with the following (b) — If any 
number of pressures act along a line their resultant will 
equal their sum, if they all act in one direction ; but if 
nx)ty the sum of those that act in one direction must be 
foundy and also the sum of those that act i/n the other 
direction^ and then the resultant will equal the differcTice 
between these sums^ and will act i/n the direction of the 
greater. Of course tiie condition of equilibrium of any 
number of pressures acting along a line will be that their 
algebraical sum equals zero* 

The same principle can be applied to the moments of 
pressiures. If we measure the moment of a pressure with 
reference to a certain point, it is usual to reckon it positive 
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if it tend to turn the body round that point in a direction 
contrary to that in which the hands of a watch move, or 
when it tends to turn the body from right to left upwards. 
If this assumption be made, then the moment of any other 
pressure must be reckoned negative which tends to turn 
the body in the contrary direction round that point. It 
will be remarked that in the figure belonging to the first 
section of the following proposition (9) the momeuts of P, 
Q, E, with respect to are positive ; in the figure belong- 
ing to the second section the moments of Q and E are 
positive, and of P negative. 

41. Representation of a moment by an area, — Let the 
line AB represent a pressure P, and from a point let fall a 
perpendicular ON on AB or AB pro- 
duced, join A, OB ; then twice the 
area of the triangle AOB equals the 
product of ON and AB, i,e. the pro- 
duct of the perpendicular on P's direc- 
tion and the line that represents P ; 
hence twice the area of the triangle AOB represents the 
moment of the pressure P with respect to the point O. 

Proposition 9. 

The moment, with respect to any point, of the resultant 
of any two pressures whose directions are not parallel is 
equal to the algebraical sum of the 
moments of those pressures with 
respect to that point. 

Let P and Q be the pressures 
acting on the point A; let AB 
represent P, and AC represent Q; 
complete the parallelogram A B D C, 

and draw the diagonal AD, then AD represents the 
resultant B. 

t a 
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(1.) Let the point about which the moments are to 
be measured fall beyond A6, as shown in the annexed 
figure ; in this ease all the moments are positive ; we have^ 
therefore, to show that 

Join OA, OB, OC, OD. Then we have 

M*B-MT=2AAOD-2AAOB 
=2AABD-2A0BD 
=BC-Bm=Am=2AA0C 
=M*Q 
M*R=M*P+M*Q 

(2.) Let the point fall on the inside of the parallelo- 
gram BC, and within the angle PAR 
_^ p as shown in the annexed figure ; in 
this case the moments of Q and R 
with respect to are positive, and 
that of P negative, so that we have 
to prove that 

M*R=M*Q-M*P. 

Make the same construction as before. 
Then we have 

M*R + MT=:2AAOD + 2AAOB 
=2AABD-2A0BD 
=BC--Bm=Am=2AA0C=M*Q 
.•.M*R=M»Q-MT 

It will be found that a similar proof applies to any other 
position of 0. Hence, &c. q. e, d. 

Proposition 10. 
The moment, with reference to any point, of the result- 
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ant of two parallel pressures is equal to the algebraical sum 
of the moments of those pres- ng. ao. 

sureswith reference to that points. 
Let P and Q be the two 
pressures, acting towards the 
same parts ; the point about 
which the moments are mea- 
sured; draw OMN perpendi- 
cular to the directions of the pressures; divide NM in 
X, so that NX : XM :: Q : P, then the resultant K will 
pass through X in a direction parallel to NP or MQ, and 
will equal P + Q; let AN and MB represent P and Q on 
scale; complete the rectangles FN and EM; let EB and 
FA produced cut E's direction in C and D respectively, 
then CD represents B scale. Since all the moments are 
positive, we have to prove that 

M*B=M*P + M*Q 
or, which is the same thing, we have to show that 



Now 



or 



EC=OA + OB 
NX:XM::Q:P 



NX :XM;;XD : XC 



But the angle NXC=DXM (Eucl. 15-L); therefore 
(Eucl. 16— VL) rectangle NC=: rectangle DM. 

ButEC=OA+NC + OD=OA + MD + OD=OA + OB 
.•.M*E=M*P + M*Q 

A similar proof will apply to every position of 0. 
Hence, &c. q. e. d. 

Cor. — A complete proof of Propositions 8 and 9 can 
only result in strictness from a discussion of every par- 
ticular case ; this, however, is not necessary, as the student 
can easily adapt the proofs to other cases ; for instance^ in 

r 4 
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Prop, 10 the point might be taken within NM ; or 
P and Q might act towards contrary parts : in Prop. 9 
the point might fall so that OM would cut CD pro^ 
ducedy or might fall within the angle QAfi^ &c. 

42. Extension of the principle of momenta to any 
number of preseures. — If we have any number of 
pressiu-es Pj, P,, P^ . . . P^, and if we first find the re- 
sultant Ej of any two Pj and P,, next the resultant 
Bjj of Kj and Py then E, the resultant of E, and P^ ; 
and if we can continue this process up to P^ we shall 
obtain the resultant E of the whole system; a little 
ck>nsideration will render it manifest that any system of 
pressures acting in one plane can be thus reduced to a 
single pressure, with one exception, viz. when the system 
can be reduced to a couple; this exception is excluded 
from the following reasoning. Now, if we take any point 
0, and take with reference to it the moments of the 
pressures, we shall have 

M*B,=M*P,+M*P, 
M%=M*E, + M*P3 
M*E3=M*E,+M*P^ 






M*E=M«E^.,+M*P„ 
. • .by additionM*E = M*P, + MT^ + M^Pg + M^P^ + . . 4- M*P„, 

the sum on the right hand side of the equation being an 
algebraical sum. Hence if any pressures act in a pla/ne 
the moment of their resultant with reference to any 
point is equal to the algebraical sum, of the mx)ments 
of the pressures with respect to that pointy which is the 
principle of moments in its most general form. 

Of course if the point be taken in the direction of the 
resultant, its moment, and therefore the algebraical sum 
of the moments of the pressures, will equal zero. Now, if 
a body acted on by any pressures be kept at rest roimd 
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a fixed point, the resultant must pass through that point ; 
and therefore in this case the algebraical sum of the 
moments of the pressures round that point will equal zero ; 
a statement which coincides with that already given. 
(Art. 35.) 

43. The transfer of pressures in parallel directions. — 
Suppose a pressure P to act along a certain line, then if it 
be made to act towards the same part along a parallel line, 
it is said to be transferred in a parallel direction. It is 
evident from Propositions 4 and 8 that any two pressures 
can be transferred in parallel directions to any point in the 
direction of their resultant without changing their effect ; 
and the same will be true of any number of pressures : 
thus if Pj, Pg, P3 be the pressures, find Ei the resultant of 
Pi and Pj, and E the resultant of Ej and P3. Now, we 
may conceive E to act at any point of its direction, and 
there we can resolve it into Ei and P3 acting parallel to 
their former directions, and Ej into Pj and Pj acting paral- 
lel to their former directions ; and thus we have transferred 
in parallel directions all three pressures to a point in 
the direction of their resultant. The same reasoning will 
manifestly hold good of any number of pressures. 

44. The rectangular components of a pressure. — Let 
Ox, Oy be two rectangular axes, and let P be a pressure 
acting on along the line OP ; let rig. 3i. 

OA be the line which represents 
the pressure P, and let the angle it 
makes with the axis of a;, viz. a> A, 
equal 0; now if the parallelogram 
B A C be completed, P will be equi- 
valent to two pressures respectively represented by B, 
and C, and since these pressures are at right angles to 
one another, they are called the rectangular components of 
P with respect to the axes x and y ; again, am<i^ QCL-s:- 
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OA sin and OB = OA cos ^, it is plain that the rectan- 
gular components of P are P cos along the axis x and 
P sin ^ along the axis of y. It will be remarked that if 

we always measure in the 
same direction viz. upwards 
from Xy that P cos 0, and 
P sin give not only the 
magnitvxie but also the 
directiona in which the com- 
ponents act : — thus if we 
suppose P to act towards 0, the line which represents the 
pressure is A, so that is not aj OP, but a; A, indicated 
by the dotted arc; and then, since lies between 180** and 
270°, both P sin 0, and P cos will be negative, as they 
ought to be. 

Proposition 11. 

To determine the resultant of any number of pres- 
sures acting on a point; and to infer the conditions of 
equilibrium of a system of pressures acting on a point. 

(a) Let Pj, Pj, P,,....be the pressures acting on any 
given point 0, through draw two rectangular axes x 
and 2/, and let dp d^, ^3, ... be the angles that the lines 
representing the pressure make with the axis of x. Then 
these pressures can be replaxjed by their rectangular com- 
ponents along the axes of x and 2/, i. e. by 
Pj cos d|, Pj cos 0^y P3 cos ^3, . . . aJong the axis of aj, and by 
Pj sin dj, Pj sin 0^^ P3 cos ^3, . . . along the axis of y. 

Now the former set is equivalent to a single pressure 
X acting along the axis of a;, and the latter to a single 
pressure Y acting along the axis of 2/, provided 

X=Pi cos di + P2 cos O^-k-^^ cos ^3 + .... 
Y=P2sin(?2 + PaSin 0^-\-V^sm 0^ + .... 

Now, if E be the resultant of X and Y, and the angle 
which the line representing it makes with Oaj, we must have 
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Ecos0=X (1) 

E sin i=Y (2) 

which equations determine E and 0. It will be remarked 
the determination is free from ambiguity, since the signs 
of X and Y will give the signs of cos and sin ^, and 
therefore determine the quadrant in which the line repre- 
senting E falls. Of course the magnitudes of E and <f> are 
given by the equation 

E« = X« + Y2 (3) 

Y 

and tan =— (4) 

(6) To obtain the conditions of equilibrium of Pp Pj, P3, . . . 

It must be remembered that it is necessary and suffi- 
cient for the equilibrium of these pressures that Pj be 
equal and opposite to the restdtant of Pg, P3 . . . (Ax. 4), so 
that the rectangular components of this resultant must be 
— Pj sin Oy^ and — P^ cos 6yy therefore the required con- 
ditions are 

— Pj sin ^1 = Pg sin ^^ + P3 sin ^3 + . • • . 
and — Pi cos 6^ = Pg cos ^^ + P3 cos ^3 + . . . . 
or Pj sm ^1 + Pa sin ^2 -f P3 sin (?3 + . . . . = 
and Pi cos 0^ -f P^ cos ^^ + P3 cos ^3 + . . . . = 

That is to say — "It is necessary and sufficient for the 
equilibrium of any system of pressures acting on a point, 
that the sums of their components along each of two 
rectangular axes be separately zero." 

Proposition 12. 

To determine the resultant of any system of pressures 
acting in a plane. 

Take Oa>, and Oy any two rectangular axes, and let 
Pp Pj, P3, .... be the pressures, and ^p 02^ ^35 • • • ^^^ 
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angles which their directions make with the axis of a; — or 
rather which the lines that would represent them if they 
were transferred to the origin make with the axis of x. 

(a.) Suppose the pressures to be transferred in parallel 
directions to the origin, then if E be the resultant of 
the transferred pressures and the angle it makes with 
the axes of aj, E and if> are completely determined by the 
equations, 

E sin = Pj sin ^j + P2 sin 0^ + Pj sin ^3 + . . 
E cos ^ = Pj cos $1 + Pj cos 0^ + P, cos ^, + ... 

(6.) Since the pressures Pj, ^29^3^ • • '^^^^ ^® transferred in 
parallel directions to any point in their resultant without 
changing their effect (Art. 43), it follows that the resultant 
must be equal and parallel to E, and act towards the sam6 
part. 

(c.) If we determine the moments of the pressures with 
reference to the origin 0, and ifp be the perpendicular on 
E's direction from 0, we shall have, by the principle of 
moments, 

Up = M*Pi + M*P, + M*P3 + .... (3) 

Now, as we know the magnitude of E, this equation 

gives the magnitude of p, 
(d.) Hence, being the origin, 
and OE the direction of E, if 
we draw through a perpen- 
dicular to E, and measure 
ON, and ON^ each equal to 
jp,and suppose pressures eqiikl 
and parallel to E to act 
through Nj and Nj and to- 
'wards the same part, one of these two must be the required 
resultant ; to ascertain which, we must observe that equa- 
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tion (3) gives the sign of the moment of the resultant ; 
hence the required resultant will be Rj, if its moment with 
respect to has the required sign, if not B, will be the 
resultant. For instance, if E acted as shown in the dia- 
gram, and if M* Pj+M* P.^+M* P3 + .... were negative, 
Eg would be the required resultant. 

Cor. — It will be remarked that the above determination 
is entirely free from ambiguity. It may also be remarked 
that if the case arise in which 

Pisin^,+ Pj,sin^,+ P3sin^3 + ... = 

PlCOS^l+ P2C0S^j+ P3COS^3 + ... = 

M*Pi + M^Pj + M*P3 +,., = some finite value, 
the system of pressures will reduce to a couple. 

Proposition 13. 

To determine the conditions of equilibrium of any 
number of pressures acting in a plane. 

Let Pi,P2P3, P4,... be the pressures and ^1,^2,^3,^4, .. . the 
angles their directions make with the axis of x — as already 
explained. Now, if R be the resultant of P,, P3, P4, .... we 
have for determining E, 

E sin 0=P2 sin^2 + ^3 ^^ ^3 + ^4 ^ ^4 + .... 
E cos ^=P2 cos ^a + Pg cos ^3 + P4 cos ^4 + .... 
and M* E =M* P^+M* P3+M* P4 + 

But if the required pressures are in equilibrium it is 
necessary and sufficient that E be equal and opposite to 
Pj (Ax. 5) i. e. E sin ^= — Pi sin 6^^ E cos ^= — Pj cos ^j, 
and M*E= — M*Pi. Therefore the required conditions are, 

-Pi cos ^i=P2 sin ^a+Pg sin ^3 + P4 sin 0^-\-... 

—Pi cos ^i=P2 cos ^a+Pa cos ^3H-P4 cos ^4 + ... 

-M*Pi =M*Pa + M*P3 + M*P4 + .... 
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or the conditions necessary and sufficient for equili- 
brium are^ 

Pj sin ^i+Pa sin 0^ + T^ sin ^3 + ... =0 
Pj cos ^i+Pj cos^3 + P, cos ^, + ... =0 
M* P,+M* P, + M* P3 + ... =0. 

That is to say, " It is necessary and sufficient for the 
equilibrium of any system of pressures acting in one plane 
that the sums of the components taken with respect to any 
two lines at right angles to each other be separately equal 
to zero, and also that the sums of the moments of the 
pressures with respect to any one point be zero." 

Proposition 14. 

To determine the resultant of any number of parallel 
pressures. 

Let Pj, Pj, P3, .... be the pressures ; take any point 

and let fall from it the line OA perpendicular to 

Fig. 84. the directions of the pres- 

Ni M N« Nt A sures, and cutting them in 

N„ Ng, N3, .... let ONi = 

p^, ON,=2>2, ON3=2>3 ...; 
Pi R P2 w also let E be the resultant of 

the pressures, and let its direction cut the line OA in 
M, and let OM=r ; we have to find the magnitudes of E 
and r. Now, the pressures may be transferred in parallel 
directions to any point in the direction of their resultant: 
if this be done they will all act along the same line, and 
therefore their resultant must equal their sum, or 

E=P, + P2 + P3 + .... 

again, the moment of E round must equal the sum of 
the moments of the separate pressures, therefore 

Er=P,j9i + P2J92+P3l>3 + ... 
The former equation gives E and the latter r. 
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Cor. — It will be remarked, that if we suppose the direc- 
tions of all the pressures to be turned through a certain 
angle x^ but still to pass through the same points Xp 
Nj, N3, ... that the direction E will still pass through M; 
for let 2?'j p'^ T^v ^ l>e the perpendiculars on the di- 
rections of the pressures; when this has been done, then 

now, j[>'j = 2>i cos Xy'p'^ =2?, cos a;, 'p\ =p^ cos ar, . . . 

... -^ = P,p,+P,l>,+ P3 1>3 + .... 
COS X 

and .'. =r 

cos X 

But the new direction of R must cut the line A in a 

point whose distance from is , and therefore it will 

cos X 

stiU pass through the point M. In other words, the po- 
sition of the system of parallel pressures may be changed 
in any manner we please, provided the relative distances of 
Nj, Ng, N3, .... are unchanged and the pressures continue 
to act in parallel directions through those points, and still 
the resultant will pass through M, which is therefore called 
the centre of parallel pressures. It will appear from the 
next proposition that there is a centre of parallel pressures 
for every system of parallel pressures, whether the points of 
applications of the pressures be in the same straight line 
or not. 

Cor. 2. — If we suppose the pressures Pj,P2,P3,....to be the 
weights of heavy points, the centre of parallel pressures will 
be the centre of gravity of those points ; hence the position 
of the centre of gravity of a number of weights arranged 
along a line will be given by the above equation, viz. 

r(P,+P,-hP3 + ...) = PlPl+P2l>2 + P32>3+.- 
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Proposition 15. 

To determine the centre of parallel pressures of any 
system of such pressures acting on a plane. 

(L) Consider the case of two parallel pressures Pp P^; 

let them act at the points 
'■ ' Qp Qj, the co-ordinates 

of which are ON, = a?i 

= yy Divide Qj Q, in 
K^ so that 

Q,K : KQj : : Pj : P, 

then the resultant E^ of 
Pj and P2 will equal 
"i P^ + Pg, and will act 
at K; let the co-ordi- 
nates of K be OM=irj 

and K M = 2/1 ; through 
Qi and K draw lines parallel to a;, then by Eucl. (2— 
VI.) we have 

Q^ m : mn : : x^— x^ : x^— Xy 
~ • • P • P 

• . X J »Cj "~ Jr I »Z/| ^2 j7 2 X^ ""• It 2 **^i» 

or, i,(Pi + P2)= Pi iKi + P2 ^r 
Again, since QjK : KQ2 : : K m : Q2 ^ we shall obtain, 
by reasoning in a precisely similar manner, that 

(12.) Suppose there are three pressures, Pp Pj, P3 ; find 

Ej the resultant of Pj and Pj, acting at the point x^ j/p 

then we have 

E,= P,+P,. (1) 

a!,(Pi+P,)=P,ar,+P»a!,. (2) 

and ylV, + P,) = P, y, + P, y,. (3) 




Q,K : KQ, :: 



X% — "— *Ci 
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Find B the resultant of B| and P,, acting at the point 
X 2/, then we have 

^R,+P,)=R,a,+P,«, 
or, «(P,+f,+P,^=(P,+P,)aj,+P,i„ (4) 
and y(E,+P3)=R,y,+P3y^ 

or, f(P, + P,+P3)=(P,+P,)y,+P,y,. (5) 

Hence, adding together (2) and (4), and also (3) and (5), 
we obtain 

i(P,+P,+P,)=P,a:, + P,a;,+P3a:3. (6) 
y(P,+P,+P,)«P,t/,+P,y, + P3t/3. (7) 

The same proof can evidently be extended to four, five, 
or any number of pressures. Q. £. n. 

Cor. 1. — If the points of application of the pressures had 
been situated in space of three dimensions, and referred to 
three co-ordinate planes, a precisely similar proof would 
have given us 

y(P,+P,+P3 + ...)=Pi2/,+P,2/3+P32/3 + --- 

0(Pl+Pj|H-P3 + ...) = Pl^l+P2^2 + P3^3 + — • 

The point determined by the coordinates xy z is called 
the centre of parallel preseures. It will be remarked that 
precisely the same values would be obtained in whatever 
order the pressures had been taken, consequently a system 
of parallel pressures has only one centre. It, of course, 
follows from this that no body or system of bodies can 
have more than one centre of gravity. 

Cor. 2. — If the case should arise in which 

P1 + P2 + P3 + =0, 

but Pj ajj + Pa x^-^-F^x^-i-... =A 

a 
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where A denotes some determinate value, the system re- 
duces to a couple ; and in this case there is no centre of 
parallel pressures in finite space. If the pressures are 
the weights of parts of the body they act towards the 
same parts, and therefore their sum can never be zero, 
so that every body and system of bodies must have one, 
and only one centre of gravity, which can be determined 
by the above equations. 
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Section I. 

45. Definition of the centre of gravity, — It has been al- 
ready remarked that the weight of a body is an instance of a 
distributed pressure^ and that it can be treated as a single 
pressure by supposing it to be collected at a certain point, 
called its centre of gravity. The form^ definition of the 
centre of gravity is as follows : — The centre of gravity of 
a body or system of bodies is that point at which we may 
suppose thei/r whole weight to act without changing its 
statical effect. That, as a matter of fact, every body has a 
centre of gravity, is shown in the corollary to Proposition 1 5. 
In determining the centre of gravity of any figure, it is 
assumed that a heavy line can be supposed to be made up 
of heavy points, a heavy plane of heavy parallel lines, and 
a solid of heavy parallel planes. It is also assumed that 
every figure is of uniform density, imless the contrary is 
specified, 

Ex. 187.— Detennine the centre of gravity of a uniform straight line ABt 
The line AB may be conceived to be made up of a nomber of equally 
heavy points distributed uniformly along it (like beads on a wire); now if we 
take the two extreme points, the resultant of their weights will pass through 
the middle point of AB, that of the weights of the next two will pass 
through the middle point of AB, and in like manner that of each successive 
pair; consequently the weight of the whole will act through tlie middle 
point of AB, which is therefore the centre of gravity of the whole, or of the 
heavy line AB. 

o 2 
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46. Method of determining the centre of gravity of 
a plane area. — Let A BCD be the plane area; we may 

conceive it to be made up of a set of 
parallel heavy lines, such as BD, EF. . . 
drawn in any direction. If we can find 
^a set of parallel lines which are all bisected 
by a single line AC, the centre of gravity 
of each line must be in AC, and there- 
fore that of the whole figure must be in 
AC. If, moreover, we can determine a 
second line bisecting another set of paral- 
lel lines, we know that the centre of gravity 
must also be in this second line, and must therefore be at its 
point of intersection with AC. By this method, the 

centres of gravity of many simple figures 
can be determined : it also suggests a prac- 
tical means of determining the centre of 
gravity of any plane area whatever. Suppose 
the figure to be cut out carefully to the re- 
quired shape in card-board or tin ; suppose 
it to be suspended by a fine thread from any 
point B ; now the pressures in equilibrium 
are the tension of the string and the weight 
of the body; they must therefore act along 
the same line, so that the required centre of 
gravity must be in the prolongation BC of 
AB; this prolongation can easily be marked 
by suspending a plumb-line from A. Again, 
suspend the body by a fine thread DE 
fastened to any other point E, and draw the 
prolongation of this line, viz. EF; the centre 
of gravity must be in EF, and therefore at Gr, the point of 
intersection of EF and BC. 

Ex. 188.— Show that the centre of gravity of the area of a circle is at 
its centre. 
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Since any diameter bisects all lines in the circle drawn perpendicolarljr 
to it, the centre of gravity most be in any diameter, and therefore in the 
centre of the circle. 

Ex. 189. — Show that the centre of gravity of an ellipse most be at its 
centre, 

Ex. 190 - Determine the centre of gravity of a triangle. 

Let ABC be any triangle, bisect BC in D and join 
AD; draw any line KL parallel toBC catting AD in 
H; then by similar triangles we have 

KH:HA::BD:DA 
HA:HL::DA:DC 

/. (Ex. aeq.) KH : HL :: BD : DC. 

But BD is eqnal to DC, therefore KH is equal to H I|, 

or KL is bisected by AD ; and the same being 

tme of any line drawn parallel to BC, the centre 

of gravity of the triangle must be in A D. Again, if AC is bisected in £ 

and BE is drawn, the centre of gravity will be in BE, and therefore most 

be at G, the point of intersection of A D and BE. 

It can be easily proved that GD=| AD. For join £)D, then because 
AE»EC, and BP»DC we have 

AE:EC:: BD :DC, 

and therefore ED is parallel to AB; hence the triangle DEG is similar to 
ABGandEDCtoABC; 

/. DG :DE :: GA : AB 

and DE ; DC :: AB : BC 

/, (Ex aequali) DG : DC :: GA : BC 
But DC«J BC .-. DG-i GA»JDA. 

Ex. 191.- Show that the centre of gravity of a paraUelogram is at the 
intersection of the diagonals. 

47. Centre of gravity of solids. — The above method can 
easily be extended to the case of solids ; we may suppose 
them to be mode up of heavy parallel planes: if we can 
show that the centres of gravity of these all lie along a line, 
we know that the centre of gravity of the solid must be in 
that line, and if two such lines can be found, the centre of 
gravity of the solid must be at their point of intersection. 

Ex. 192.— Show that the centre of gravity of a sphere is at its centre. 
Ex. 193.— Show that the centre of gravity of a cylinder is at the middle 
point of its axis. 

Q 3 
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[It may be regarded as eyident that the tame role will hold good of 
any prism], 

Ex. 194. — Show that the centre of grayitj of a parallelopiped is at the 
point of intersection of its diagonals. 

48. Centre of gravity qf a figure coneieting of two or 

more svmple figures, — Let Wj and Wg 
^ '** ^^' be the weights of the simple figures and 

Gp Gj their centres of gravity, join Grj 
G„ divide it in G in such a manner that 

G, GlGGjitW, : Wj 
Then is G the required centre of 
gravity. 
If there were a third body weighing W, whose centre 
of gravity is G^ we can find the common centre of gravity 
of the three by joining GG^ and dividing it into paits 
inversely proportional to Wj + Wj and W3; and of course 
we could continue the same construction to a fourth or 
a fifth weight, &c. 

Ex. 195. — Two spheres whose radii are respectively 4 and 5 in. touch 
ote another; determine the distance of the centre of gravity from the 
centre of the smaller sphere when the former is of copper and the latter of 
cast iron. Ans, 5*54 in. 

Ex. 196. — A cast iron sphere whose radias is 4 in. is fastened to a copper 
cylinder 3 ft. long, and whose section is lin. in diameter; the prolongation 
df the axis of the cylinder passes through the centre of the sphere. Find 
the distance between the centre of the sphere and the cemtre of gravity of 
the whole. ^tu. 2 -507 in. 

Ex. 197. — Determine by construction the centre of gravity of the bodies 
shown in fig. c, where AB is a beam 20 ft. long, and its section I ft. square; 
C and D the centres of two cylinders one foot thick, the radii of whose bases 
are respectively 6ft. and 4ft.; they are of the same material as the beam, 
and rest with their centres of gravity vertically over the axis of the beam, 
At distances of 6 in. from A and B respectively. 

Construct the figure to scale, — this is done in fig. c, to the scale of 1 in. 
for 5ft. — join CD, then the weights of the cylinders being in the proportion 
of 9 to 4, divide Ci> into parts DGi and 61C respectively proportional to 
9 and 4; this will gite the centre of gravity of the two cylinders. The con- 
struction may be made as follows, by EucL bk. YL — Take DH any line 
containing 13 equal parts (in the figure each part is Jth of an inch) and mea- 
sure off DK containing 9 of them, joinHC and drawKGi parallel to HC; 
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then C Gi : GiD : : HK : ED t. e. : : 4 : 9. Find E the centre of gravity of 
the beam, join EGi; now the nnited weight of the Cylinders is to the weight 
of the beam rery nearly in the ratio 163 : 20, hence, divide E Gi in G so 
that EG : GGi::id3 : so, And the pomt G is the centre of gravity re- 
quired. 

Ex. 198. — A disc of ciM iron liiin. in radios and 2 in. thick rests on a 
disc of lead 24 in. in radios and S in. thick; the circumference of the upper 
disc passes through the centre of the lower; determine by construction the 
centre of gravity of the whole. 

Ex. 199. — If any quadrilateral be drawn on paper, show that its centre 
of gravity can be found by construction without the use of A scale. 

49. The centre of gravity of points lying in a straight 
line. — The method above explained of finding the cehtrg 
of gravity of a collection of t^o or more Fig. 4o. 

bodies can be applied to all cases ; how- gi g o^. 

ever if there are only two bodies, or if 
the centres of gravity of three or more 
bodies lie in a line, it is commonly more ^* 
convenient to determine its distance from Some fixed 
point in that line. Let Gr^ Gtj be the centres of gravity of 
the two bodies whose weights are Wj and W^ respectively ; 
then the distance GrO of the centre of gravity of Wj and 
Wj, from is determined by the equation 

OG(Wi + W2)=sOGixW, + OG,xWjj. 

The method of treating three or more weights is exactly 
the same. It is also plain that if we know OGr and OGj, 
the same equation will give us OGrj. 

Ex. 200. — How far from the one end of the handle is the centre of gra- 
vity of the hammer described in Ex. 9 situated, if we suppose the other end 
to fit square with the face of the hammer? 
[If the annexed figure represent the hammer, ^^- **• 

we have OAs42 in. AB=2in. so that if Gx ri 

is the centre of gravity of the handle and G ^ ' J^ ^ ^ xJ ^ 

that of the head, we have 0Gi«21in. OG^ ^ 

» 41 in. Also the weight of the handle is 4*45 lbs. and of the head 9 -36 lbs. 
Hence 

OGxl3'81s21 X 4-45 +41 x 9*36 
/. OG=34*5inches]. 

g4 
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Ex. 201. — How far from the end of the handle is the position of the 

centre of gravity of the hammer described in Ex. 12? Ana. 72^ in. 

Ex. 202. — Let A B be the diameter of a circular disc of cast iron 12 in. 

r'_>_y - in radius; out of the disc is cut a circular hole (whose 

centre is in AB) 4 in. in radius; the shortest distance 

between the circumferences is one inch; find the distance 

^ of G, the centre of gravity of the remainder, from A. 

Ans, ll|in. 
Ex. 203. — If in the last Example the hole were filled up 
with lead, determine the distance of the centre of gravity of the body fh>m A. 

Ans. 12 42 in. 
Ex. 204.— If an oaken cylinder exactly filled the hole in the disc in Ex. 
(202) and projected 29 in. on each side of the disc, which is 2 in. thick (so 
that the cylinder is 5 ft. long), find the centre of gravity of the whole. 

Ans, 13*7 in. 
Ex. 205. — The gnomon ABC is cut out of a parallelogram AC; deter- 
mine the distance of its centre of gravity from £; 
^' * having given that, DE and DB are respectively 20 

and 15 ft- in length. Ans, 6786 ft. 

Ex. 206.— If A B is the axis of a cross made up 
of six squares each being 3 in. on the side; find the 
distance of the centre of gravity from A. 

Ans. 6^ in. 

Ex. 207 — There are two spheres which are 5 and 6 in. in radii, the 
larger one of lead and the smaller of cast iron; they are connected by a rod 

3 ft. 1 in. long; determine the distance of the centre of gravity of the whole 
from the centre of the larger sphere,— the weight of the rod being neglected. 

Ans, 12*9 in. 

Ex. 208. — In the last Example suppose the rod to weigh 3 lbs. per foot; 
determine the distance of the centre of gravity of the whole from the centre 
of the larger sphere. Ans, 13*1 in. 

Ex. 209. — There is an open cylindrical vessel of lead; it is externally 12 
inches high and the base 6 inches in diameter, the thickness of the metal 
(both of bottom and sides) is ^ of an inch; in it is placed an iron sphere 

4 inches in diameter, so that the axis of the cylinder may pass through the 
centre of the sphere; the vessel is then filled to the brim with water; deter- 
mine the depth of the centre of gravity below the surface. Ans, 6*91 in. 

Ex. 210. — AB is a cylindrical rod of steel 40 inches long and \ of an 
inch in diameter; at the end, B, is cut a fine screw making 20 turns to the 
inch; on this is fitted a steel cylinder CD (whose axis coincides with that 
of the rod) half an inch thick and an inch and a half in radius; determine 
the distance of the centre of gravity from A when the base of C D is in the 
same plane as the end B of the rod. Ans, 32*66 in. 

Ex. 211.>-If in the last Example the measurement were made at 60^ 
Fahr., by how much will the centre of gravity fall if the temperature is 
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raised 30^ ; and how many inrns of CD on the screw will restore the centre 
of gravitj to its former position? 

Ahs. (1) 000625. (2) }th of a torn. 

Ex. 212.— A cone with its vertex downward contains morcary; the depth 
of the liquid is 6 inches and radias of surface 2 inches; if the temperature 
rises 50^ F., determine the rise in the centre of gravity — ^neglecting the ex- 
pansion of the yesseL Ans, 0*008 in. 

Ex. 213. — A hrass rod and a steel rod are fastened at the ends so as to 
be in one straight line; they are of the same thickness; the length of the 
brass rod is a; what must be the length of the steel rod, that a change of 
temperature shall not affect the distance of the centre of gravity from the 
joint. Ans, l*333a. 



Section II. 



50. Remark, — ^The following examples of the determi- 
nation of the centres of gravity are similar to those con- 
tained in the first section, but involve somewhat greater 
geometrical difl&culties ; in many cases it will be well if the 
reader bears in mind, that when bodies are of the same 
substance, their weights are proportional to their volumes, 
so that it frequently happens we may reason upon their 
volwmea instead of their weights, 

Ex. 214. — To find the centre of gravity of a triangular pyramid. 

Let ABCD be the pyramid ; bisect BD in H, join AH and HC ; take 
FH=| AH and HE»| HC; draw FC and AE, then these lines being in 
the same plane, viz. ACH, will intersect, let them do so in G; this point will 
be the required centre of gravity, and 
EG will equal Jth part of AE. For 
draw any plane bed parallel to BCD 
cutting the plane ACH in Ac, the line 
AE in e, and AH in A; then A is the 
middle point of h d; and it is evident 
by similar triangles that 

he : AA::HE : AH 

AA: Ac:: AH : HC 

/. (Exaeq.)Ac: Ac::HE:HC 

but HE=:|HC /. Ac=J Ac, and e is 

the centre of gravity of the triangle ^ 

bed; and the same being true of every other parallel section^ the c^xi^X!^ <^1 
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gravitj of the pyramid must be in A E; in precisely the same manner it can 
be proved that the centre of gravity of the pyramid most be in CF; therefore 
it must be at G the point of intersection of AE and CF. Next, to show 
that EF»} AK Join F£; then since HE-JEC andHF-^JFA, we have 
HE : EC : : HF : F A,and therefore FE is parallel toAC^ence the trian- 
gles GEF and G AC are similar, and we have 

GE : GA :: EF : AC :: eh : CH 



bntEH»|CH /. GE=|GA-JAE. Hence the centre of gravity of a 
triangular pyramid is found by the rule ; — Join the centre of gravity of the 
base and the vertex of the pyramid, measure upward from the base a fourth 
part of this line; the point so found is the centre of gravity of the pyramid. 

Ex. 215.'Show that the centre of gravity of any pyramid or cone is 
found by the same rule as the centre of gravity of a triangular pyramid. 

Ex. 216. — If out of any cone a similar cone is cut, so that their axes are 
in the same line and then: bases in the same plane $ show that the height of 

the centre of gravity of the remainder above the base equals I . r-^V 

where A is the height of the original cone, and A' the height of that which is 
cut away. 

Ex. 21 7. — If out of any right cylinder is cut a cone of the same base and 
height ; show that the centre of gravity of the remainder is | of the height 
above the base. 

Ex. 218. — Find the centre of gratify of a trapeieoid in terms of the length 
of the two parallel sides, and of the line joining theur middle points. 
Let ABC D be the trapezoid, of which AB and CD are the parallel sides; 
Fig. 45. produce AD and BC to meet in E; 

bisect A B in F, join EF cutting 
D C in H, which is its middle point. 
Take FGi«|FE, HGa = J HE; 
then Gi is the centre of gravity of 
the whole triangle ABE, and Ga of 
the part CDE; therefore G, the 
centre of gravity of the remainder, 
will lie in F E. Now, we have given 
AB=a DC ^b and FH»A, and are to find FG=x. 

Since the weights are in the same proportion as the areas of the triangles 
ABE and CDE, we have 

FGixABE«FGxABCD + FGaxCDB 

NowFGi=JFE andFGa-A + |HE=A + J(FE-A)=.?A.^:|FE. 

3 

/. arxABCD-J-FEx ABE- (^ + iFE)xCDE. 

3 
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But bj similar triangles (End. 19— YL). 

ABE:CDE::a«:6« 
/. ABCD : CDE :: a*-&« : b* 

:. X (a«-6»)=|- FExa«- (M- + JFE) 6* 

3 

«§-FEx(a«-6«)-|A^ 
Again, bj similar triangles 

FE : HE :: AE : DE :: a : d 

/. FE : FE-HE :: a : a-6 

a—b 
\ x(a«-6«)«JAa(a + 6)-|A&« 

«- (a + 26)(a-&) 
3 

A . a + 26 



• • 




d a + 6 

Ex. 219.— Show that the centre of gravity of the frustum of a pyramid 
is situated on the b'ne joining the centres of gravity of the ends and at a 

distance from the lower end, given by the formula *=-• — = r — s- 

where a and b are any pair of homologous sides of the ends, and h is the 
length of the line joining the centres Of gravity of the ends. 

Ex. 220. — If a segment of a sphere is described by the revo- 
lution of A B C round B O; show that the centre of gravity 
of the surface of the segment is in the middle point of BC. 

[It can be easily proved that if BC is divided into any 
number of equal parts, and planes are drawn perpendicularly 
through the points of section, they will divide the surface 
of the segment into equal zones — the weight of each can be o 

collected in B C ; and as these weights will be uniformly 
distributed along BC, the required centre of gravity will be in its middle 
point]. 

Ex. 221. — Show that the centre of gravity of the spherical sector formed 
by the revolution of the sector ABO round BO is at a distance from 0» 
|OB-f.BC. 

[It must be remembered that the spherical sector may be conceived to be 
made up of an indefinitely great number of pyramids whose bases form the 
spherical surface, and having a common vertex O; the weights of each of 
these can be collected at its centre of gravity, distanced | O B from O, and 
the question is reduced to a case of the last Ex.] 

Ex. 222. — Determine the position of the centre of gravity of the volume 
of the spherical segment formed by the revolution of ABC round BO. 
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51. Applications of the formtUce of Prop. 15. — ^When 
a body consists of parts, and we know the weights of the 
several parts, and the coordinates of their centres of 
gravity ; the coordinates of the centime of gravity of the 
body will be found by means of the formulae of Prop. 15. 

Ex. 223. — Find the coordinates of the centre of gravity of the tra- 
pezoid A B CD, having given OB « 7 ft 0C«19ft. AB«12ft. DC-lSft.; 
Fig. 47. the angles at B and C being right angles. 

D [If A N is drawn parallel to B C dividing the figure 

into a triangle and a square, the coordinates of the 
centre of gravity of each can be easily foand, and if 

X and y are the required coordinates, it will appear 
that they are determined by the equations 

ISO X-18X 144 + 15x36 

ISOysQx 144 + 14x36.] 



N - 



B 




Fig. 48. Ex. 924. — I^et ABCD represent the section 

of a ditch, the breadth AD is 20 ft. and the 
depth 8ft. ; the slope of A6 is 1 in 1 and of D C 
is 2 in 1 ; determine the horizontal distance from 
A of the centre of gravity of the section. 

Ans. lOf ft 

Ex. 225. — ^If in the last Example the breadth AD is a feet, the depth 
of the ditch h feet, and if AB has a slope of m in 1 and D C of n in 1, show 
that if i be the horizontal distance of the centre of gravity of the section 
from A; then H will be found by the formula 

- r h A \^\ a^ ah I . 1 

^I'^'S- ^m'^n>J -i-T n'^6 ^^"^^^ 

Ex. 226. — If A BCD represents the section of a wall of which B C is 
vertical and equal to A, AB^a and D C = 6; then if w is the weight of a 
cubic foot of the material, the moment of 1 foot of the length of the wall 
round A and B respectively are given by the formulas 



M 



_ wh(2a^ + 2ab^b^) 



6 

Ex. 227. — The engine-room of a steam vessel is 30feet long, 20 feet wide, 
and 15 feet high; at 10 feet from one side, 6 feet from one end, and 5 feet from 
the floor, is situated the centre of gravity of the boiler, the weight of which 
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is 2 tons; at 4 feet from the same side, 1 1 feet from the same end, and 7 feet 
from the floor, is the centre of grayity of the beam of the engine, which weighs 
I a ton; at 9 feet from the side, 7 feet from the end, and 3 feet from the floor, 
is the centre of gravity of the furnace, which weighs l|ton; at 5 feet from 
the side, 11 feet from the end, and 10 feet from the floor, is the centre of 
gravity of the cylinder, which weighs 1 ton : where is the centre of gravity 
of the whole? 

Ana, 8*1 ft from the side, 7*8 ft. from the end, 5*6 ft. from the floor. 

52. Oeometrical applicatioTia of the properties of the 
centre of gravity, — ^The most important of these are proved 
in the following propositions. 



Fig. 49. 



Proposition 16* 

If a surface be described by the revolution of a plane 
curve round a fixed axis, its area is found by multiplying 
the length of the curve into the 
length of the path described by its 
centre of gravity. 

Let AB be the curve, GD the axis 
of revolution ; Gr the centre of gra- 
vity of the curve ; draw GrM perpen- 
dicular to CD ; we have to show that 
the area of the surface described 
by the revolution AB round CD is vs 
foxmd by multiplying the length 
of AB into the length of the path 
described by Gr* 

In AB place any number of 
equal chords, viz. AP, PPj, P, Pj, &c. Take Q, Qp Qa? • • . 
their middle points, and draw QN, Qj Nj, Qg N^, . . . per- 
pendicular to CD ; also find GK the centre of gravity of 
the chords, and draw Gr'M' perpendicular to CD ; now 
when the curve revolves round CD, the chords will describe 
frustums of cones, the surfaces of which will be respectively 
2xAPxQN, 27rxPP,xQi N^, 27rxPiP3xNi Njp &c. 
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and therefore the sum of the surfacee of these frustums 
will equal 

27r (AP X QN+PPj X Q,N, +PiPj, x Q,N,+ . . . )• 

But by the property of the centre of gravity (Prop. 15) 
we have 

G'M' (AP + PPj+PiP,+ ...) = APxQN + PPjX 

Q^N,+PiP,xQ,N,+ ... 

Therefore the sum of the surfaces of the conic frustums 
will equal 

27r GKM' x the sum of the chords AP, PP^, P^P, 

Now this being true, however great the number of chords, 
will be true of the limits ; but the surface of the solid of re- 
volution is the limit of the sum of the surfaces of the 
conic frustums; the length of the curve is the limit of the 
sum of the chords ; and since GK must ultimately coincide 
with G-, the limit of Gr'M' is G-M. Therefore, volume of 
surface of revolution =c27r GrM x length of curve AB. But 
27r G-M is the length of the path of G, or the area of the 
surface is found by multiplying the length of the curve 
into the length of the path of its centre of gravity. 

Cor, -^^It is manifest that the above proof includes the 
case of the figure described by the revolution of an area 
bounded by straight lines. It is also obvious that the same 
rule applies to any portion of the area contained between 
two given positions of the revolving curve. 

Proposition 17. 

If a plane curve revolve about any axis, the volume of 
the solid described is found by multiplying the area of the 
curve by the length of the path of its centre of gravity. 

Let ABCP be the plane curve ; the lines AG and BD 
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Fig. so. 




are perpendicular to CD, the axis about which it revolves ; 

find Q- its centre of gravity, and draw 

GrM perpendicular to CD : we have 

to show that the volume of the solid 

described by the revolution of AB CD 

equals the length of G's path multi* 

plied by the area of ABCD. 

Divide CD into any number of 

equal parts in Nj, Nj, N3, and 

from these points draw ordinates to 
meet the curve in PpPjjPg, • . . . and 
complete the rectangles ANp PiN^, 
PjNg, . . .; when the figure revolves 
round CD, these rectangles will de- 
scribe cylinders, and their united 
volumes will equal 

IT (AC^x CNi+PiNi«xNiN2 + P,N3«xN2N3+ • • . ) 

Let Gr' be the centre of gravity of these rectangles, 
draw Q-'M' perpendicular to CD ; now the centre of gravity 
of A N| is at a distance firom CD equal to ^ AC, that of 
Pi N, is at a distance from CD equal to i Pj Nj, and 
similarly of the others. Hence Gr'M' x sum of rectangular 
areas, equals 

^AC X AC X CNi H-^PiN, x V,^^ x NiN^+^P^Nj x P^N^ 

Therefore the simi of the volumes of the cylinders above 
mentioned will equal 

27r GKM' X the simi of the areas of klS^.V^^^yV^l^^ 

and this being true whatever be the number of parts into 
which CD is divided, will be true of the limits; now the 
volume of the solid of revolution is the limit of the sum of 
the cylinders; the curvilinear area is the limit of the simi 
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of the rectangles ; and since G' must ultimately coincide 
with G, the limit of G'M' is GM. Hence the volume 
of the solid of revolution is found by multiplying the area 
of the curve by the length of the patli described by its 
centre of gravity. 

Cor. — The remarks contained in the corollary to the last 
are applicable, mviatia mviandis, to the present PropositioD. 



Proposition 18. 

If a right prism or cylinder is cut by any plane, the 
volume of the frustum is found by multiplying the area 
of the base into the length of a line drawn perpendicularly 
to the base through its centre of gravity, and terminated 
by the cutting plane. 

Let ABCD be the frustum of the right prism or 
cylinder, standing on the base AB £, whose centre of gravity 
Fif.M. iaG; through G draw GQ 

at right angles to ABE 
and terminated by the cut- 
ting plane DCF; we have 
to show that the volume 
of the frustum is found by 
multiplying tlie area of 
AEB into the length of 
GQ. Suppose the plane 
of the paper to be perpen- 
dicular to the planes of 
the ends, and to cut them 
in ABB'CD; if the planes 
of the two ends are produced, they will intersect in a line 
KK' perpendicular to the plane of the paper ; hence AB'D 
ia the angle of inclination of the cutting plane to the base ; 
we will denote this angle by 0. Draw GM at right angles 
toKK'. 
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In AEB describe a series of rectangles of equal width, 
with sides perpendicular to AB; and divide them into 
squares, each of whose areas is represented by A ; and of 
these squares, let NSET be one; from the points NEST 
draw lines perpendicular to the base, and terminated by 
the cutting plane, viz. PN, ER', SS', TT ; through PS' 
draw a plane Pa parallel to the base, the figure PTaS is 
a rectangular parallelopiped, and its volume is equal to 
A X PN. Now all the angles at N being right angles, the 
plane PT is perpendicular to SN, and therefore if produced 
to cut KK', it will be perpendicular to KK', let it cut that 
line in H ; then T'P and TN when produced, will meet in 
H and each will be perpendicular to KK' ; therefore, the 
angle PHN equals 6y and the volume of PTaS equal 

A X HN. tan 

Now if we imagine the same to be done on each of the 
squares, we shall have the required volume equal to 
tan y the limit of the sum of each square area multiplied 
by the perpendicular distance of an angle from KK^ But 
in the limit, the magnitude of the side of each square can 
be neglected in comparison with its distance from HH'; 
hence the above limit will be the same as the limit of the 
sum of the areas of the squares, into the distance of the 
centre of gravity from KK', i. e, will equal area AEB x GrM, 
and the volume will equal AEB x GrM tan 0. 

Now if QM be joined QMG=^, therefore GQ=QM 
tan 0, and the required volume equals area AEB x GrQ. 

Cor, — It is evident that if the prism or cylinder is cut 
by another plane inclined at any angle to the base, the 
volume contained between them equals the area of the 
perpendicular section multiplied into the part contained 
between the planes of a line drawn through the centre of 
gravity of that section at right angles to its plane, 

H 
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Ex. 228.— 'Show that proposidons 16 and 17 are true in the case when 
the cunre is a closed curve and revolves round an axis wholly without it. 

Ex. 229. — In Proposition 18 show that (^ is the centre of gravity of 
DCF. 

Ex. 230.— An equilateral triangle revolves round its base, whose length 
is a; find the area and volume of the figure described. 



Ans, (I) ira« ^8 (2) 



ira 



s 



4 

Ex. 231. — An equilateral triangle revolves round an axis parallel to the 
base, the vertex of the triangle being between the axis and the base, the 
base is 6 in. long and the distance from the vertex to the axis is 9 in. ; deter- 
mine the volume of the ring described. Ans, 1220*7 cub. in. 

Ex. 232. — ^Determine the volume of a ring formed like that in the last 
example having given that each side of the triangle is 6 in. and the external 
diameter of the ring 3 ft. Ans, 1593*4 cub. in. 

Ex. 238.-^The section of a ring is a trapezoid, its height is 3 in. and its 
parallel sides are respectively 7 in. and 3 in. long, they are parallel to the 
axis, the shorter being the nearer to the axis and at a distance of 11 in.; find 
the volume of the ring. Ans. 1196'9 cub. in. 

Ex. 23 i, — In the last Example if the longer side of the trapezoid had been 
the nearer to the axis, the external diameter of the ring being the same in 
both cases, what would have been the volume? Ans, 1159*2 cub. in. 

Ex. 235. — Determine the volume and surface of a ring with a circular 
section whose internal diameter is 12 in. and thickness Sin. 

4ns, (I) 333*1 cub. in. (2) 4441 sq. in. 

Ex. 236. — Determine the volume and surface of a ring whose section is 
a regular hexagon, whose circumscribing circle has a radius a and its 
centre at a distance b from the axis of revolution. 

Ans, (1) 3 T ba^ V3, (2) \2wab. 

Ex, 287. — Find the centre of gravity of the vc of a semicircle. 

Ans, Distance from centre— '^"°' 

IT 

Ex. 288.«.^Find the centre of gravity of the area of a semicurcle. 

Ans, Distance from centre ^j.."'' 

Ex. 239.->-A cylindrical shaft is cut off obliquely at an angle of 45° to 
the axis, its radius is 6 in. and its extreme height is 2ft. 6 in. Find its 
solid contents. Ans, 1-6708 cub. ft. 

Ex. 240. — A cylindrical shaft is cut obliquely at an angle of 30° to the 
axis, the radius of the base is lOin., the extreme height of the shaft 3 ft.; 
find its volume. ^ns, 9497 cub. in. 

Ex. 241.— A right prism stands on a triangular base the angles of which 
are ABC, the angles of the other end being DEF, the sides AB, AC are 
each 16 ft. long, B C is 18ft. long; the other edges, viz. AD, BE, CF are each 
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30ft long; tliTongh Itie Bdg«BC passes a plane making an angle of 60° with 
the base; detemline the Tolninea of the pacts into which the prism ia dirided. 
Also if the prism were cat bj a pUne parallel to the furmcrand catling AD 
at a diitSiDfie of 21fl. abore A, find the volumea of the two parts. 

Am. (1> 748'a and 2*91-7 cnb. ft. (2) 109S-6 and a]*44 cnb. ft. 

Ex. 242. —Show that if any triangular prism be cnt bj a plane so that 
the edges perpendicalor to the base are respectiTel; a, b, c, and the area of 
the base A, then the lolume of the fnistnm will be ) A (u + i + c). 

Ex. S43. — Let aicd represent the plan and A BCD the Fii. m, 

MCtion of a portion of a ditch; AD- 20ft,; depth of ditch a 
Sft.; tlopeof ABiaa in l.and that of DC is 1 in i; ali '~ 
and cfl are respectively 20 and 4011 long. Find the volume; 
and determine the error tbot wonld be committed if we 
bad [bond the Tolnme by mnltiplylng the area of the 
Mction by half the sam of ab aaft dc. 

Am. (1) 3264 cub. ft. (2) Error SS cab, ft. 

[Compare Ex. 224.] 

Es.344.— Let ABCDbe the plan of square redoubt t 
eachsideofwhichis 150Il.,theco(nersof theilitehareqnar 
drants of oircles whose centres are respeclirely A, B, C, D, 
So that it hasanniform width of 24ft., its depth is gft., 
the inside slope is 3 in 1 and the outside 1 in 1. Find its 
volume. Ant. 108057 cab. ft. 

Bx. S4e. — If the ditch in the last Example were aorroonded with a glacis 
3ft. high whose ontaide slope is I in ID and inside slope 1 in l; find its 
Toluoe, Af. 408B7 cub, ft. 



/ 
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CHAP. V. 



FRICTION OP PLANE SURFACES — INCLINED PLANE^ WEDQE, 

SCREW. 



Section I. 

53. Reaction of surfaces. — It nearly always happens 

that amongst the pressures which keep a body at rest is the 

Fig. 68. reaction of one or more sur- 

" faces; to explain the nature 

of this reaction let us consider 

a particular case : suppose a 

3 mass M to rest on a table AB, 

and suppose it to weigh 1 000 



B 



lbs.; that weight must be supported by the table, which 
must therefore exert upwards a pressurs of 1000 lbs. in a 
direction equal and opposite to the direction of the weight. 
It we consider the case particularly we shall see that this 
reaction is an instance of a distributed pressure, for the 
under surface of CD will be in contact with the table at 
many points, and at each point there will be a reaction ; 
what is the magnitude of the reactions at the diflferent 
points we do not commonly know, they must however be 
such that their resultant shall act vertically upward through 
the centre of gravity of M and shall equal 1000 lbs. And, 
in general, if a body is at rest when pressed against a sur- 
face the various points of that surface must supply reac- 
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tions whose resultant is equal and opposite to the result- 
ant of the pressures by which that body is urged against 
the surface ; this resultant reaction is called tlie reaction 
of the surface. 

54. The limiting angle of resistance. — The question now 
arises under what circumstances is the plane capable of sup- 
plying the reaction necessary to produce equilibrium ? this 
will be the case if the plane does not break, and if it keeps 
the body from sliding ; it is with the latter condition we are 
here concerned. Let us revert to the example discussed 
in the last article, and let us sup- 
pose a rope to be fastened to the 
point K by means of which the 
body is pulled horizontally by a 
pressure P ; we know that if P 
have a certain magnitude it will 
just make the body slide, but if 
it be less than that certain mag- 
nitude the body will continue 
at rest; suppose that a pressure 
of 190 lbs. will just not make the 
body slide; produce PK to meet the vertical through the 
centre of gravity in L, let LE represent P (190) and LF 
represent W (1000), complete the parallelogram LH, this 
must be the direction of the resultant pressure E, and its 
direction makes with a perpendicular to A B an angle of 
10*^45'; now if the pressure P is less than 190lbs. the re- 
sultant pressure will fall within the angle ELW; but if 
it be greater than 190 lbs. it will fall without the angle 
ELW; in the former case the surface AB can supply a 
reaction which prevents motion, in the latter it cannot; and 
thus in the case we have supposed the surface AB can 
supply a reaction in any required direction which makes an 
angle less than 10^45' with the normal, i. e. th^ perpen- 
dicular^ to the surface ; and when the body is in the state 

H 3 
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bordering on motion^ the direction of the reaction will 
make an angle equal to 10° 45' with the normal. 

Now it appears from experiment that if the surface AB 
were of cast iron, and the mass M of wrought iron, a pres- 
sure of 190 lbs, would be required just not to produce 
motion in the case above discussed; and it also appears 
from experiment that within very considerable limits, the 
same proportions are pi'eserved, irrespective of the extent 
of the surface pressed and the amount of the pressure ; so 
that we may state as a fact of experience that when 
wrought iron rests on cast iron the latter will exert 
a reaction in any direction required to produce equilibrium 
that does not make with the normal an angle greater than 
10** 45', and when motion is about to ensue, the direction 
of the reaction will make an angle with the normal, equal 
to 10° 45', this angle is therefore called the liiniting angle 
of resistance in the case of cast iron upon wrought. It 
further appears from experiment, that in the case of any 
two surfaces whatever, there is a limiting angle of resistance 
proper to those surfaces, and depending on their physical 
character ; for instance, in the case of wrought iron on oak, 
the angle is 31° 50^, and similarly in other cases. Values 
of this angle in several cases are given in Table XI. 

Hence, when one body ie pressed upon another by 
certai/n forces, the latter will react upon it in a direction 
opposite to the resultant of those pressures^ provided it 
makes with the perpendicular to the surface of contact 
an angle less than the limiting angle of resistance ; and 
when the pressures are such as to bring the body into the 
state bordering on motiony the direction of the reaction 
will be i/ncU/ned to the perpendicular at an angle equal to 
the Ivmiting angle of resistance. It is evident that the 
reaction will always act so as to oppose the motion of 
the body. 

Ex. 246. — A mass of oak rests endwise on a horizontal oak floor; it 
weighs 7 50 lbs. and is pulled by means of a rope whose direction is inclined 
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to the hcurizon at an i^ngle of 10^; find the pressure that will he on the point 
of making the hody slide, and also the total pressore.on the floor. 

[Let AB be the floor, M the mass, 
CP the direction of the rope, through 
G the centre of gravity of the mass 
draw the vertical line M W, produce 
PC to meet MW in D, and draw the 
line DB making with M W an angle 
RD W equal to 23° 2(/, this will be the 
direction of the reaction in the case 
we have supposed, and now P and IX 
can be found by the parallelogram of 
pressures.] Atu. P= 305-3 lbs. R= 759 lbs. 

Ex. 247.*In the last Example determine P and R if the mass M is of 
wrought iron, and the direction of the rope inclined to the horizon at an 
angle of 15®. Ans. P=413'3 lbs. R= 756-9 lbs. 

Ex. 248. — ^What would be the required pressure P. in the last case if the 
direction of the rope were horizontal. Ans, P^ 465 lbs., 

Ex. 249. — Determine the angle made by P*s direction with the horizon 
when P is the least pressure that will just not make the body slide. 

[The required direction must be perpendicular to DR.] 

Ex. 250. — Show that when a body rests on a horizontal plane the smallest 
pressure that will bring it into the state bordering on motion will act in a 
direction inclined to the horizon at an angle equal to the limiting angle of 
resistance. 

Ex. 251. — A mass of wrought iron weighing 500 lbs. rests on a plane of 
oak inclined at an angle of 20® to the horizon, a pressure F acts upon it so 
as just not to pdll it up the plane in a direction inclined to the plane at an 
angle of 12°; find P. (See fig. d.) 

Let AB he the plane, G the centre of gravity of the mass; through G 
draw the vertical lineDW; produce P's direction to cut this line in D; 
draw D M perpendicular to AB; make the angle MDE equal to 31^50' 
(the limiting angle of resistance), this line is that along which the reaction 
acts ; and on completing the construction in the usual manner by the pa- 
rallelogram of pressures the value of P will be found. In fig. (d) one inch 
represents 200 lbs. ; so that in the figure firom which it was copied D H was 
equal to 2 J in. And on completing the parallelogram H K it was found 
that P equals 415 lbs. Calculation gives P equal to 4 1 7 9 lbs. It may be re- 
marked that by reason of the uncertainty of the limiting angle of resistance 
it cannot be affirmed that one of these results is more accurate than the 
other. 

Ex. 252. — ^In the last Example suppose P to act along P D as a pushing 
force ; find its magnitude that it may just not push the body down the plane. 

[If, in fig. rf, a line DF be drawn making the angle FDM equal to 
31^50'; this will now be the direction of the reaction.] Ans.l42'\ lbs. 

H4 
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Ex. 853. — Beferring to Examples 251 and 252: first, if P had been a pres- 
tare of 200 lbs. acting up the plane; next if P had been a pressure of 
100 lbs. acting down the plane; and lastly if there were no pressure P; find 
the magnitude and direction of the reaction of the plane. 

Ans, (1) 429 lbs. PDR-98<* 42'. (2) 559*4 Ibt. PDR-490 17'.. 
(3) 500 lbs. acting rcrticalljr upward. 
Ex. 254. — A mass of elm weighing 34U lbs. rests on a plane of oak in- 
clined to the horizon at an angle of 1 5° ; the fibres of the woods are parallel; 
determine the pressure which will just not pull the bodjr down, first when 
its direction is inclined upward from the horizon at an angle of 10^; next 
when its line of action is parallel to the plane; and lastljr its magnitude and 
direction when the least possible. Am. (1) 116 libs. (2) 139 1 lbs. 

(3) 114 4 lbs. at an angle of 19^*40' above the hor. 
[For determining when the pressure is the least possible refer to Example 
249 and the note upon it.] 

Ex. 255. — In the last case determine the magnitude and direction of the 
least pressure that will drag the body up the plane; and show that in any 
case the least pressure must be inclined to the horizon at an angle equal to 
the inclination of the plane pius the limiting angle of resistance. 

Ans. 259 lbs. 
Ex. 256. — What is the least pressure that will draw a cubic foot of cast 
iron down a plane of oak a inclined to the horizon at an angle of 14^. 

Ans. 146-7 lbs. 
Ex. 257. — In the last Example what would have been the least pressure 
necessary to support the mass bad the plane been of cast iron. 

Ans. 38*6 lbs. 
Ex. 258. — ^What would be the horizontal pressure that would just push 
^e body up the inclined plane in the last case? Ans. 192 lbs. 
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55. Conditione under which a body acted on by certain 
pressures will neither be overthrown nxyr slide. — Let 

a mass AB rest on a horizontal 
plane CD, and let the pressures 
concerned be its weight acting 
vertically along the line EW 
and a pressure P acting along 
the line PE: find E the resultant 
of these pressures; in order that 
D the body may be at rest it is ne- 
cessary that E be balanced by a 
^j^g reaction equal and opposite to it ; 

s cannot happen if the direction of E cut C D outside the . 
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base ; hence the condition that the body be not overthrown 
is that the direction of the resultant pressure fall within 
the base ; if this condition be fulfilled, the body will slide 
or not, according as the direction of E makes with the 
normal to the point where it cuts the surface, an angle 
greater or less than the limiting angle of resistance. The 
question may be asked, if A B be pulled along the line PE 
by a continually increasing pressure, will it slide before it 
topples, or vice versa ? This is readily answered by joining 
AE; then if AEW is less than the limiting angle of re- 
sistance, the body will topple before it slides, since E's 
direction will fall without the base before its direction 
makes with the perpendicular an angle greater than the 
limiting angle of resistance; if however AEW is greater 
than the limiting angle of resistance, the body will slide 
before it topples. In the intermediate case, when AEW 
equals the limiting angle of resistance, the body will be on 
the point of toppling and sliding for the same value of P. 

Ex. 259. — A rectangular mass of oak the base of which is 2 ft. square 
and height 7 ft. rests endwise on a floor of oak, a rope is fastened to it at a 
certain height above the floor and is pulled by a certain pressure in a di- 
rection inclined at an angle of 20^ to the horizon ; it is found to be on the 
point both of toppling and sliding; find the height of the point of attach- 
ment from the floor and the magnitude of the pressure. 

Ans.lx) 2-68 ft. (2) 648*7 lbs. 

[It is manifest, referring to the figure in Ait. 55, that E will be found bj 
making the angle E AD equal to the complement of the limiting angle of 
resistance, when the circumstances are those mentioned in the question.] 

Ex. 260.— A cylinder of copper the radius of whose base is 2 in. and 
height 3|in. rests on a horizontal oak table it is pulled by a horizontal 
pressure whose direction coincides with a radius of the upper end ; find the 
pressure that will just make the body move, and determine whether the 
motion will be one of sliding or of toppling. 

Ans, (1) The body will topple. (2) 8 lbs. 

Ex. 261. — Work the last Example supposing the cylinder to be of oak 
the fibres being parallel to the axis of the cylinder. 

Ans, (1) The body will slide. (2) 10-2oz. 

Ex. 262. — A rectangular mass of cast iron rests on an inclined plane of 
oak; it is on the point both of sliding down, and also of overturning, its 
base is 2 ft. square; what is its height ? Ans, 3 08 ft. 
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Ex. 263. — In the last Example what preasare acting parallel to the in- 
clined plane wonld be just saffident to draw the mass of iron ap it ? conld 
thif pressure be applied at any point of the body so far aboTe the plane as 
to orertom the bodj before nuking it slide op the plane? 

Ans, (1) 6044 Iba. (2) It will orertam the bodj if applied at a point 
more than I -54 ft above the plane. 

56. Mutual pressure of two maveahle bodies. — In all 
the above examples we have considered the case of a move- 
able body resting on a fixed plane ; if we suppose both 
bodies to be moveable we do not introduce any new con- 
dition ; each will press on the other^ and these mutual 
pressures must be equal and opposite ; if the bodies are on 
the point of sliding upon the surface of contact, the mutual 
pressures will act so as to oppose the motion, and their 
direction will be inclined to the normal to the surface of 
contact, at an angle equal to the limiting angle of resist- 
ance. 

Ex. 264. — There are two masses of cast iron A BCD, ABEF (as shown 
in the figure), having a common surface AB inclined at an angle of 15^ to 
the horizon, the lower rests on an oaken table CD (fibres parallel) and is 
urged forward bj a hori^ntal pressure F of 700 lbs. the upper block 
ABEF can only raoye upward in consequenca of an obstacle of wrought 
iron whose section is HE; determine W when on the point of being forced 
up bjr P, the pressures against CD and HK, and the mutual pressure on 
the surface AB — the weight of the masses being neglected. 

[Through any point of HK draw a line HL perpendicular to EB, then 
since ABEF is on the point of sliding up the reaction R^ of HE will act 

as shown in the figure, the 
angle LHR^ being equal to 
10° 45' ; produce W's di- 
rection to cut HRi in M, 
then the direction of the. 
reaction R' of the surface AB 
must pass through M; draw 
MN perpendicular to AB 
and make the angle NMO 
equal to 9° 6', then since 
sliding is about to ensue on 
A B this must be the direction 
of R' and therefore of R, the 
reaction of the upper suxface 
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on the lowers let Fa direction cntlt's in the point and draw OQ perpen- 
dIenI«Tlo CD, tben since ABCD i* abont to slide forward if we make the 
angle QOS equal to 33° thU will be the direction of R, the reaction of 
CD. ThnB we haTe obtained the directions of all the pressares, and know* 
ing F we can determine B and R, by the parallelogram of pressaree; also 
lince B' eqoftlB B, we can determine W and B] in the same manner. The 
Btndent most obsenc that eince ABCD ia abont to move fonoard on the 
rarfkce AB the direction of B mast be drawn at in the flgutoj he mnst 
observe that the relation between the ptessnrea does not depend npim the 
particular point of HK through which we suppose B, to act; he will also 
find it an iDStradive exercise to consider the change in the coDsiruction that 
would be introduced bj taking Into accoant the weights of the masses.] 
Ai». W- 584-3 lh». E-6993, E,-a90'5. Bi~7Sl'3. 

Ex. 3G5.— In the last Example find the value of W which will be on the 
point of overcoming P, the indjuatioc of AB being 4S°. 

Ann. lOeSSlbs. 

[The lolation is preclBeljr like that of the last example except that since 
nil the enrfaces are on the point of sliding in (he opposite directions the di- 
rections of the reactions will fall on the ottier sides of thenonnals.] 

Ex, 266.— Show that no valnc of W however great can force P out, unless 
tbe inelinatioo of A B exceeds the sum of the limiting angles of resistance 
on the surfoces AB and CD. 

Ex. S67.— An isosceles wedge of wrought iron with an angle of 10° is 
forced between two masses of oak; a pressure of SOOlbs. being applied on 
the back of the wedge is on the point of moving it forward; determine the 
pressure on the sides. 

[Let ABC bo the wedge i the dimensions are Fia.js. 

indifferent provided the angle C have the specified ^ 
nu^ilude, vii. 10°; draw CD perpendicular to AB, 
the driving pressure acts along this line; let E be 
the point of contract of AC and the mass draw BE 
perpendicular to AC, and make the angle EEO 
equal to the limiting angle of resistance, viz. 31° SO* 
this will be the direction of B the reaction of the mass 
when the wedge is on the point of sliding forward; 
then if EF lie drawn perpendicular to BC, F must be 
the point of contract of BC with the other mass of 
oak, since the reaction of that mass mnst pass through 
Q and must make an angle of 31° 15' with the per- 
pendicular, which will be true of FG and of no other 
line; we thus have three pressures in equilibrium acting 
tbrongh G in known directions, and con determine B 
as luoal— B is (of course) equal and opposite to the 

a] Ant. B=166'81bg. 
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Ex. 268.— A wroaght iron wedge whose angle 13^ is driven into a mass 
of oak bj a pressure of 1 cwt, what pressure will it prod ace on the sides, 
of the mass ? Determine also the pressure if the angle were of 18^. 

Am (1) 90-8 lbs. (2) 85*6 lbs. 

57. Function, — Let AB be a horizontal table; M amass 
which, in consequence of the action of certain pressures, is 

on the point of sliding 
in the direction BA; 
then the reaction R' will 
be equal to their result- 
ant> and its du-ection 
will be inclined to the 
perpendicular to AB at 
an angle ^ equal to the 
" limiting angle of resist- 
ance ; let CR' be the direction of this reaction ; draw CD 
perpendicular to AB, then the angle DCR' is equal to ^ ; 
take CE to represent R', and complete the rectangle HK; 
we may replace R' by two components R and F, of which 
R acts along CD and F along AB ; these components are 
represented by CH and CK respectively; now it is evident 




that tan (f) = 



HE 
CH 



F 

i.e. tan ^ = ^ 

XV 



.-. F==Rtan</> 

The tangential reaction F is commonly called the Function, 
and tan ^ (which is generally denoted by the letter fi) is 
called the coejfficient of friction; so that when a body 
resting' on a plane is in the state bordering on motion 
the friction equals the normal pressure multiplied by the 
coefficient of friction ; it will be remarked that unless the 
body is in the state bordering on motion the whole of the 
friction is not called into play, but only so much of it as is 
sufficient to produce equilibrium. In order to complete 
our remarks on this subject, it is to be observed that when 
the body actually slides its motion is opposed by a constant 
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friction which is properly represented by fi times the normal 
pressure ; it appears, however, that the numerical value of 
fi for the same substance is different in the cases of motion 
and of rest. The difference is most conspicuous in the 
case of soft substances {e.g, various kinds of wood) that 
have been some time in contact; wherever a difference 
exists, the value of /Lt for substances at rest is larger than 
the value for the same substances in motion. 

58. Eocperimenta on friction. — The chief general re- 
sults that have been elicited by experiments on the friction 
of surfaces, are called the laws of friction^ and may be 
thus stated : 

CI.) Friction is proportional to the normal pressure. 
(2.) It is independent of the extent of the surfaces in 

contact. 
(3.) In the case of motion, it is independent of the 

velocity. 
(4.) If unguents are interposed between the surfaces of 
contact, the friction depends mainly on the nature 
and quantity of the unguent. 

It must be added that these laws depend entirely on 
experimental evidence, and that the first of them ceases to 
be true when the pressure per square inch becomes very 
great. The accurate determination of the values of /Lt, the 
coeflScient of friction for different substances, is due to 
General Morin, on whose authority the results rest that are 
registered in Table XI, p. Ill,* 

• The establishment of* the laws of friction appears to be dae to 
Conlomb, whose Memoir of Friction was published in 1785 ; a very fnll 
abstract of the paper is given in Dr. Young's Natural Philosophy, yo^ ii. 
p. I70(l8ted.)* The properties of the limiting angle of resistance and 
its importance in the statement of mechanical formulas were first pointed 
out by Mr. Moseley. General Morin's Tables are very eztensiye, they 
have been printed several times ; a sufficient account of the e3q)eriment8 
on which they are based, together with the Tables themselves, will be found 
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59. Smooth aurfctces. — If a surface were perfectly 
smooth it would be incapable of suppljdng any tangential 
resistance to the motion of a body upon it, in this case, 
therefore, fjL = o and ff>=Oy or the reaction would be 
limited to one direction, viz. that of the perpendicular to 
the surface of contact ; it will be a useful exercise for the 
student to determine the answers to the examples con- 
tained in the previous part of this chapter upon the sup- 
position that the surfaces of contact are perfectly smooth ; 
he will find that the answers to the respective questions 
are as follows t 

(a) Ex. 246. Ana, Any pressure however small. 

{b) Ex. 248. An$. do. do. 

(c) Ex. 251. Ana, 174*8lbs. 

id) Ex. 255. An$, (1) 88 lbs. (2) Parallel to the plane. 

(e) Ex. 257. Ana. 109lb8. 

(/) Ex. 258. Ana, 109 lbs. 

(g) Ex. 264. Ana, 2612*5lbs. 

(A) Ex.267. Ana, 1147 5lb8. 



in his work, Notions Fondamentales de Mecaniqne. To enable the reader to 
form some conception of the limits within which the laws of friction hold 
good, the following (somewhat favourable) instance may be adduced. The 
coefficient of friction is given in the tables as 0*54 in the case of oak rest- 
ing in the state bordering on motion on oak with the fibres perpendicular 
to each other, the e:^perimental results from whiph this value was deduced 
are as follows : — 



Surface of contact. 


Normal pressure. 


Pressure on point 
of causing motion. 


Coef. friction ft.. 


0-947 ft. 


121 lbs. 

283 „ 

495 „ 

1995 „ 

2525 „ 


67 lbs. 

161 „ 

252 „ 

1171 „ 

1287 „ 


0-55 
0-53 
0-51 
0-58 
0-51 


0-043 ft. 


389 „ 

403 „ 

1461 „ 


204 „ 
213 „ 
855 „ 


0-52 
0-53 
0-52 



TABLE XL 

CoiFFiciEKTS or FwcTioir 

And Ih* limiling om^ nfrtmlance o/tiAttameu bttwtat vhkk no 

wijnieiitt art iitlerpoitd. 







SUlebord 










SUM or mutloii. 




""rr-' 






. 


o-ea 


0-S3 


f 
25''40' 


(.fit 


Si.,. 


OakonOok . . 


Paralld 


31°5i|' 


0-4B 


048 




Perpendicular 


28=90' 


O'Si 




18''45' 


0-34 


0-32 




Endwbo 


23°li0 


43 




10=45 


0-19 


019 


Oak on Elm . . 


Parallel 


ao^so- 




0-35 








Elm on Oik . . 


Parallel 


34O4O' 


0'69 


0-57 


as^so' 


0-43 


0-40 






29°40' 


o-sr 


O'SO 


24=15 




0-41 


Wroughl Iron on 
















Oak , ... 


Parallel 


31=50' 


0-62 


«53 


3l"50'0'62 


0-S3 


Cast Iron on Oak 


Piirallcl 


33=0' 




0-55 








Copper on Oak . 


Parallel 


31°S0 


0-6! 


0-53 


Sl^SC 


0-62 


0-53 


Wroughl Iron on 
















Cast . . , . 




I0'>45 


0-1 9 




10=10 


0-lB 


0-18 


Cbbi Iron on coat . 




9°5 


0'16 


0'16 


8=30 




0-IS 


Oak on calcareous 
















oolire* . . . 


Endwise 


3a°io 


0-63 


0-53 


a=so 


36 


0-35 


Wrought IroD, do. 




26=10 


0-49 




3=40' 


0-69 


0'57 


Brick, do. . , . 




33°S0 


067 










CtiicAreuaa oolite 
















on do. ... 


— 


3G°30 


0'47 


0-59 


32=40- 


0-64] 0-B4 



* The (tone emplofed in H. Horia'a esperimenta leenu u 
•oft oolitic none from the qaarriei at Jaumonc near Hetz 
English equiralent ia probabl/ Pardaad itau. 



It b to b« obMTved that in the above Table the numerical Talnea of 
fi were ucenained bj experiment t the valuea of f and ein # have been 
obtained by calcnla^n. General Morin's Tablea give tha valnea of fi cor- 
reapoDdingtoiariuusungneniai of these, the following comprehenaiTe remit 
will be Bufficient for our preaent pnrpoaes ; — an; two of the following aab- 
ttancGs, oak, elm, ca«t iron, wrought iron, bronze, preieed againet each 
other, talbw being employed as an tmgaeat, hare for the coefficient of 
friction f( = 0'IO, and therefore f — 5=40' and sin f = 0-10. The aame snb- 
Btancet when in motion, and the nngnent ia either tallow, Ik^'b lard, eoft 
gam, or anj aimilar anbatance, hare the coefficient of triction equal to 0*07, 
and therefore f — 4= and tin f — 007. 
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60. The Inclmed Plane and Wedge, — The examples 
which follow on the inclined plane and wedge are pre- 
cisely similar to those already given in the first section of 
the present chapter. 

Ex. 269. — A mass whose weight is W rests on a plane inclmed at an 
angle a to the horizon ; it is supported bj a pressure F, the direction of which 
makes an angle fi with the inclined plane ; if F is on the point of making 
W moye up the phine show that F : W: :sin (a + 0) : cos (3— 4»), and that 
B : W::co8 (a+/3) : cos (/3— ^) ; where B is the reaction and ^ the li- 
miting angle of resistance. 

[Beferring to fig. d, it is evident that BDW=»180 — (a + 4>) and 
WDF-90 + 0-3]. 

Ex. 270. — If in the last example P be such that the mass W is on the 
point of sliding down the plane, show that 

P : W :: sin (a-^) : cos (S + a) 

B : W : : cos (a+ 3) : cos (3+0). 

Ex. 271.— If the bodjr represented in fig, (f is a cylinder the radius of 
whose base is r and height 2 A. and if F acts at a point X so chosen that 
for the same value of F the body is on the point of turning round E when 
it is also on the point of sliding up the plane, show that 

^_ (r COS. a + A sin a) cos (3—0) 

JLlV^ A — • 7 Tx 

COS 3 sm (a + 0) 
and transform the expression into one adapted for logarithmic calculation. 

Ex. 272. — The earliest experiments on friction were made in the follow- 
ing manner ; The substances were formed into rectangular blocks — shaped 
like bricks^ and were placed on planes of various substances ; the planes 
were then gradually raised, and the angles noted at which sliding com- 
menced ; it was found that for the same substances this angle was the same 
whatever the weight of the block, and whether it rested on its broad or 
narrow face ; what conclusions could be inferred from these facts as to the 
natnre of friction ? 

Ex. 273. — Given an incline of 1 in n*, and that a body weighing W lbs. 



* t. e. - equals the tangent of the inclination. 
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rests upon it if the friction is 1 lb. in m, show that the pressure which will 
bring the body into the state bordering on motion up the plane equals 

[ W — + "^ ) ^^ nearly. If the incline is 1 in .50 and the friction 1 in 

MK), show that the error does not exceed the ipoobo^ ^ P'^ ^^ ^^® weight. 

Ex. 274.— An isosceles wedge, of which the angle is 2a, is urged by a 
pressure F between two masses and is on the point of moving forward ; if ^ 
is the limiting angle of resistance between the sides of the wedge and the 
masses, show that the pressure exerted by F against the side of each mass is 



R= 



W 



2 sin (a -fr 4>) 

[See Ex. 267.] 
Ex. 275. — Show that if W is the pressure that has forced a wedge into 
a giyen position and W^ the pressure required to extract it*, then 

^ sin (^ + a) 

Ex. 276. — An iron wedge whose vertical angle is 13^ is driveti into a 
mass of oak by a pressure of 1 cwt: — ^what force will be necessary to ex- 
tract it? 'Arts. 77-27 lbs 



• The result assigned in Ex. 275 presupposes that the tendency of the 
substance to collapse acts in a direction perpendicular to the sides of the 



Fig. 60. 





wedge; if this is not the case the solution is as follows. Draw eE and f F 
perpendicular to AC and BC; and let T, the tendency to collapse, act along 

I 
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Fig. 62. 



B 





Ex. 277. — Show that the wedge will start if the pressure be withdrawn 
prorided the angle of the wedge be greater than 8 ^. 

Ex. 278. — An iron wedge whose angle is 7° is driren into a mass of 
oak, find what fraction of the driving pressure is consumed hj friction. 

Ans, If W is the pressure on the smooth wedge which exercises the sanii 
normal pressure on the block as is produced by W on the rough 
wedge, then W'-0-106 W. 

61. The form of the helix or the thread of the screw. — 
Let ABC be a right-angled triangle, and DEFQ- 

a cylinder, the circumfe- 
rence of whose base is 
equal to the base of the 
triangle AC; if we sup- 
pose this triangle to be 
wrapped round the cylin- 
der so that A and G 
come together, as indi- 
cated by the small let- 
ters achy the hypothe- 
nuse AB will take the 
form of a curve called the 
helix, i. e, the curve to 
which the thread of a screw would be reduced if it became 
a single line. 

TE and let cET = i, then, in figure 60, if W is on the point of making 
the wedge move forward we have 

W = 2Rsin (4>+o) 
Rcos (<t>+ ) = T> 
Now if W, is the pressure required to extract the wedge from the position 
into which W has forced it, it is evident that T (which depends upon the 
shape, &c. of the cleft) is unchanged, the pressures therefore act as shown 
in figure 61, and we obtain the equations: 

Wi = 2RY8in (<p-a) 
Rcos (4>-0 = T 

• W =W s'" (<i> — o-) COS (<t> + t) 
^ blU (^ + o) cos(<^ — t) 

The angle t is commonly unknown, and very small, and therefore is ge- 
nerally neglected 



G 




I) 



FOBM OF A SCBEV WITH A. SQUARE THBEAD. 110 

Ex. 379. — If the diBUnc« between two turns of a thread of a icrew is h 
•n4 the ladintof the cjlinder is r, ahow that the length of n tnrni of the 
tbread is « i/iv'r' + h'. 

Ex. 380. — Show that if h is the distance between two turns of the thread, 
iud r the radios of (he cylinder, then if 6 is the angle of inclination of lh« 

tbrMd of the screw wo shall have tan 9— ~ — 
Sir 
Ex. SSI. — The length ofa screw is Ijft. in which spac« the screw makes 
36 tnrDB, the radios of the Cflinder is IJin.; determine the an^eof incli* 
nation of the thread and its length. 

Am. (1) 3° 2' IS". (2) 339-7 in. 

62. The form of a screw toitk a square thread. — In the 
lasfc article waa conwdered the form of the rij.si 
geometrical curve called the helix. If we 
suppose that instead of the triangle ACB 
we have a solid, such that, when it sur- 
roimda the cylinder, its upper fac6 projects 
at right angles to the cylinder at every T 
point, as shown in the annexed figure ; this 
apper surface will be of the same form [ 
as that of the square-threaded screw ; if now 
the lower part of this projection be cut away, so as to 
leave a protecting edge of uniform thickness, we shall ob- 
tain a screw with a square thread, as shown in fig, 64 ", a 
section of which made by a plane passing through the axi 
of the cylinder is shown in fig, 65. The student will 
remark that the thread of a screw, though a very common 
object, has a veiy remarkable form; for instance, the curve 
aa' (fig. 64), which when prolonged passes through the 
points aa^, a^ (fig. 65), is a helix, as also is the curve 
b'fi' (fig. 64), which when prolonged will pass through the 
points fcfcjfcj (fig, 65). Also if the thread were cutbya 
cylinder with the same axis as that of the screw, and 

* When there is a considerable distance between two consecutive tnrns 
of the thread, aa is the case with (he screir represented in the figure, it is 
nsaal to hare a second intermediate tbread ranning round the cjtinder. 
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whose surface falls anywh ere between a and b (fig. 64.), 
the curve of section would be a helix, as indicated by the 




u 



y 



p 



dotted line, the triangles whoae bypotheneuaes form these 
helices will all have the aame height, viz. aa, or 66, (fig. 
65), hut their bases will be the circumferencea of tbeir re- 
Fia es. ^>ectiye cylinders. In order to 

I gain a familiar acquaintance 
II ZZ ''"*''^ *^® form of the square-' 
threaded screw, the student is 
recommended to examine one 
I carefully, and then to make a 
drawing of it by the ordinary 
method of projection; this he 
will be able to do very easily if 
he considers the following con- 
struction, which sufficiently exemplifies the rule for drawing 
the projection of a helix; draw AB and BC at right 
angles to each other ; take C D, the diameter of the 
cylinder, and on it describe a semicircle ; take A E, half 
the distance between two tiu-ns of the thread, and divide it 
into any even number (6) of equal parts, and divide the 
semi-circumference into the same number (6) of equal 
parts; through the points thus found on the circumference 
draw perpendiculars to C B, and cut them in order by 
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perpendiculars to A B drawn through the points of division 
of AK The points of intersection thus obtained are 
situated on the required projection of the helix. 

Ex. 282. — If h is the height between two turns of the thread of a screw, 
r and r^ the radii of the external and internal cylinders, and $ and 6i the 
angles of inclination of the external and internal helices, show that 



tan(«i-«)- ^""^(^'^O 



Fig. 67. 



and show that the formula giycs a correct result when r^ » 0. 

Ex. 283.— If the thread of the screw in Ex. 281 were cut half an inch 
deep determine the difference between the lengths of the interior and ex- 
terior helices, and the inclination of the mean helix. 

Ana, (I) 112-8 in. (2) 3° 38'. 

Ex. 284. — The external and internal radii of the thread of a square- 
threaded screw are r and r^ ; its thickness (measured parallel to the axis) 
IS a; show that the volume of one turn of the thread is v (.r^—rj^) a. 

Ex. 285. — ^A wrought iron screw is 1 fl. long, and I J in. in radius, the 
thread makes 3 turns in 2 in., its thickness is Jin., its depth ^in., find its 
weight, and the weight of the part cut awaj when the screw was made. 

Ans. (1) 2761 oz. (2) 106-2 oz 

63. The Screw Press. — The most familiar application 
of the screw occurs 
in the case of the 
screw-press, and as 
it is very desirable 
tiiat the student 
should get a clear 
conception of the 
mode of action of 
the forces in the 
case of the screw, 
he will do well to 
examine a screw- 
press ; its most 
familiar form is 
represented in the i 
annexed figure, and 
can be sufBcientlj described as follows : FFFF is a strong 

X 3 



Q 




n 



a 






H 


' 1 


J 
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Fig. €8. 



frame ; at A in the middle of the cross piece is a hollow 
nut^ on whose interior surface is cut a groove, called the 
companion screw, which the thread of the screw BC exactly 
fits; the end C of the screw is fixed to the piece DE in such a 
manner that the screw is free to turn, while the piece DE 
can only move in a vertical direction in consequence of the 
guides FF, and FF; it moves downward when the screw 
is turned by the handle GH in one direction, and upward 
when the screw is turned in the opposite direction ; in the 
former case a pressure is exerted on mass M which it is 
the purpose of the machine to compress. The action of 
the forces in this case will be understood by considering 

the annexed figure, in which 
AAA A represents a section 
of the nut, B C of the screw, 
FF the guides, DE the 
moveable piece, YY the 
thread of the screw, XX the 
groove of the companion; 
the pressure V is equivalent 
to the pressure at the end of 
the arm which tends to turn 
the screw ; Q is the reaction 
against DE which balances 
P; the frictions called into 
play in this case are the 
following: (1) between the 
thread and the groove, (2) 
between the end of the screw 
and the piece DE, (3) be- 
tween the guides F, F and 
the sides of the piece DE; (4) between the cylindrical 
surfaces B and A. It is not easy to obtain the relation be- 
tween P and Q in the state bordering on motion when all 
the frictions are taken into account ; the . frictions marked 
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(3) and (4) are, however, small, and in the following pages 
will be omitted. 

Ex. 386. — ^In Ex. 264 if a is the inclination of AB, and ^, ^, ^,, the 
limiting angles of resistance between the surfaces at AB, HK and CD re- 
spectirel J, show that when P is on the point of moving forward 

cos <t>2 cos (a+ 4> + <^i) 
Ex. 287. — ^Proye independently that, in the last example, 

P=Wtan(a + 4>) 
when onlj the friction on A B is taken into account. 

Ex. 288 — Show that in the case of the screw press the relation between 
P and Q is given by the formula 

^-Qtan(a + 4)) 

r 

where a is the length of the arm on which P acts, r the radius of the screw, 
a the angle of inclination of the thread, and ^ the limiting angle of re- 
sistance between the thread and groove; all other frictions being neglected. 
Suppose the pressure Q to cause pressures g^, g^, ^s* • • • • at different points 
of the thread of the screw, and suppose />i, p^, p^^ ... toht the pressures 
which acting horizontally in directions touching the surface of the cylinder 
at those points would be on the pointof overcoming ^1,92)93 • • • • respectively, 
then the relation between pi and g^ must be the same as that between P and 
Win Ex. 287. Hence 

Pi=^itan(a + «f) 

and similarly p^i^g^ tan (a +4^) 
P3=5'3tan(a+^) 

and therefore pi +/>a +/>3 ■+ • . ~ (9 + ^a + 5'3 + • • •) **^ (* + ^)- 
Kow />i, />a> Pat • • • ^^^6 ^^ same tendency as P to turn the screw round 
its a^s, and therefore the principle of moments gives us 

Po=»/>ir+p2''+P3'' + ' ••• 
also since the pressures ^i, ^a, 93, ... are all parallel to Q's direction we have 

... Z^-Qtan(a + 4>). 

Ex. 289. — Show, by a method similar to that employed in the last example, 
that when all the frictions are neglected 

Pa= Qrtana 

and that P : Q : : distance between two turns of the thread of the screw : 
the circumference of the circle described by the point at which P acts. 

Z 4 
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Ex. 290. — There is a screw with a square thread the radius of which is 
1 in. ; the distance between two tarns of the thread is ^in., the nut is of cast 
iron and the screw of wrought iron, their surfaces are well greased, deter- 
mine the pressure that would be produced on the substance in the press if 
we neglect all the frictions but that between the thread and the groore, when 
the screw is turned hj a pressure of 150 lbs. acting at a distance of 3 ft. 
fVom the axis of the screw. Ans, 35,275 lbs. 

Ex. 291.— In the last Example determine Q if the screw is not greased. 

Ans, 22,007 lbs. 

Ex. 292. — Find the number of turns per foot which the thread of a per- 
fectly smooth screw will make whose power is the same as that of the 
screw described in Ex. 290. Ans. 12| nearlj. 

Ex. 293. — If in any screw reckoned perfectly smooth a pressure P were 
required to compress a substance with a pressure Qt and if P' were the ad- 
ditional pressure required in consequence of the friction between the thread 
and the groove, show that 

P as —J^ — . very nearly 

sin 2a ^ ^ 

whore a is the angle of inclination of the thread of the screw, and /a the 
coefficient of friction — neither being large. 

Ex. 294. — If the screw described in Ex. 290 has to exert a pressure Q, 
find both from first principles and from the formula in the last example the 

value of ^. Ans. (I) 1-885. (2) 1-890. 

Ex. 295. — The diameter of the screw of a vice is 1 in. and the thread makes 
4 turns to the inch, the whole is of cast iron and the screw is well greased; 
the handle by which it is turned is 6 in. long and is urged by a pressure of 
100 lbs. ; the jaws of the vice hold an ungreased piece of wrought iron; find 
the pressure requisite to extract it. Ans, 2530 lbs. 

64. Friction on the end of the screw. — Let ABC be a 

cylinder or pivot, the end of 
which is urged against a rough 
plane by a pressure Q acting 
along its axis OC, the cylinder 
is supposed to be on the point 
of turning round the axis, and 
is opposed by the friction, it 
is required to determine the 
moment of the frictions with 
respect to the axis C. 

It may be assumed that the inequalities of the surfaces 
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will wear away, and that the pressure will be equally dis- 
tributed ; consequently if p is the radius of the pivot (say 

in inches), — ^ will be the pressure per square inch, 

and consequently — 2 will be the friction per square inch; 

hence if we consider a small ring enclosed between two 
circles, whose radii OP and Op are respectively r and 
T-\-hrj its area will ultimately equal 2 tt r S r, and the pres- 

it will equal -^ rhr. Now the friction at every 



sure on 



point of this ring acts in a direction perpendicular to the 
radius at that point, and hence the sum of the moments 
of the frictions on this ring with respect to the axis will 

ultimately equal ^^ r^hr\ the same will be true of any 

other ring, and therefore we shall obtain the required 
moment if we divide the area into a great number of 
rings, and ascertain the limit of the sum of the moments 
of the frictions on each ring ; this can be done as follows : 

Take DE=/3 and at right angles to it draw EF = p, 

perpendicularly to both draw EH = -J—^ , complete the 

P 

Fig. 70. 




P p 



rectangle EFGH, and complete the pyramid DEFGH; 
take DP = rand Pp = Sr, and through P and p draw 
planes parallel to the base inclosing the lamina PES, then 
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it is plain by similar triangles that PS = r and PB = 

J^ r, consequently the volume of the lamina is ulti- 

P 2uQ 

mately equal to — §- r^Sr^ Le. the moment of the friction 

r 

on the ring is correctly represented by the volume of the 
lamina, and the same being true of any other lamina, we 
shall have the moment of the whole correctly represented 
by the volume of the pyramid ^, i.e. the moment equals 

\ p X p X ■ ^ or moment of friction = f p Q/^u 

P 

Ex. 296. — If the icrew rests on a hollow piTOt whose internal and external 
radii are respectirely pi and p, show that the moment oi the friction round 
the axis of the screw is given hy the formaU 

and show from this formula that when px ^ "^^^ nearlj equal to p the 
friction is very nearlj equal to p Q /i. 

Ex. 297. — In the screw when the friction on the end as well as the friction 
on the thread is taken into account then 

a a 

where p is the radius of the end on which the screw rests. 

[Referring to Ex. 288 the equation deduced from the principle of mo- 
ments will become 

Ptf =r;>i + r/>a + '*/^3 + ••• + ! PQ/*]- 

Ex. 298. — It is required to compress a substance with a force of 10,000 lbs.; 
the screw with which this is done has a diameter of 3 in., and its thread 
makes 1 turn to the inch; the arm of the lever is 2ft. long; determine the 
pressure F that would be required (1) if all frictions were neglected, (2) if 
the friction between the thread and groove, (3) taking also into account the 
friction on the end of the screw which is 1 in. in radius ; the surfaces being 
iron on iron well greased. 

Ans. (1) 66-3 lbs. (2) 129*6 lbs. (3) 157-5 lbs. 



* The student who understands the Integral Calculus will perceive that 
the above construction is equivalent to integrating the expresion — -^ r* dr 

between the limits of r=o and r=p. 
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Ex. 299. — ^An iron screw 4 in. in diameter communicates motion to a not, 
the force is applied at the extremity of a leyer 1 ft. lon{^; the inclination of 
the thread of the screw is 6°; determine the relation between the pressure 
applied and the weight raised by the nut, taking into account the frictions 
between the thread and groove, and the end of the screw whose diameter is 
3 in.; the surfaces are cast iron: (I) when well greased, (2) when ungreased. 

Ans. (1) P=00427 Q. (2) P- 00583 Q. 

Ex. 300. —If the angle of the screw were 12°, the diameter of the screw 
and of its end 4 in., and the lever by which it is turned 2 ft. long, the sur- 
faces being of cast iron and ungreased^ what weight will a pressure of 1 cwt. 
overcome? Aru, 2 7 30 lbs. 

Ex. 301. — ^Determine the pressure required in Ex. 298 if the surfaces are 
of ungreased oak. Ans, 605 lbs. 

[The fibres may be reckoned parallel between thread and groove; the 
fibres of the screw of course rest endwise on the moveable piece.] 

Ex. 302. — Given Q the pressure to be produced by the screw, r the radius 
of the mean thread, R the length of the arm, h the distance between two 
turns of the thread, /i the coefficient of friction between the thread and the 
groove, if the friction between the thread and the groove is the only one 
taken into account, show that the pressure to be applied at the end of the 
arm is given by the formula* 

r h + 2ir fir p. 
R* 2irr-A/i^' 

65. The Endless Screw. — It is not very unusual to make 
a screw work with a toothed wheel ; the arrangement of 
the pieces when this is done, will rig 71. 

be suflBciently understood by an 
inspection of the annexed diagram; 
the screw AB may be mounted in 
a frame, and be turned by a winch; 
the teeth of the wheel (C) work 
with the worm of the screw, on 
turning which, the wheel is caused to revolve ; as the screw 
has no forward motion, it will never go out of action with 
the wheel, and is, on that account, termed an endless 
screw. The reader will find in Mr. Willis's Principles of 
Mechanismf a discussion of the form that must be given 

♦ This is the formula given in General Morin's Aide-Mcmoire, p. 309. 
t p. 160. 
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to the teeth in order to secure equable working. When 
the machine is employed, it commonly happens that the 
screw drives the wheel ; sometimes, however, the worm is 
driven by the wheel, as in the case of the fly of a musical 
box. In the former case it is easily shown, that if P is the 
pressure at the end of the arm which turns the screw, and 
Q that pressiu'e exerted by the screw on the wheel in 
a direction parallel to the axis, then the relation between 
P and Q is the same as that determined in Ex. 288. 

Ex. 303 If a pressure P acting on the thread of a screw in a direction 

parallel to its axis is on the point of driring a pressure Q acting along a 
tangent to its base, show that 

Q-Ptan(a-4») 

where a is the pitch of the screw at the working point, and ^ the limiting 
angle of resistance between the driving and driven surfaces. 

Ex. 304. — If the action of an endless screw is reciprocal, ue. if it will act 
whether wheel or worm is driver, show that the pitch of the screw must be 
greater than <p and less than its complement. 

Ex. 305. — An endless screw consists of a cylinder of cast iron the radius 
of whose base is 3 in.; the thread makes one turn in 4 in.; what is the great- 
est extent to which the thread can project if the tooth it drives is of cast 
iron and is ungreased? Ans, 0*98 in. 

Ex. 306.— In the last example, if the depth of the thread be 1 in. what is 
the least distance between two turns of the thread with which the machine 
can work if the surfaces are greased? Arts. 2*513 in. 
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CHAP. VL 

OF THE EQUILIBKnTM OF BODIES RESTING ON AN AXLE, AND 
OF THE RiaiDITT OF ROPES; WHEEL AND AXLE, PULLEY. 

Section I. 

66. FuTtda/mental condition of equUibHum in the state 
borderi/ng on motion^ of a body capable of revolving 
roimd an ojxle, — All the pressures acting on the body, can 
be reduced to a single resultant, to which, Fig. 72. 

when the body is at rest, the reaction of 
the bearing must be equal and opposite ; 
let the annexed figure represent the axle 
resting on its bearing ; let E be the re- 
sultant of the pressures acting on the body, 
and let its direction cut the circumference 
of the bearing on point P ; take the 
centre of the bearing and join OP ; this 
line is the normal to the point of contact ; 
the body will therefore be in the state bordering on motion 
when the angle OPE equals the limiting angle of resist- 
ance, the motion being about to ensue in the direction 
indicated by the arrow head. This consideration enables 
us to give a very simple construction, which will apply to 
all cases in which the pressures act on the body in parallel 
directions. Take the centre of the bearing, draw a line 
AO parallel to the directions of the pressures; if the 
body is about to move in the direction indicated by the 
arrow head, make the angle AOP equal to the limit- 
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ing angle of resistance, then a line EP parallel to OA 
Fig. 73. must be the direction of the resultant 

pressure, since this is the only line 
drawn parallel to A which will cut the 
circumference in a point P such that 
the angle OPR equals the limiting 
angle of resistance ; hence if we measure 
moments round P, we shall obtain the 
required relation between the pressures, 
the sum of those moments being equal to 
zero by art. 42. Of course if the motion 
is about to ensue in the contrary direction, 
the angle A P must fall on the other side 
of OA. It will be remarked that the radii of the axle 
and its bearing are sensibly equal, so that though in the 
diagram they are represented as different that difference 
never enters the question. 

67. Friction of dxlea. — When the body is in the state 
bordering on motion, the values of the coeflScient of friction 
are the same as those given in the last chapter; the 
same is also true in cases of motion where no unguent is 
interposed ; in nearly all cases of motion, however, an axle 
is kept well greased, both to prevent wear and to diminish 
the resistance ; the unguent may be supplied at intervals, 
as in the case of a common cart wheel, or continuously as 
in the case of the wheel of a railway carriage ; as might be 
expected a continuous supply of unguent is found to be the 
most effective means of diminishing the resistance; the 
following table gives the values of the coeiEcients of friction, 
and the limiting angle of resistance for the axles and bear- 
ings most commonly used ; the coeiEcients of friction are 
taken from the experimental determinations of Greneral 
Morin*, from which the limiting angle of resistance has 

* Notions Fondamentales, p. 309. To avoid ambigaity the mean of some 
of Qen. Morin's results have been taken ; thus, instead of 0*07 to 0*08, the 
above table gives 0*075. 
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been calculated — those cases have been selected in which 
the ainguent is most effective in diminishing friction. 

TABLE XIL 
Friction of Axles moyino on their Bearings. 



Axle 
and 
Beturingi. 


Ungttenti. 


Renewed at intervali. 


Renewed 
coDtinuoufly. 


tan ^ or iln ^. 


9 


/utan^ 
or sin ^. 


* 


Cast Iron on 

Cast Iron. 
Wrought Iron 

on CasL 
Wrought Iron 

on Brass. 
Wrought Iron 

on Tiignnm- 

TitSQ. 

Brass onBrass. 
Brass on Cast 
Iron. 


Oil of olives, tallow, 

hog*8 lard, soft goin 

Do. 

Oil of olives, tallow, 

hog's lard. 
Oil, or hog's lard. 

Da 

Oil or tallow. 


0*075 (mean) 
0075 (mean) 
0075 (mean) 
Oil 

0*095 (mean) 
• • • « 


4° 17' 
4^17' 
4^17' 
6° 16' 

5^25' 


0-054 
0-054 
0054 

00485 
(mean) 


3° 15' 
3^15' 
3^15' 

2° 46' 



Ex. 307. — ^Let AB (fig. e) be a beam moveable about a wrought iron 
axle which rests on a cast iron bearing, and whose axis passes at right 
angles through the axis of the beam *; the centre C of the axle is 12 in. froni 
A, and 30 in. from the centre of gravity of the beam and axle; the radius 
of the axle being 3 in., the weight of the whole (i. e, of the beam and axle) 
is 400 lbs.; find the weight which when hung at A will just cause the end A 
to descend. 

Draw the figure to scale; draw through C the vertical line C D, and make 
the angle DCQ equal to the limiting angle of resistance (10° 45') draw the 



• Of course there are in reality two bearings situated symmetrically with 
reference to the length of the beam, each of which supports half the united 

Fig. 74. 




□ 



□ 



O 



y 



pressures Pand Wj the/>7an of the machine being shown in the accompany- 
ing figure. 
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vertical line QB cntdng AB in x; then this beings the direction of the reac- 
tion the principle of moments gives us 

PxAii=WxjiG 

hot since n C is very small, it is desirable to construct the axle on a larger 
scale; this is done in f^g.f, from which we obtain C n equal to 0*57 in.; hence 
we find F equal to 1069*8 lbs.; a result precisely the same as that obtained 
bj calculation. 

Ex. 308. — In the last Example determine the value of P which will just 
prevent the beam from falling when no unguent is used. Ans. 936*5 lbs. 

Ex. 309. — Determine the magnitude and position of the resultant pressure 
in Ex. 307 if we suppose P»1020lbs.; and determine the magnitude of the 
angle its direction makes with the normal to the point of its application. 
Atu. (1) I420lb8. (2) Cii=Jf in. (3) CQn=3° 13' 47''. 

Ex. 310« — There is a beam of oid^ AB whose length is 30 fl., depth 2ft., 
and thickness 1 ft. ; at right angles to its face passes an axle of wrought iron 
the part of which within the beam is 8 in. square, the projecting part on each 
side is 6 in. in diameter and Bin. long (so that its total length is 2ft.); its 
axis is situated 10ft. from the end A, at which end is exerted a pressure of 
5000 lbs.: find the pressure at B which will just keep the beam from taming, 
and the amount to which that pressure must be increased if it is on the 
point of overcoming the pressure at A; the axle rests in an oaken bearing 
ungreased. Ans, ( 1 ) 1 540 lbs. (2)1710 lbs. 

Ex. 311.— If a string were wrapped roand the grindstone described in 
Example 1 6, determine the greatest weight that could be tied to the end of 
the string without causing motion, supposing the bearing to be of cast iron 
well greased. Ans, 48 lbs. 

68. Conditions of equilibriv/m of two pressures acting 
Fig. 75. i'W. directions not parallel 

on a body capable of turn- 
ing round an axle.—Jjet P 
and Q be the two pressures 
acting along the lines AP, 
AQ; take the centre of 
the axle, join AO, let the 
limiting angle of resistance 
between the axle and its 
bearings be (j>, and suppose 
P to be on the point of 
preponderance ; on the side 
of the line AO towards P describe a segment of a circle 





Fig./ p. 12<i. 
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containmg an angle ^ (Eucl. 33—111.) cutting the circum- 
ference of the axle (or bearing) in M, join AM, then AM 
must be the direction of the resultant of P and Q ; since 
this is the line which makes an angle AMO = ^ with the 
normal to the point in which it cuts the circumference of 
the axle. The required condition is therefore that the 
moment of P round this point, shall equal the moment of 
Q round the same point. Of course if Q were the prepon- 
derating pressure, the segment of the circle must be drawn 
on the other side of A. 

It may be added, that the following construction is 
performed with somewhat greater facility than that given 
in (Eucl. 33— III.); — bisect OA in Fig. 76 . 

B, draw BD at right angles to A, 
and on the side of the line required 
lay down the angle AOC=90''— </> 
cutting the line B D in C, then it 
is evident that C is the centre of 
the circle of which the segment to 
be drawn is a part.* o b a 

Ex. 312. — ^In Ex. 307 suppose the pressure P to act perpendicularl/ to 
AB, determine the amount of P which will just keep the beam inclined at 
an angle of 45^ to the horizon, no unguent being used to the axle. 

Ans, 661 lbs. 

Ex. 313. — In Ex. 311 suppose the grindstone to be turned by a pressure 
P that acts perpendicularly at the end of a winch l^ft. long; find the mag- 
nitude of P which will just bring the grindstone into the state borderijg 
on motion, ( 1 ; when the winch is vertically over the axis, (2) when it has 
turned through an angle of 45° from that position. 

Ans. (1) 6*33lbs. (2) 6-36lbs. 

69. Wheel and Axle, Pulleys, — The wheel and axle and 
the pulley are familiar examples of bodies capable of mov- 

* In solving examples of bodies in equilibrium round an axle the figure 
must be drawn on a large scale; the student will probably find it convenient 
to make a separate figure for determining the lines which depend on the 
magnitude of the axle. See Ex. 307. 

K 
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ing round a fixed axle ; they may be aufficieotly described 
as follows : 

(1.) The wheel and axle. — Let 
AB represent a cylinder of wood 
or some other material called the 
' axle, to the end of which is firmly 
A fixed a cylinder of a large diameter 
EC called the wheel; they rest on 
a pair of bearings by means of 
a small cylindrical axis, one end 
of which is D, the geometrical 
axes of all these cylinders being 
coincident ; ropes are wrapped 
round the wheel and axle respectively, to the ends of which 
weights P and Q are attached ; if F is bo large as to descend, 
it will do so by turning the machine ; this will wind up Q*s 
rope, and thereby cause that weight to ascend. It is usual 
to describe the wheel and axle in the above form, in order 
to give definiteness to the calculation ; in practice, how- 
ever, a winch commonly supplies the place of the wheel. 

pi,.7». (2.) The 'pulley iatamfXj&^in. 

cylinder with a groove cut in its 
circumference, on which a rope 
can rest: the cylinder is capable 
of turning round an axis, which 
is supported by a piece called 
a block ; this well known machine 
is represented in the accompany- 
ing diagram. When several pul- 
leys are combined into a single 

machine, they constitute what is called a system of pulleys; 

the system most commonly used is called the tackle; 

it consists of two blocks containing pulleys (under these 

circumstances called sheaves) which are either equal 




in number, or else the upper block contains one more 
sheave than the lower ; the upper block is fixed, while 
Fif.re. the lower carries the rig. so. 

. weight; one end of the T 
A rope by which the 
/ weight ia raised is 
fastened to one of the 
blocks, and passes in 
fiuccessioD round each 
of the sheaves, aa re- 
presented in the ac- 
companying distrain : 
but it must be added 
that the sheaves in 
each block are com- 
monly made equal to 
each other, and ar- 
ranged one behind the 
other on a common 
nl ^ axis. Another system 
of pulleys, called the 
Barton, is sometimes employed ; 
it condsts of one fixed andany number of moveable pulleys; 
to the block containing each moveable pulley is fastened 
a rope, which after passing under the next pulley (thereby 
supporting it) is fustened to a fixed beam. The last of 
these pulleys carries the weight to be nused; the rope 
which carries the first moveable pulley passes over the fixed 
pulley ; on shortening this rope the pulleys, and with them 
the weight, are raised ; the arrangement is shown in the 
accompanying diagram (Fig. 80) ; it rarely happens that 
more than one moveable pulley is employed. 

It Ls to be observed that the rigidity of the cords, i.B. 
their want of perfect fiexibility, plays an important part in 
calculations cooceming the mechanical power of the wheel 
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and axle5 and of the pulley; we will first give some 
examples of the relations between P and Q when the 
rigidity of the cords is neglected^ and will then explain the 
method of taking that resistance into accoimt. 

Ex. 314. — A wheel and axle weigh Icwt., the radios of the wheel ib 2 ft., 
of .the axle 6 in., the diameter of the axis 1 in., it is of wrought iron resting 
on a bearing of cast iron and is well greased; if Qeqoals 1000 lbs. find 
magnitude of P, (1) when it just supports Q, (2) when it is on the point of 
raising Q. 

[With centre O and radii OA-24in., OB-Gin., OC»|in., describe 

Fig. 81 . circles and draw AOB 

horizontal ; the pres- 
sure F may be con- 
ceived to act at A, 
W=112lbs.atO,and 
Q a 1000 lbs. at B; 
make the angleWOB 
equal to 5° 40^; the 
point R must be that 
about which the pres- 
sures P, W, and Q 
balance when P just 
supports Q; if P is 
on the point of over- 
coming Q the angle 
WOR must be con- 
structed on the other 
side of OW.] 

Ans. (1)247-1 lbs. 
(2) 25dlb8. 

Ex. 315. — ^Determine the magnitude of the pressure P which would just 
bring the wheel and axle of the last Example into the state bordering on 
motion when the pressure Q is removed. Ans. 0*23 lbs. 

Ex. 316. — A fixed pulley 1ft. in radius moves on an axle of wrought 
iron lin. in radius which turns in an oaken bearing, find the relation 
between P and Q in the state bordering on motion — P being the prepon- 
derating pressure— (I) neglecting the weight of the pulley, (2) supposing it 
to weigh 20 lbs.; the axle being without unguent, and Pand Q acting ver- 
tically downward. Ans. (1) P = 1-092Q. (2) P = 1*092 Q + 0*92 lbs. 

Ex. 317. — Determine the relation between P and Q in the last case sup- 
posing P and Q to act vertically upward, i. e. in a direction opposite to that 
in which the weight of the pulley acts. Ans. P = 1*092 Q- 0*92 lbs. 

Ex. 318. — In a Burton consisting of one fixed and one moveable pulley 
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whose dimensions and weights are the same as those assigned in Ex. 316» 



Fig. 82. 



/ 



\J 



\ 



determine the relation between the power and 
. the weight it is on the point of raising. 

[Let the accompanying figure represent the 
pulleys, and let Ti, T2 be the tensions on those 
portions of the cords against which they are 
written, then P is on the point of overcoming Ti 
under the same circumstances as those assigned 
in the second case of Ex. 316. Hence: 

P=: 1-092 Ti + 0-92 

Ti is on the point of overcoming Tg under the 
same circumstances as those assigned in Ex. 
317. Hence: 

Ti = 1-092X2 -0-92 

also Ti and T^ support Q*, so that 

on eliminating Ti and Tg from these three 
equations we obtain the relation between P and 
Q.] Ans. P=0-57Q + 0-45lbs. 

Ex. 319. — Solve the last Example on the sup- 
position that the axles had been well greased. 

P=0-512Q + 008lbs. 

Ex. 320. — Determine the relation between P and Q in a tackle containing 
3 sheaves each of which weighs 10 lbs., is 6 in. in radius and turns on an 
axle l^in. in diameter, of wrought iron turning upon oak and well greased 
— the different portions of the rope being supposed parallel. 

[If Ti, T2, T3 are the tensions on each parallel portion of the rope (see 
fig. 79) we shall obtain the following equations 

P = l-025 Ti + 012 
Ti = l-025Ta-012 
Tg = 1-025X3 + 012 

. Ans. P= -350 Q + 0-08. 
Remark,— It will be remarked that the last term in the answers to Ex. 
316, 317, 318, 319, 320, result from the influence of the weight of the pulley 
6n the friction; the term is so small that we can ordinarily neglect it without 
sensible error. 



y 




* It will be remarked that 20 lbs. is the weight of the puttey without the 
block that contains it; Q is strictly speaking the weight of the lower block 
the pulley and the weight raised. 
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Ex 8S1. — If wc neglect tbc influence of the weight of each sheaye on the 

friction, and the rigiditj of the rope, show that in a tackle of n sheaTet of 

0*025 ( l*025V' 

the same dimensions as in the last Example P» >- — -^ ^ Q, and de- 

(1-025)" — 1 

termine the nomerical value of the ratio when ii»6. Ana. P»0*182Q. 

Ex. 322. ~ If all resistances are neglected, find the weight that can be 
raised by a pressure of 100 lbs. by means of the tackle of 6 sheaves described 
in the last Example, and also the weight that could bo raised if the firictions 
on the axles are taken into account. 

Ah$. (I) Q«600lb8. (2) Q = 549lb8. 

Ex. 323. — There is a fixed pulley the radius of which is 6 in., the diameter 
of its axle is 1 in., it is of wrought iron, and moves without an nngnent in a 
bearing of cast iron; at one end of the rope is applied a pressure of 500 lbs. 
which is about to yield to a pressure P applied to the other end of the rope; 
if the parts of the rope when produced contain an angle of 60^, find P. 

Atis. 514lb8. 

Ex. 324. — In the last Example determine the yalue of P which would ^'iMt 
support the pressure of 500 lbs. Aiu, 486*3lbe. 

70. Rigidity of ropes. — Let ABC represent a drum or 
pulley, moveable about an axis C, and let a rope ABD 

pass over it, to whose ends are 
applied pressures P and Q 
respectively, the friction of the 
rope being suflScient to pre- 
vent sliding; if one of the 
pressures P overcomes the 
other Q, it must be by causing 
• the drum to revolve, thereby 
winding on the rope ABD; 
^ now the portion AB being 
circular, and BD being straight, the rope must be bent 
at the point B, and the rope not being perfectly flexible 
will ofier a resistance to being thus bent, and a certain 
portion of the pressure P will be expended in over- 
coming the resistance. It is foimd that this rigidity 
of the rope can be taken account of by supposing Q 
to act along the axis of the rope, i.e. at a distance from C 
equal to ^ of the sum of the diameters of the rope and 
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drum^ and then increasing Q by a certain pressure ; it is 
found by experiment that this additional pressure consists 
of a part depending purely on the rope, and another part 
proportional to Q; it is also found that, whenever other 
circumstances are the same, this additional pressure is 
greater as the curvature of the axis of the rope is greater, 
and therefore it can be correctly represented by the 
formula 

A + BQ 
E 

where A and B are constants to be determined by experi- 
ment, and E is the efifective radius of the drum, i.e. ^ the 
simi of the diameters of rope and drum. 

The principal experiments on the rigidity of ropes, are 
due to M. Coulomb*, whose results have been discussed by 
various writers. M. Morin considers that M. Coulomb's 
experiments are sufficient for the construction of empirical 
formulae only in the cases of new dry ropes and of tarred 
ropes ; from a discussion of the experiments f he obtains 
values of A and B which, after reduction, give the fol- 
lowing values of the above formula : — 

(1.) For new dry ropes, the resistance due to rigidity in 
lbs. equals 

g I 0-062994 + 0-253868 C^ + 0-034910 Q | • 

(2.) For tarred ropes, the resistance due to rigidity in 
lbs. equals 

^ I 0-222380 + 0-185525 C« + 0-028917 Q [ 

where Q is estimated in lbs., C is the circumference of 

* An abstract of Coulomb's Memoirs is given in Young's Nat. Phil. voK 
ii. p. 171. 
t Notions Fondamentales, pp. 816—830. 

1L^ 
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the rope in inches^ and R the effective radius of the drum 
or pulley in inches. From these formulae the following 
table has been calculated : — 



Table XIII. 
Rigidity of Ropes. 



Radiiu of 
Hope. 


1 

Cireumf. 
of Roi»e. 


Nffw dry RopM. 


TArred Ropet. 


A. 


B. 


A. 


B. 


0*16 ID. 


1- ID. 


0-32 


0-034910 


0-41 


0028917 


0-24 


1-5 


1-43 


0-078543 


1-44 


0*065068 


0-32 


2 


4-31 


0-139640 


3-86 


0115668 


0-40 


2-5 


10-31 


0-218183 


8 64 


0-180731 


0-48 


3 


2113 


0-314190 


17-03 


0-260253 


0-56 


3-5 


38-87 


0-427643 


30-56 


0*354233 


0-64 


4 


6600 


0-558560 


5105 


0462672 


072 


4-5 


105-38 


0-706723 


80-03 


0*585569 


0-80 


5 


160-23 


0-872750 


121-50 


0*722925 



Rule. — Multiply B by Q in lbs., add the product to A, 
divide this sum by the effective radius of drum or pulley 
in inches, the quotient is the resistance in lbs. 

If the resistance added to Q gives Q', the relation between 
P and Q will be the same as that which obtains between 
P and Q' acting by means of a perfectly flexible rope on a 
drum or pulley whose radius equals the effective radius. 

It is to be remarked, that the resistance due to rigidity 
is only called into play whenthe rope is wound on to a 
drum ; there is no resistance when the rope is wound offl 

Ex. 325. — In Ex. 314 if the rope which supports Q is dry and 3 in. in 
circumference deterAiine the addition to Q due to the rigidity of the rope, 
and determine the value of P, when it is on the point of raising Q. 

Ans. (1) 5 1-8 lbs. (2) 286*8lb8. 

[The student must not overlook the increase in the effective radius of 
axle due to the thickness of the rope.] 

Ex. 326. — In Ex. 316 determine the relation between P and Q in the 
first case, (a) supposing the rope to be 2 in. in circumference, (6) supposing 
the rope 4 in. in circumference. 

(a) P=M02Q+0*36lbs. (6) P=l*133Q + 5*5lb8. 

Ex. 327. — In Ex. 318 determine the relation between P and Q supposing 
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tfae ropes to be 2 in. in circumference, and the influence of the weights of the 
pulleys in increasing the frictions of the axles to be neglected. 

Ans. P=0-58Q + 0-54lbs. 

Ex. 328. — In Ex. 323 determine F, supposing the rope to be 3 in. in cir- 
cumference. Ans. 54 libs. 

Ex. 329. — In Ex. 324 determine P, supposing the rope to be 3 in. in cir- 
cumference. Ans. 461*6 lbs. 

[The student must remember that now the rigidity of the rope assists P.] 

71. Cases in which axle is very small. — If a body is 
capable of turning round an axle whose diameter is small 
compared with the distances at which the pressures that 
tend to turn the body act, it is usual to suppose the axle 
reduced to its geometrical axis ; this supposition generally 
produces a great simplification in the relation between the 
pressures ; but, of course, the simplicity involves a certain 
amount of inaccuracy. In the same manner it is very 
usual to solve mechanical questions on the supposition 
that the surfaces concerned are perfectly smooth and the 
ropes perfectly flexible. The following examples are, for 
the most part, to be solved on some one or more of these 
assumptions. The student is recommended, in every case, 
to consider the effect produced on the answer by the 
assumption from which it is obtained. 

Ex. 330.— Determine the value of P in Ex. 307 on the supposition that 
the magnitude of the axle can be neglected. Ans, 1000 lbs. 

[The student will remark that the variations of this question contained in 
Ex. 308 and 309 arise entirely from a consideration of the magnitude of 
the axle.] 

Ex. 331. — There is a pole supported on two points 15ft. apart; a weight 
of 3 cwts. is suspended at a distance of 6 ft. from one of these points, find 
the pressure it produces on each point. Also find the pressure if we sup- 
pose the rod to be a cylinder of wrought iron 16 ft. long, l|in. in diameter, 
the ends being equally distant from the points of support. 

Ans, (I) 201'6lbs. and 134-4lbs. (2) 266*6 lbs. and 199*4 lbs. 

Ex. 332. — There is a wheel and axle, the radius of whose axis is supposed 
to be indefinitely small; the radius of the axle is 5 in. and that of the wheel 
Ijft; a weight of 300 lbs. acts at the circumference of the axle; find the 
pressure acting on the circumference of the wheel that will just balance it. 

Ans, 83jlbs. 
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Ex. 3d3.~Lct AB be a bar of wrought iron 16(1. long, and resting with 
the end A on the groond, to the end B is tied a cord which is fastened to 
the ground at C, the length of BC and C A being 22 and 10 ft respective! j; 
at the point B is suspended a weight of dcwts., the rod weighs 10 lbs. per 
foot; find the tension on the cord; its circumference if it sustains the tension 
with perfect safety; and the coefficient of friction between the iron and the 
ground if the end is on the point of sliding. 

Ans. (1 ) 399-5 lbs. (2) 3 in. (3) 0-376. 
Ex. 334. — Let AB be a lever 16ft long moveable about a fulcrum D at 
a distance of 6 ft. from B, a weight of 28 lbs. is suspended fVom A and from 
B a weight of 336 lbs.; find the weight that must be hung at E (which is 
7 ft. from D) to balance the lever. Ah$, 248 lbs. 

Ex. 335.— In the last Example suppose D to be centre of an axle of 
wrought iron l^in. in diameter resting in a bearing of oak, suppose the rod 
to weigh 1 00 lbs. and its centre of gravity to be its middle point; find the 
weight which suspended at E will just keep the end B from falling, and also 
the weight which will just not cause the end A to fall. 

Ans, (1) 216lb8. (2) 223 lbs. 
Ex. 336. — ^Let AB and DE be levers connected by a bar DC and ca- 
Fig. 84. pable of turning round fulcmms 

B and F ; AB and DE are re- 
spectively 5 and 6 ft. long, A C 
B I is 3 ft., and FE is 9 in. long, the 

c A 1^ pressure P acting at E equals 

1000 lbs. and is balanced by 
Q acting at A; find Q. 

Ans. 577lb8. 
Ex. 337. — A crane CBD is sustained in a vertical position by the tension 

of a rope AE; 'its dimensions are as 
follows, BC, BD, BE and AC are re- 
spectively 19, 13, 1^, and 16 ft. long, 
the angle CBD equals 108^; a weight 
P of 7 cwts. is supported by a rope that 
passes over a pulley D and is fastened 
to C ; determine the tension on the rope 
AE, the weight of the crane and the 
dimensions of the pulley being neg< 
Iccted. Ans, 7*329 cwts. 

Ex. 338.— In the last Example explain 

how the weight of the crane would 

affect the tension on the rope AE. 

Ex. 339. — ^In Ex. 337 suppose the centre of the axle of the pulley is at 

D, the diameter of the pulley is 1 ft., that of its axle 2 in. ; the surfaces being 

wrought iron on cast well greased; suppose the rope which sustains the 
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weight P is polled in a direction parallel to AE with a pressure that is on 
the point of raising Pj find the tension on the rope AE. 

Afu. 3*41 cwts. 
Ex. 340. — Let BCDE represent a block of Portland stone whose dimen- 



Fig. 86. 




sionsare5ft. long, 2 ft. highland 2jffu 
wide; a rope FPQ is attached to it» 
which after passing over a pulley P 
is pulled vertically downward by a 
pressure Q, which is just sufficient to 
raise the block: determine Q on the 
supposition that the dimensions of 
the pulley can be neglected, having 
given that £F equals 6 in. and BA 
and AP respectively 15 and 13ft. 
the point A being vertically under P. 

Ans, 1942 lbs. 

Ex. 341. — If in the last Example 
the floor AB were of brickwork 
would the mass slide in the process of being raised? Ans, Yes. 

Ex. 342. — If we suppose the pulley to have the same dimensions, &c. as 
that in Ex. 339, its centre being at P, determine Q. Ans, 1971 lbs. 

Ex. 343. — If in Ex. 340 we suppose the rope to have the dimension re- 
quisite for sustaining the tension on PF with perfect safety, determine the 
circumference of the rope. ' Ans, 6j in. 

Ex. 344. — Let AB represent a cylindrical bar of wrought iron 12ft. long 
and 2 in. in diameter capable of turning round a fulcrum at B; at a point 
C, which is 15 ft. vertically over B,is placed a pulley tbe dimensions of which 
are neglected; to the end A of the bar is attached a rope which passes over 
C and sustains a weight P; on the bar is placed a weight Q of 3 cwts. at a 
distance of 3ft. from A; find the magnitude of P which will just keep AB 
in a horizontal position. * . Ans, 404*25 lbs. 

Ex. 345. — Let AB and DC be two levers of oak each 6ft. long, capable 
of turning round fulcrums E and C respectively; Fig. 87. 

EB equals 2 ft., the levers overlap 6 in., from A 
is suspended a weight P of 1 cwt. ; find the weight 
Q which when suspended from G, at a distance 
of 2 ft. from C, can be just lifted by P. 

Ans, 61 6 lbs. 

[It must be remembered that the end B is just on the point of sliding on 
the underside of DC] 

Ex. 346. — In the last Example determine the magnitude of Q which will 
just allow the levers to disengage. Ans, 488*5 lbs. 

[In this case P must be able to bring Q into the state bordering on motion 
when B has come to be just under D.] 
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Ex. 347. — In Ex. 345 determine the magnitade of Q if P will onlj just 
sapport it Aru, 89 6 lbs. 

[In this case D is just on the point of sliding upon the npper side of AB.] 
Ex. 348. — There is a circular table 6 ft. in diameter supported on three 
legs which are under the points A, B, C ; the triangle formed hj joining 
ABC is equilateral, the point A is on the circumference, and B and C are 
each 1ft. from the nearest points of the circumference; the weight of the 
table is 56 lbs.; find the pressure on each leg. 

Ans, 6*5 lbs. on A, 24*25 lbs. on B, and 24*25 lbs. on C 

Ex. 349. — In the last Example if ABC are all on the circumference, the 
sides AB, AC equal, and the angle BAC equals 30^; find the pressure 
sustained by each leg. 

Aru, 26 lbs. on A, 15 lbs. on B, and 15 lbs. on C very nearly. 

Ex. 350. — A ladder 60 ft. long, which weighs 7cwt8. and balances on a 
point situated at a distance of 20 ft. from its foot, has to be raised by means 
of a rope attached to the end of it and passing into a window whose height 
is 50ft. above the pavement; when the foot of the ladder is 8ft. from the 
wall of the house, and the length of rope from the window to the ladder is 
20ft., find the tension on the rope and the angle the pressure on the foot of 
the ladder makes with the vertical. Ans, (1) 0*474 cwts. (2) 3^ 33' 

72. The Steel-^ard. — If a beam AB is suspended about 
a fine axis passing through its centre of gravity (Gr), and 
on the arm BGr is placed a moveable weight W, then 
if a substance equal i^ weight to W is suspended from 
A, the beam will balance when W is at a distance from Gr 
equal to AG ; if the substance equals twice the weight of 
W, the beam will balance when Ws distance from Gr equals 
twice AG; and so on in any proportion. Hence, if the 
beam is made heavy at the end A, so that G is very near 
that point ; the arm B G can be divided into eqv^l divi- 
sions which shall indicate the weight of a substance sus- 
pended at A by means of the position occupied by W when 
it balances that substance. An instrument constructed on 
this principle is called a steel-yard, and is used when heavy 
substances have to be weighed, and extreme accuracy is 
not required ; the advantage it possesses arises from the 
fact that the weights employed are much less heavy than 
the substance to be weighed. A very commoi^ application 
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of the principle of the steel-yard can be seen in the 
weighing machines employed at most railway stations. 

Ex.351. — Show that the graduations of the steel -yard must be equal 
even if the centre of gravity of the beam do not coincide with the axis; but 
that the graduations must begin from that point at which the moveable 
weight would hold the beam in a horizontal position. 



Section II. 

73. Notation. — Throughout the present section the 
letters p and <f> stand respectively for the radius of the 
axle and the limiting angle of resistance between the axle 
and its bearing ; also P and Q are the pressures in equi- 
librium, p and q are respectively the perpendiculars let 
fall on their directions from the centre of the axle ; the 
letters A and B have the same meaning as in Art. 70. 
The student who has thoroughly mastered the first section 
of the present chapter, will find that in most of the fol- 
lowing examples there is no difficulty except what arises 
from the fact of algebraical results being required instead 
of arithmetical. 

Ex. 352. — ^When two parallel pressures P and Q acting towards the same 
parts balance round an axle, show that when P is on the point of over- 
coming Q 

P (/» — p Sin <^)=Q (q +p Sin <^). 

How will this formula be changed if P and Q act towards contrary parts? 

Ex. 353. — If P and Q are two parallel pressures and P is on the point of 
drawing up Q over a pullej whose effective radius is r, and weight W, show 
that 

P (r-p Sin 4))=Q (r + p Sin <^) + Wp Sin </> 

where the positive sign is used if P and Q act downward, and the nega- 
tive sign if they act* upward; and that when the rigidity of the rope is taken 
into account the formula becomes 

P(r-,Sin,)=Q(l.?)(r.pSin,).4(..,Sin,)±WpSin^ 
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74. Remark, — We have already seen in particular cases 
that the influence of the weight of the pulley on the 
friction of the axle is very small, as indeed is evident from 
the above formula, since W is commonly small compared 
with P and Q, and /> sin ^ is always small compared with 
r; now if we omit the last term it is evident that the 
formula will be the same whether P and Q act vertically 
upward or vertically downward, and can be written : 

P:«aQ-f 6 

where a and 6 are written instead of the complicated ex- 
pressions, 

/, B\ r -f P sin A _ , A r -f p sin <i 

a = ( 1 + — ) • ^-— J — T and 6 = — • ^-—, — ~ 

\ rj r — />sin^ r r ^ p sm (f> 

In the following questions a and b will have these 
values, and it will be understood in every question relating 
to combinations of pulleys that the effect of the weight on 
the friction of the axle is neglected ; it must also be re- 
membered that this is not the same thing as neglecting 
the weight entirely. 

Ex. 354. — If P is on the point of lifting Q by means of a tackle in which 
each block contains one sheaf, show that 

p=_£L.Q + 6.(l+ JL). 
l+a ^ ^ 1 + a' 

[See Examples 318 and 320.] 

Ex. 355. — Obtain a formula similar to that contained in the lastExample 
for the case in which there are in all three sheaves, and show that when 
there are n sheaves — all the ropes being considered parallel, we have 

p_Q a"(a--l) nba'' h 
^ a»-l a"-l a-1* 

Ex. 356. — Show from the formula in the last example, and also from first 

principles, that when the passive resistances are neglected Ps=H. 

Ex. 357. — There is a block and tackle consisting of 6 sheaves each 3 in. 
in radius, whose axles are ^in. in radius and are of wrought iron turning on 
cast iron} the rope used is untarred and is 4 in. in circumference, the total 
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weight rdsed (■.«. the maw uai lower block) ie lOOOlha.; find the prcnars 
reqaiied, (1 ) taking; into account the paanve reeiscancei, (9) neglecting them. 
Am. (I)3901bs. (S) 133Ibi. 
tie. B'- Ek. 358. — When the pullejB are ng.sa. 

i arranged as in the annexed dia- 



gram (Kg. 8B) ahow that the rela- {__ 
tion between P and Q is given by 
the following formula 

P(l + « + on,)-<''''.Q + *(l+" + 

aaOt^ + ahjCl-t-a). 
nhero a, b, refer to the smaller pul> 
lejs and a,, h, to the large pulley. 

Ex. 359.— If a pair of similar 
pulleys are arranged aeshown in the 
accompanying flgnre (89), where A 



Z! 



1 a+l o+l 

where ic is the weight af the moTcable pulley? 

Ex. 360.— In the last Example sappose each pulley to he rimilar to that 
described in Ex. 3ST, and the moveable pulley with its block to weigh 50lbs.| 
the rope being dry and 4in. in circumference, find the pressure required to 
raise a weight Q of lOOOlbs. and determine the corresponding values of P 
when (he passive resistances are ceglected. Ana. (1) 65Slbs. (S) 47Slb8. 

Ex. 361. — If a pair of similar pnlleja is employed to Fl^.W. 

raise a weight Q in the manner indicated by the annexed ^' f 

diagram (Fig. 90); show that 

(2o+l)P-a"Q + i(aa+ l)-a» 
and determine P when Q weighs 100011»., the pnlleyg and 
ropes being the same aa in Ex. 360; and when passive re- 
sistances are neglected. Am. (1) 432 lbs. (i) 3l7lbs. 

Ex. 363. — In the case of a taokle with three cqnal sheaves 
show that the pressure P which will just support a weight 
Q is given by the formula 
p_ (a-l)Q 



a {a' 



■1) 



lia'- 



-1 



and show that when tile passive resistances are neglected 
equation reduces Eo SP'-Q. 

15. The Capstan. — This machine in oae of ita com- 
monest forms consists of a cylindrical mass of wood, CD, 
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along the axis of which is cat a cylindrical aperture, 

which receives an axis 
^ AB (commonly of 
I metal) on the top of 
which it rests ; in the 
upper part of the cap- 
stan holes are cut, 
into which are inserted 
arms, such as EF, by 
means of which the 

capstan is turned, thereby winding up the rope GH which 

carries the weight. 

Ex. 363. — In a capstan turned bj two equal paraUel pressures P acting 
towards opposite parts at equal distances a from the geometrical axis of the 
figure, let b be the radius of the cylinder round which the rope is wrapped, 
r the radius of the metal axle, /ii the coefficient of friction between the top of 
the axle and the capstan, and /i or tan ^ that between the side of the axle and 
the capstan, show that when the friction on the top of the axle is neglected 

2Pa=. (& + r sin ^) (Q + At^BQ ) 

o 

and when the friction on the top of the axle is taken into account 

2Pa=(6 + r8in^)(Q + A:^) + |rMiW ^ 

where W is the weight of the capstan. 

76. Equilibrium of two pressures acting in given 
directions on a body capahle of turning an axle. — A 
geometrical construction has been already given by which 
the relation between the pressures can be determined ; in 

the formula proved below 
the following notation is 
employed. Let P and Q 
be the pressures whose di- 
rections meet in A ; P is on 
the point of preponderance ; 
the centre of the axle; 
draw the line AR so that 
the angle AEO equals ^. Let fall OM, ON perpendi- 




THE TWO-WHEELED CAERIAGE. 



145 



culars on the directions of P and Q and join MN, then 
PAO = a, QAO=:A RAO=^, 0M=2), ON = g, MN 
= L. 

Ex. 364. — ^In the above figure show that L=p cos P + q cos a. 

Ex. 865. — When F is on the point of overcoming Q show that "Pp^ 



Qq ( 1+ _£_?HLr. ) very nearly. 

\ pq / 



pq 

[We have P sin (a-e)=Q sin (j3 + 0) 
or since is a very small angle, this is very nearly equivalent to the following 
P (sin a —sin cos a) = Q (sin jS + sin 6 cos jS). 

Bemembering that sin g« ^ ?^ > ^^^ ^^^^ AO sin a^p and AO sin ]3»gf, 
we obtain 

P (/>— p sin <t> cos a)=Q (q + p sin <p cos P) 
whence the approximate equation in the question is at once derived.] 

Ex. 366.^Determine the answer to Ex. 312 by means of the formula of 
Ex.365. ^n«. 6611bs. 

Ex. 367. — Explain why the formula in Ex. 365 will not enable us to 
solve Ex. 313. 

77. The two-wheeled carriage. — In this case we may 
consider that the weight of the carriage is equally dis- 
tributed upon each wheel. Fig. 93. 
Now it will be observed that 
at each instant the wheel is 
lifted over a small obstacle 
A; then if is the centre 
of the axle, and B the pgint 
of contact with the road, the 
angle A B must have a 
certain magnitude, which we 
will denote by the letter 7, 
We will also denote the in- 
clination of the road by a, 
and the angle between the direction of the traction and 
the road by fi. Then the pressures concerned are, the trac- 

L 
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tion T, the weight W, and the reaction B, of the point A, 
which, when T is on the point of moving W, must cut the 
circumference of the axle in a point D, such that O D R= 
<!> ; then if we denote the angle OAR by 0^ the relation 
between T and W will be easily obtained by the triangle 
of pressures, 

Ex. 368. — When the wheel as abore explained is on the point of moring, 
•how that 

T - W -22-^5Lt2±12, 
C08 (/8-7-^) 
Ex. 369. — If A 18 the length of the arc AB, r and p the radii of the 
wheel and axle respectiyely, and if the road and the direction of traction 
are horizontal, show that 

r T — W (A + p ^) yerjr nearly. 
Bemarh, — It appears from the experiments of General Morin that the 
traction is sensibly proportional to the weight dir^tly and the radios of the 
wheel inyersely^when the roads are pared or hard macadamized, and both 
the road and direction of traction are horizontal*; consequently it appears 
that for snch roads, nnder the circnmstances assigned in Ex. 369, the traction, 

as foand by experiment, equals — -^ where A is a constant quantity; bat 

from the example it appears that A» A + p^, and hence the length of the arc 
A must be yery nearly the same for the same road whateyer be the radios 
of the wheel 



* Morin, Notions Fondamentals, p. 353. The account of the carriage 
wheel given in the text is taken from Mr. Moseley*s Mechanical Principles 
of Engineering, pp. 395, 6. 7. The general results of M Morin's experiments 
will be found in the Appendix to Mr. Moseley's work. The reader will find 
a great deal of condensed information on the subject of carriage wheels in 
Dr. Young's Natural Philosophy, Lecture 18. 
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Section L 

78. Conditions of the equilibrium of a walL — The 
questions that concern the equilibrium of walls fall into 
two classes. In the first place, it may be asked what is 
the pressure acting in a certain direction that can be sup- 
ported by a given wall. In the second place, it may be 
asked what must be the dimensions of a wall to sustain 
a given pressure. Questions of the first class admit of 
an easy answer by coriBtruction ; those of the second com- 
monly require the use of more advanced mathematics. 
The first section of the present chapter will therefore con- 
tain questions that belong to the first of these classes. 

Let A B C D represent the section of ^' ^- 

a wall, the base A B being on the level 
of the ground ; let it be acted on by a 
pressure P along the line P Q : now it is 
considered that a wall, to be stable, must 
be capable of standing irrespectively ^ 
of the adhesion of the mortar * ; hence, 
if we suppose B D to be a continuous 
mass, and simply to rest on the section 
A B, and determine the pressure P which will be in the 

* « Thoagh ordinary mortar sometimes attains in the coarse of years a 
tenacity equal to that of limestone, yet, when fresh, its tenacity is too small 
to be relied on in practice as a means of resisting tension at the joints of 
the stmctnre; so that a stmctare of masonry or brickwork, requiring, as it 
does, to possess stability while the mortar is fresh, ought to be designed on 
the supposition that the joints have no appreciable tenacity." Bankine, 
Applied Mechanics, p. 227. 

L 2 
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act of turning the mass round the point A, this will be 
the greatest pressure that the wall can support, and can be 
determined by the rule that its moment with reference 
to the point A equals the moment of the weight of the wall 
with reference to the same point. 

Ex. 370. — A wall of brickwork 2 feet thick and 25 feet high sustains on 
the inner edge of its snmonit a certain pressure on ewerj foot of its length; 
the direction of this pressore is inclined to the horizon at an angle of 60°; 
find its amount when it will jast not orerthrow the walL (See fig. ^.) 

Draw the section of the wall ABC to scale; make the angle BAN eqnal 
to 30°, then the pressure P acts along the line PN; draw C N perpendicular 
to P N; through O, the centre of graritj, draw the Tertical line 6 M, cutting 
CB in M ; the principle of moments gives us 

PxCN-WxCM. 

The weight W equals 5600 lbs. ; C M equals 1 foot; C N, as obtained bj mea- 
surement, equals 10*8 feet; whence P equak 518 lbs. When P is found by- 
calculation it equals 520 lbs. 

Ex. 371.— In the last example suppose the pressure to be applied by 
means of a bracket, at a horizontal distance of 3 ft. from the inner edge of 
the summit; determine its amount when it will jast not oyerthrow the waD. 

Ans. 685 lbs. 

79. The effect of buttresses. — Let Fig. 95 represent 
the elevation of a wall. Fig. 96 its plan, and Fig. 97 

its section made 
— along the line A B; 
if now we neglect 
the weight of the 
buttresses, their 
eflfect in support- 
ing the wall will 
_ be understood by 
inspecting in Fig. 
96 ; for it is manifest that the wall would fall by being 
caused to turn round the line X Y; but, if the buttresses 

Fig. 96. were removed, 

' ■ — — • ■ by being 

X — I I I I 1 * r^ caused to turn 

xyi w) that, in the former case, the moments must be 



Fig. 95. 
A 



D 



B 



K 




(J M n 



Fig. g. r.H8. 
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meaeured round M, ia the latter round K : in other words, 
the mtroduction of buttresses diminishes the moment of 
P> and increases that of the weight of the wall. Their 
usefud eflfect is still further increased by the fact that if 
the moment of the weight of the but- 
tress is taken into account, it increases 
the moment of the weight of the wall. 

It is to be observed that if CD and 
E F be drawn at equal distances from 
A B, and at a distance from each other 
equal to the distance between the centres 
of two consecutive buttresses, then we 
may consider that the total pressure oi 
C F is supported by the weight of the 
portion of the wall between C D and E F, and by the 
■weight of the buttress. 

Ex. 373. - Id the last example if the wall wen sap- ns-f» . 

tioned hj battreeses afi. tbick*, to what can the pr«>- 
■nre ott each foot of the length of the wall be increased 
without oTerthrowing it: — the wdght of the battreeiee 
being neglected ? Aiu, 2609 lbs. 

Ex. 373. — In Ex. 370 suppose the wall to be anp- 
ported bf counterforts reaching to the top of the wall, 
1 foot thick, 1 foot wide, and 10 feet apart from centre 
to centre, determine the preegnre on each foot of the 
length of the wall that can be sopportedi (I) when the 
direction of the preesure is inclined at an angle of 60° to 
the horizon; (S) when the direction ii inclined at an 
angle of 90° to the horizon. 

Ans. (1) ll45lbB. (2) 56g-SlbB. 

Ex. 374, — In each case of the last example detennine 
to what the pressnre can he increased if the buttress as- 
lames the form of a Gothic buttress, as indicated io the 
annexed diagram, where A C and C E are each a foot 
square, and CD and AB are respectiTely 20 and lolt. 
high ? An$. (1) ISOSlbs. (a) 87Blba. 



150 



PRACTICAL ICECHANICS. 



FIff.99. 




80. The thrust of props. — Let A B represent a beam or 
prop resting on a fixed support at the end A ; and suppose 

it to be acted on by certain pressures 
which are balanced by the reaction of 
the end A, That part of the reaction 
which acts along the axis of the beam A B 
is called the thrust of the prop^ and is, 
of course, equal to the thrust produced 
by the pressures on the prop, the two 
being equal and opposite. If no pressure axjts on the beam 
except at the end B, it is plain that the whole reaction 
from A must pass along the beam. For the following 
questions, which concern the thrust of props, it will be 
assumed that the thickness of props and beams can be 
neglected, except so far as it affects their weight. 

Ex. 375. — ^A wall of brickwork, 25 ft. high and 2 ft. thick, sastains on the 
inner edge of its summit a pressure of 1000 lbs. on erery foot of its length, 
whose direction is inclined at an angle of 65^ to the vertical; it is supported 
Fig. 100. at every 5 ft. of its length by a prop 25 ft. 

long, resting against a point 3ft. from the top; 
determine the thrust on the prop. 

Ans, 7 700 lbs. 
[If the annexed figure represent a section 
of the wall and prop, the pressures acting are 
F, the pressure on the summit of the wall, 
W, its weight; these are balanced by T, the 
thrust of the prop, and the reaction of the 
ground AB: now, unless the prop is wedged 
up against the wall, it will not supply more 
pressure than iBJust sufficient to support the 
waU; consequently the resultant of F, W, and 
T must pass through A, at which point it 
will be balanced by the reaction of the ground; hence by measuring mo- 
ments round A we can find T.] 

Ex. 376.— In the last example determine the magnitude and direction of 
the pressure on the point A, without assuming a knowledge of the magni- 
tude of T. ^ns, 20900 lbs. 

[Determine by construction the resultant of F and W, and the point in 
which its direction cuts that of T; the pressure in question will pass through 
this point and through A, so that its position is completely known; and then 
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by measuring moments round any point in T*8 direction (e, g. the foot of the 
prop) its magnitude is at once determined.] 

81. The thrust produced by a roof on the wall which 
supports it — Let A B, A C represent two of the prin- 
cipal rafters of an isosceles roof, and 
let the whole weight sustained by each 
rafter (including its own weight) be 
represented by W : this weight will act 
at the middle point of the rafter, and^ 
can be replaced by weights equal to 

W 

— acting at each end of the rafter, so 

that the total weight sustained by both rafters can be con- 
ceived to be distributed as shown in the figure, viz., W 

W W 

acting at A, « ^^ ^> ^^^ 2 ^^ ^> ^^^ *b® pressure W 

can only be sustained by the thrusts of the rafters ; if then 
we take A J9 to represent W, and complete the parallelo- 
gram A q p r, the lines A g, A r will represent the pres- 
sures along A B and A C necessary to support W, and 
therefore also will be proportional to the thrust T pro- 
duced on the walls along the lines A B and A C, the total 

pressure on each wall being the resultant of T and r 

When the determination of the thrust is made for the 
purpose of ascertaining whether a certain wall will support 
the roof, it is much easier to regard the wall as acted on 

W 

by two pressures Tand -x than to regard it as acted on by 

their resultant. 

Ex. 377.— There is a roof weighing 25 lbs. per square foot, the pitch of 
which is 60°; the distance between the side walls is 30 ft.; determine the 
magnitude and direction of the pressure on the foot of each rafter, the 
rafters being 5 ft. apart. (See fig. A.) 

Let ABC represent the roof; then the weight (W) supported on each 
rafter equals 3750 lbs.; hence, when the weight is distributed^ hv^ ba:^0^ ^i^ 

l4 
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C, — at A, and — at B; draw CW vertical, and take CD to represent 

37 50 lbs.; draw D£ parallel to BC [which is broken in the figure as in- 
dicated bj the letters a, a and 6,6] ; then CE represents the thrust (T) along 

W 

the rafter. The total pressure on the wall (R) is the resultant of — and T act- 

ing at A; take AF to represent on scale 1875 lbs. and AH equal to CE; 
complete the parallelogram FH; then AE gives the magnitude and direction 
of the resultant R; it was found from fig. h that R equals 3885 lbs. and 
the angle E AF equals 16°; the results given by calculation are that R equals 
3903 lbs., and that the angle EAF equals 16° 6'. 

Ex. 378. — ^If in the last example the walls were 20ft. high, 2^ ft. thick, and 
of Portland stone, would they support the roof? 

Arts, The wall will stand — the excess of the moment of the weight of 

5 ft. of its length over that of the thrust being 17000. 
Ex. 379. — If in the last example the walls be supported by buttresses 20 ft. 
apart firom centre to centre, 15ft. high, 2 ft. wide and 2j-ft. thick, would these 
support the wall if its thickness were reduced to l^ft. ; and what would be the 
excess of the moment tending to support 20 ft. of the length of the wall over 
that which tends to overthrow it ? Atu, (1) Yes. (2) 220000. 

Ex. 380. — The pressure F of a roof is sustained as shown in the annexed 
diagram; AB, the outer wall, is of brick and is 20 ft. high and 18 in. thick, 
Fig. 103. CD is an inner wall or column, on the top of which 

and of AB rests a horizontal rafter AC, which receives 
the pressure F; the distance AP is 7ft. and AC is 
10 ft.; the direction of F is inclined at an angle of 
30° to the horizon. Determine the greatest value of 
F that AB can sustain, (1) when the friction on the 
top of the column is neglected, (2) when the coeffi- 
cient of friction equals 0*5, the rafters being 10ft. 
apart. Ans. (I) 1474 lbs. (2) 1853 lbs. 

Ex. 381. — In the last example suppose the roof 
producing the pressure F to have a pitch of 30°, a 
span of 50 ft., and to weigh 20 lbs. per square foot, in- 
cluding the rafters; if the dimensions are the following 
will the wall stand ? AB is of brickwork 2f ft. thick 
and 40 ft. high, the foot of the rafter F being 15 ft;. 
distant from A; the top of the column being firmly fastened to C: the 
weight of AC and of the column are to be neglected, and the foot of the 
column supposed simply to rest on the ground. 
Ans, It will stand — excess of moment per foot of length of wall being 7200. 
Ex. 382.— In the last case suppose the distance of the column from centre 
to centre to be 20 ft;, and also to be 20 ft. from the inside of the wall A B ; 
determine the total pressure tending to crush one of the columns. 

Ans, 8660 lbs. 
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82. Throat on a tis-beam. — Eeferring to Art. 81. it is 
evident that if the ends B and C of the rafters are tied 
together by a beam B C (which is called a tie-beam), the 
"whole of the lateral pressure on the wall will be neutralised, 
since, whatever be the weight of the roof, the ends of the raf- 
ters cannot be forced outward so long as the joints are per- 
fect: the roof will act merely by its weight, and there will be 
no tendency to overthrow, but only to crush the wall, except 
so far as the bending of the tie may give rise to a lateral 
pressure, a tendency which at present we do not consider, 
though in practice it is a very important element. The 
thrust on the tie-beam will of course be obtained by re- 
solving the thrust along the rafter in a horizontal direction. 

Ex. 383. — If two rafters AB and AC are each 20 ft. long, and their feet 
are tied hy a wroaght-iron rod B C whose length is 35 ft, a weight of 1 ton 
is suspended from A: determine the strain it produces on the tie, the weight 
of the rafters, &c. heing neglected. If the rod have a section of a quarter 
of a square inch, determine the weight that must he suspended at A to 
hreak it. Ana, (1) 2024 Ihs. (2) 18590 Ihs. 

Ex. 384. — There is a roof whose pitch is 22° 30', the rafters are 40 ft. 
long; the weight of each square foot of roofing is 18 lbs.; determine the 
diameter of the wrought-iron tie necessary to hold the feet of the principal 
rafters with safety, supposing them 10 ft. apart Jna. 1*28 inches. 

83. The pressure produced against a wall by water. — 
The following construction can be very easily proved from 

the principles of hydrosta- 
tics. Let A B represent a 
section of the wall made 
by a vertical plane, C D 
the surface of the water; 
draw the vertical line BE; 
draw B F, a perpendicular 
to A B and equal to B E ; 
join C F ; then the pres- 
sure on any length of the 
wall will equal the weight 
of a prism of water whose base is C B F and height thA 



Fig, 103. 
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length of the wall ; or, in other words, the pressure on each 
foot of the length of the wall will be the weight of as many 
cubic feet of water as the triangle B C F contains square 
feet; this pressure will act perpendicularly to the face of 
the wall through a point P, where B P = ^ B C, 

Ex. 385. — There is a wall supporting the pressure of water against its 
vertical face; determine the pressure produced by the water on each foot of 
its length when 20 ft. of its height are covered. Ans, 12500 lbs. 

Ex. 386. — In the last case determine the pressure on the lower 10 ft. of 
the wall. Atts. 9375 lbs. 

Ex. 387. — An embankment of brickwork has a section whose form is a 
right-angled triangle ABC; the base BC is 6 ft. long; the height A B is 14 
ft.; will the embankment be overthrown when the water reaches to the top, 
if A B is the face which receives the pressure ? 

Ans, Yes — the excess of the moment of pressure of water is 9767. 
Ex. 388. — In the last case will the embankment be overthrown if AC 
is the face which receives the pressure ? 

Ans. Yes — excess of moment of weight of water 8675. 
Ex. 389. — ^In Ex. 387 what horizontal pressure applied at A would keep 
the embankment steady? .^ln«. 698lb8. 

Ex. 390. — If the section of a river wall has the form shown in the ac* 
Fig. 1 04. company ing diagram, in which A B ~ 5 ft., D C = 1 5 ft., 
^ and BC equals 50ft.; BC being vertical, and the angles 
B and C right angles, find the height to which the water 
must rise against BC to overturn it Ans. 37*2 ft. 

Ex. 391. — If in the last example the dimensions were 
BC equal to 30ft, AB equal to 3 ft., and DC equal to 
10 ft., would the wall be overthrown if the water rose to 
the summit? Ans. Yes. 

Ex. 392. — There is a cofferdam sustaining a pressure 
of 26 ft. of water, supported by props 20 ft. Jong, 20 ft. 
c apart, the ends of which are placed at frds below the 
surface of the water; determine the thrust on each. Ans. 468800 lbs. 

Ex. 393. If the section of an embankment of brickwork were of the 

form shown in Fig. 104., and the dimensions were AB equal to 4ft;., DC 
equal to I2ft.> and BC equal to 24ft;., would it support the water when it 
rises to the top and presses on the face AD? 

Ans. Yes — excess of moment of weight of wall 5184. 
Ex. 394.— If the coefficient of friction between the course of brickwork in 
the last example be 0*75, will the wall slide on its lowest section? 

Ans, No— defect of horizontal pressure 2628 lbs. 
Ex. 395. — In Ex. 392 what vertical pressure must by some means be sup- 
plied that equilibrium may be possible? Ans, 203 100 lbs. 
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Section IL 

84. The line of resistance. — Let ABLM represent 
any structure divided into horizontal courses by the lines 

C D, E F, GH and let it be Fig. 105. 

subjected to the action of any 
pressure P along the line P a ; pro- 
duce P a to meet C D in a'; if the 
mass A B C D were without weight 
the pressure on C D would act on 
the point a'; but the total pres- 
sure on C D is the resultant (Ej) 
of P and the weight of A B C D ; 
the direction of this resultant must 
cut C D at some determinate point 
between a' and D, say at 6, and let 
the direction of Ej be 66'; now 
the total pressure on E F will be 
the resultant (Ej) of Ej and the weight of C D F E, which 
will cut E F at a determinate point c, between 6' and F ; 
in the same manner, the pressure on the point Gr H will 
act through a determinate point cZ, and on L M through a 
point 6. Now if we join the points a, 6, c, cZ . . • we shall 
obtain a polygonal line which cuts each joint in the point 
through which passes the direction of the resultant pres- 
sure on that joint ; if now we suppose the number of 
joints to be indefinitely great, the polygonal line will be- 
come a curved line, which is then called the line of re- 
sistance. It will be remarked that the direction of the 
resultants do not commonly coincide with the sides of the 

polygon a 6', 6 (/, and therefore the line of resistance 

determines only the point at which the pressure on each 
joint acts, not the direction of the pressure at that point. 

The line of resistance can be determined without much 
difficulty in a large number of cases : when this ha&\i<^^3CL 
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done, the condition of equilibrium — so far as the tendency 
of the structure to turn round any of its joints is concerned — 
is that this line cuts each joint at a point within the struc- 
ture ; and, of course, the stability of a structure about any 
joint will be greater or less according as the intersection of 
the line of resistance with the joint be at a greater or less 
distance within the surface to which it is nearest. 

It is plain that since the resultant of the pressures that 
act on a wall passes through the point of intersection of the 
line of resistance with its base, the algebraical sum of the 
moments of the pressures acting on the wall, taken with 
respect to that point, must equal zero. It may also be re- 
marked that, in the case of most walls of ordinary shapes, 
the line of resistance continually approaches the extrados 
or outward surface ; and hence, if the wall possesses a cer- 
tain degree of stability with reference to its lowest joint, it 
will possess a greater degree of stability with reference to 
any higher joint ; most of the following questions can, ac- 
cordingly, be solved without the actual determination of 
the line of resistance. 

Ex. 396.— A wall of Portland stone 30 ft. high and 2 ft. thick has to 

sustain on each foot of its length a thmst 
equal to the weight of 3 cuhic feet of stone 
acting in a direction inclined to the vertical 
at an angle of 45^. Find the point of a bracket 
to which this pressure must he applied that 
the line of resistance may cut the base 6 in. 
within the extrados. 

[Let the annexed figure represent a section 
of the wall; let the pressure act along the 
line XN, and let AX equal or; take BQ equal 
to Cinches; then the condition of equilibrium 
is that the moments of the pressure and of the 
weight of the wall round Q be equal. Draw 
QN perpendicular to XN; it can be easily 
shown that 
QN-AC cos AXN-QC sin AXNr- AX sin AXN 

. -,__ 28-5 -ar 
ue, QN= -rir— 



Fig. 106. 
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Wbence we obtain 

/. *«14-36ft. 

It may be remarked that the determination of a perpendicular resembling 
QN occurs in many of the following questions. It may also be added 
that it is sometimes convenient to resolve the pressure into its horizontal and 
Tertical components at X and obtain the moment of each.] 

Ex. 897. — Determine the point of application of the pressure in the last 
article if the line of resistance cuts the base 3 in. within the extrados. 

Ans, 7*04 ft. 

Ex. 398. — ^A roof whose average weight is 20 lbs. per square foot, is 40ft. 
in span and has a pitch of 30^; the walls of the building are of brickwork, 
and are 50ft. high and 2ft. thick; they are supported by triangular but- 
tresses reaching to the top of the wall ; the buttresses are 2 ft. wide, and 
20ft;. apart Arom centre to centre. Determine their thickness at the bottom 
that the line of resistance may fall 6 in. within their extrados: determine 
abo the answer that results from neglecting the weight of the buttress. 

Ans, (1) M675ft. • (2) 1 •1754ft. 

Ex. 399. — ^A roof weighing 20lbs. per square foot has a pitch of 60^; the 
distance between the walls that support it is 30 ft.; they are of Portland stone 
and are 2i)ft. thick; the pressure of the roof being received on the inner 
edge of the summit, what is the extreme height to which the walls can be 
built? Ans, The wall can be carried to any height whatever. 

Ex. 400. — If the weight of each square foot of a roof is 15 lbs., its pitch 
22^^, and the length of the rafters 30ft., determine; (1) the thrust along the 
rafters, supposing them to be 4 ft. apart; (2) the strain upon the tie-beam 
if one is introduced ; (3) the magnitude and direction of the pressure on 
each foot of the length of the wall-plate*, if there is no tie-beam; (4) the 
thickness of the wall, which is of brickwork and 20 ft. high, when the line of 
resistance cuts the base 2 in. within the extrados, the pressure of the roof 
being received on the inner edge of the summit; (5) determine the distance 
from the axis of the wall at which the pressure of the roof must act if the 
line of resistance cuts the base of the wall 3 in. within the extrados. 

Ans, (1) .2352lbs. (2) 2173lbs. (3) 705lbs. at an angle of 50° 21' 20'' 
. to the vertical. (4) 3 ft. (5) 27 ft. 

Ex. 401. — K VV is the weight supported by each rafter of an isosceles roof 

W 

whose pitch is a; show that the thrust on each rafter is -—-. — - , and the strain 
'^ 2 sin a • 

W 

on the tie 



2 tan a 



* The wall-plate is the beam on which the feet of the rafters rest; its 
ofiSce is to distribute the pressure along the wall. 



158 PBACnCAL MECHANICS. 

Ex. 402. — There 18 a riyer wall of Aberdeen granite 15ft. high and 
haying a rectangular section; the water comes to the distance of one foot 
from the top of the wall; find its thickness when the line of resistance cuts 
the base 6 in. within the extrados. Ans. 5*3 ft. 

Ex. 403. — ^In the last example if the wall had a section of the form shown 
Ex. 390, where AB is 1ft. long, the yertical face of the wall being towards 
the water; determine the width at the bottom when the line of resistance cnts 
the base 6 in. within the extrados. If the walls in this example and the 
last are 200 ft. long, determine the solid contents of each. 

Ans. (1) 7*03 ft (2) 15900 and 12045cab. ft 

Ex. 404. — ^In each of the last examples determine the distance from the 
extrados of the point at which the line of resistance cuts a horizontal joint 
8ft below the surface of the water. Ans. (I) l*97ft (2) 1-74 ft. 

[The point will, of course, be that round which the moment of the weight 
of the incumbent portion of the wall equals the moment of the pressure of 
the water on the eight feet.] 

Ex. 405. — A riyer wall whose section is a right-angled triangle just sup- 
ports the pressure of water when its surface is on a leyel with the top of the 
wall; show that the thickness of the base 



•i height X / "> 

V^ tf;^ + 2 «; 

if the hjpothenuse of the triangle is turned towards the water; but when 
the perpendicular is turned towards the water the thickness of the wall 



height 






where w is the weight of a cubic foot of water, and w^ that of a cubic foot 

of the material of the wall. And show from hence that the former is the 

more adyantageous way of building such a wall when the specific grarity 

of the material of the wall is greater than 2, and the latter when it is less 

than 2. 
Ex.406. — A wall of brickwork is to be built round a reseryoir 20 ft. 

deep; its slope is inward; it is one foot thick at top ; what must be its thick- 
ness at the bottom, that, when the reseryoir is full, the line of resistance may 
cut the base 6 in. within the extrados? Ans, 10*74 ft. 

Ex. 407. — The wall of a reseryoir full to the brim is of brickwork and is 
20ft. high and 2ft thick; it is supported by props at interyals of 6ft.; the 
length of each is 20 ft. , and its inclination to the horizon 30^: determine the 
thrust on each prop, its weight being neglected. Ans, 54632 lbs. 

Ex. 408. In the last example determine the thickness of the wall that 
would just support the pressure of the water if the props were remoyed: if 
the wall stand on its lowest section without the aid of cement, what must 
be the coefficient of friction between the surfaces? 

Ans. (1) 8-6 ft;. (2) 0*65. 
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Ex. 409.— A cofferdam sustains the pressure of 26 ft of water, and is 
supported at intervals of 10ft. by props ^8» W. 

DE and CF; given that BC and BD are 
respectively 4ft. and 18ft. and that DE 
and CF are respectively 30ft. and 18ft. ; 
find the thrust on each prop. And what 
must be the weight of the struts, and of 
the cofferdam, that the whole be not over- 
thrown? The thickness of the cofferdam, 
and the adhesion at B, are to be ne- 
glected. 

Ans. (1) Thrust on DE=» 8080 lbs.; 
on EC » 144400 lbs. (2) 84900 lbs. 

85. The pressure of earth.-- Itet A B represent a section 
of a wall supporting earth, whose surface is A C, it is re- 
quired to determine the pressure produced rig. los. 
on A B by the earth. Now it must be 
remembered that two extreme cases may 
come under consideration : the first arises 
when the earth is thoroughly penetrated 
with water, in which case the pressure is 
the same as would result from hydrostatic 
pressure ; the second arises when the co- 
hesion of the earth is so considerable that 
it would stand with its face vertical even if the wall were 
removed. Dismissing these two extreme cases, let us sup- 
pose the wall A B removed, the following result will then 
ensue: the earth being friable will weather and break 
away until its surface has taken a slope B C, inclined to the 
horizon at an angle equal to the limiting angle of resist- 
ance; when reduced to this state it will have no fiuiiier 
tendency to break away, and, unless washed down by rain, 
or removed by some other extrinsic cause, will remain 
permanently at rest at that slope, which is therefore called 
its natural slope. Hence, in the case we are considering, 
the wall is required to give a certain degree of support to 
the wedge of earth ABC; this wedge is generally sup- 
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ported in some degree by the cohesion of its parts with each 
other and with the earth below B C, so that the wall will 
be suflSciently strong if it will support the earth, on the sup- 
position that the cohesion is quite destroyed, unless (which 
is not contemplated) the earth should be saturated with 
water. The angle of the natural slope of fine dry sand is 
about 35® ; of dry loose shingle about 40° ; of common 
earth, pulverised and dry, about 45^* 

Proposition 19. 

If w is the weight of a cubic foot of earth, and ^ its 
natural slope, the pressure produced on the vertical face of 
a retaining wall by earth which does not rise above its sum- 
mit, and which has a horizontal surface, is the same as that 
produced by a fluid the weight of a cubic foot of which is 

ai;tan^(j-|). 

Let A B be the section of the wall, B A C of the earth ; 

take any portion A X equal to ic of the wall, and suppose 

Fig. 109. its length to be 1 foot ; draw X Y, 

making an angle with the horizon 
greater than <f} ; then the weight W 
of the wedge AXY equals ^ wx^ 
cotan 0, and acts vertically through 
a point P where X P = -J^ X Y, and 
is supported by the reaction Ej of 
XY and by the reaction E of the 
wall : the latter reaction is equal and 




opposite to the pressure produced by the earth on the wall, 
and its direction is perpendicular to A X ; also, since the 
surface X Y will not exert a greater pressure than is just 
necessary to support AXY, the direction of Ej must be 
inclined to the normal to XY at an angle equal to ^; 

• See Mr. Moseley's MechanicAl Principles of Engineering, p. 441. 
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also, the directions of B and It| must pass through the 
point P, in which Ws direction cuts X Y, so that NX will 
equal -J- of A X ; moreover, 

R: W :: sinRiPW : sinR^PR :: sin(tf— ^) : cos(d-^) 
.-. R = W tan (tf - ^) = i ti; a;« cotan d tan (d — ^). 

Now according as d has different values R will have diffe- 
rent values, and if we determine the value of for which 
R is greatest, the wall cannot be called on to supply a 
greater reaction, and this must therefore equal the pressure 
which A X actually sustains. But 

^/ix //I ^\ cos I? sin (^ — 6) 8in(2d— 6)— 8in6 
cot5tan(^ — <p) = . ^ Yn T\ = - / o /I . I\ . - i 

sin ^ 



1 - 



sin (2d— ^) 



1 ^ ^^i> 



,\ ffln(2d— ^) 
Now since is essentially greater than ^ and each less than 

90^ the fraction . f!f>/ , v is, under all drcumstanoes, less 
' sin(2c'— 9) 

than unity, and will have its least value when sin (2 d— ^) 
has its greatest value ; hence, when sin (2 d — ^) equals 
iinity the above fraction is greatest. Since, then, its 
numerator is greatest and its denominator is least, L e. the 

required value of d is ^ + |, and, therefore, the required 

value of the pressure is 

i«;«,« cotanQ + |)taa(^-f) = i ^^ «=' tan« (J-I) 
acting through a point N which is below A by a distance 
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equal to f a; ; but this is the same as the pressure that 
would be produced by a fluid each cubic foot of which 

weighs w tan^ Q - |V Therefore, &c. ^. e. d. 

Ex. 410.— A mass of earth the specific gravity of which is 1 -7, whose sur- 
face is horizontal, presses against a rev6tement wall whose top is on the level 
of the ground and height 20 ft., the natural slope of the earth being 45°; de« 
termine the pressure of the earth on each foot of the length of the walL 

Ana, S646lb8. 

Ex. 411. — If the wall in the last example is of brickwork and has a rect- 
angular section, determine its thickness to enable it to sustain the pressure 
of the earth. Ana, 4*65 fl. 

Ex. 412. — The vertical face of a revetement wall of brickwork sustains the 
pressure of 20 Ht. of earth the surface of which is horizontal and 2 ft. below 
the summit of the wall; the thickness of the wall at top is 1ft.: what must 
be its thickness at bottom if it just sustains the earth ; the specific gravity of 
the earth being 2 ^d its natural slope 45°? Also determine the thickness that 
would enable the waU to sustain the pressure if the earth were thoroughly 
permeated with water.* . . Ana, (1) 5*74 ft. (2) 10*1 ft, 

Ex. 413.-^If a pressure F is applied against a wall supported on the op- 
posite side by earth with its surface horizontal; show that when F is on the 
point of causing the earth to yield, the resistance of the earth is the same 
as that of a fluid tlie weight of a cubic foot of which equals (weight of cubic 

foot of earth) x tan'^T + ^ V 



Fig. no. 




♦ It is common for revetement walls to 
sustain a surcharge of earth as shown in the 
accompanying diagram; an investigation 
of the pressure in this case will be found in 
Mr. Mosele/s Mechanical Principles of En- 
gineering, p. 453. The followingpractical for- 
mula (Morin, Aide-Memoire, p. 417) gives 
the thickness (x) of a rectangular wall for a 
given height (H) of the revetement (QM) 
and a surcharge (FQ) T^hose height is A, 
vie. 

Of =.0-865 (H + A) /^. tan (— --) 

v> being the weight of a cubic foot of earth, 
and tPx that of a cubic foot of masonry. 
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[The reasoning in this case is step hj step the same as that given in Prop 
19, except that now the wedge of earth is on the point of being forced ti/>, 
so that the direction of Bi will be on the other side of the perpendicular 
to XY.] . 

Ex.414. — The wall of a reservoir of brickwork is 4 ft. thick and 15 ft* 
above the surface of the ground; the foundations are 15ft. deep; the natural 
slope of the earth is 45° and it weighs 100 lbs. per cubic foot; when the 
reservoir is full (so that the water presses against the Whole SO ft. of wall) 
will the wall stand, supposing the adhesion of the cement perfect? 

Ans, Yes — excess of the moment of the greatest pressure that could sup 
port the wall over that of the pressure of the water 73480. 

*Ex. 415. — K ABC is a section of a rectangular wall, F the pressure 
applied to every foot of its length at A, the inner edge of its summit; deter- 
mine the equation to the line of resistance. 
[Take anj horizontal section of the \«all MN; let AN=jr, BC — &,then the 



weight W of ANM=aj:ir, where w is the weight 
of a cubic foot of the wall; now if the direction 
of the resultant cuts M N in B, this will be a 
point in the line of resistance, and if RN^y we 
are to determine a relation between or and y. The 
relation in question can easily be shown to be 

awxf y— -\ =sP (ar sin p— y cos a) 

where a is the inclination of F's direction to the 
vertical.] 

*Ex. 416. — ^In the last example show that the 
curve is a hyperbola and determine its asymptotes; 
and show that if the thickness of the wall equals 



Fig. 111. 
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it may be carried to any height whatever with safety. 



♦ Ex. 417. — If the wall in Ex. 415 has to support the pressure of earth 
or water reaching to the top of the wall ; show that the line of resistance is 
a parabola with its axis horizontal, and its focus in the summit of the wall 

at a distance from the intrados equal to - ( 1 + — j, where w is the weight 

of a cubic foot of masonry and i^i of the fluid. 

♦Ex. 418. — If A BCD is the section of a reservoir wall the vertical face 
of which (BC) is towards the water; the width of the top of the wall (AB) 
is a; the slope of AD is 0, and « is the specific gravity of the wall; show 
that when the water reaches to the top of the wall the equation to the line 
of resistance is 

x^ (— + tan^ e)— 3 jry tan e + Sax tan 0-6ay+3 o^=0 

U 2 
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* Ex. 419 Show that if the wall in thelast example stand, whatever be the 

depth of the water whose pressure it sostains, then tan $ mast be > , — » ■ 

* Ex. 420. — Determine the equation to the line of resistance in a river 
wall of Aberdeen granite the thickness of which is 4 ft, and which 
sustains the pressore of water whose surface is on the level of the top of the 
walL Ans, x'sSS (y^a). 

* Ex.42l.»-I>etermine from the equation in the last example the height of 
the wall when the line of resistance intersects the base at a distance of 4 in. 
within the extrados. Ans. 10-2 ft. 
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CHAP. VIII. 

ON THE DEFLECTION AND KTIPTUKE OP BEAMS BY TKANS- 

YERSE STRAIN.* 

86. Notation. — ^The cases of deflection that we shall in 
the first place consider will be those of beams with a 
rectangular section ; the following is the notation em- 
ployed : a denotes the natural length of the beam, b its 
depth, and c its breadth, i.6. in a direction perpendicular 
to the plane of the paper; these measurements are supposed 
to be taken in inches, since the values of the modulus of 
elasticity E, given in Table III. p. 11, are referred to a 
square inch of section-f 

87. Neutral surfa^Cy and neutral line of a bea/m. — If 
we consider a long beam of wood AD supported at its 
two ends, the effect Fig. m. 

of its weight will 
be to bend it into 
such a shape as is 
shown in thefigure; 
it is evident that 
the under surface 





C D will suffer extension, and the upper surface A B com- 

* This chapter cannot be read with advantage by any student who has 
not some acquaintance with the Integral Calculus. 

f The term modulus of elasticity was introduced by Dr. Young, to whom 
is due the first correct inyestigations of the flexure of beams; his views are 
to be found in his Lectures, toL u, p. 46, &c. — He denotes the modulus by 
the letter m, which is equivalent to £6c of the text: the reader will find the 
question fully discussed in Mr. Moseley's Mechanics of Engineering, Part 
v., which has been frequently referred to in drawing up the present chapter. 

X 3 
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pression: so that there will be some section PQ which will 
be intermediate to the compressed and extended parts, 
having imdergone neither compression nor extension ; this 
surface is called the neutral surface. It sometimes hap- 
pens that the whole of the substance is either compressed 
or extended; in such a case the neutral surface will not 
have a real existence, but there will exist without the 
body an imaginary surface bearing the same relation to 
the compressions or extensions as that borne by the- actual 
neutral surface in other cases. 

If we were to divide the beam into^^any number of thin 
parts by vertical planes parallel to Pj B D, the forms of the 
surfaces would be unaflFected, consequently any part of the 
neutral surface is like any other ; we may therefore confine 
our attention to the section of that surface made by a 
vertical plane passing lengthwise through the centre of 
gravity of the beam : this section is called the neutral line 
of the beam ; by the term aods of the beam is intended 
the geometrical axis of the beam considered as a prism. In 
the following examples it is assumed that the pressures act 
in a plane passing through the axis and parallel to the face 
of the beam. It is also assumed that the deflection of the 
beam is small, so that the moments of the pressures that 
bend it are not changed by the deflection of the beam. 

Ex. 422. — If a line AB is sabjected to a continaoas pressure throughout 
its length of such a nature that the pressure at any point F is at the rate of 
k . AF per inch, then the resultant pressure equals ^ k . AB^, and its mo- 
ment round A equals | A. AB^. 

[The solution is similar to that ahready given of the friction on a pivot.] 

Proposition 20. 

If a rectangular beam is held firmly by one end, and 
is acted on at the other by a pressure P, in a direction 
perpendicular to its length, the neutral line will coincide 
with the axis of the beam, and at any point distant p 
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inches from the end at which P acts the radius of curvature 

of that line equals .^ , J^ 

Let A B C D represent the beam brought into its present 
position by the action of the pressure P: let L L j be the 

Fig. lis. 
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neutral line; consider any small portion of the beam 
HKMN, which in its original state had the thickness 
E F, but owing to the action of P the ends M K and N H 
converge to ; we are to determine the position of the 
point F, and the distance FO; the former will give the 
position of the neutral line, the latter the radius of cur» 
vature at the point F. 

We may suppose HM to be made up of thin laminae 
parallel to EF, of which mn represents one; all those 
within M F are in a ^tate of extension, while thpse ivithin 

X4 
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F K are in a state of compression. Now since each part 
of the beam is in equilibrium we may confine our attention 
to the portion MH, and may regard NH asa fixed surface; 
then the expansive pressures within F K, and the contractile 
pressures within F M must be in equilibriimi with*P. But 
it is plain that the contractile pressure of any lamina such 
as nm acts in a direction perpendicular to that of P, and 
similarly of the expansive pressures of any lamina. Hence 
(Prop. 13.) the sum of the contractile pressures of M F = 
the sum of the expansive pressures of K F. Let E F and F 
be denoted by I and p, N F and H F by 6 j and b ^ and n¥ 
by Zy the width of the lamina being Bz; now the natural 
length of m n is i, therefore m n — iis the extent by which 
it is stretched ; therefore the pressure T necessary to pro- 
duce this extension is given by the proportion (see Art. 6) 

m9i — I : I :: — =r- • E 

coz 

But by similar triangles mn : I :: z + p : p 

.*. mn — I : I :: z : p 

r.T^'^zBz. 
P 

Now the pressure necessary to produce the extension equals 
that with which the lamina tends to contract, therefore 
T gives the contractile force of the lamina mn, and 
the same being true of all the others, their sum (by Ex. 
422) will equal 

Ec b,^ 

P 2 

and in like manner the sum of tlie ezpansire pressures will 
equal 

Ec 6,* 

T'T' 

And these being equal we have 6 j = 6 ^ ; also the same 
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will be true of any other section; the neutral line will pass 
along the middle of the beam^ {. e. will coincide with its axis. 
Next to determine p. It is evident that the expansive 
and contractile forces tend to turn A H in one direction 
roimd F, while the pressure P tends to turn it in the con- 
trary direction round that point, and therefore the sum of 
their moments round that point will (Prop. 13.) equal the 
moment of P round the same point; but by Ex. 422 the 

former moments equal — . ~i- and -^ . -^ respec- 

^ /} 3 /} 3 ^ 

tively, and since 6| = 6 j their sum will equal — . -— ; 

p 12 

also the moment of P equals P p 

•*• p"" Ec6» 

Cor. 1. — It will be remarked that in the above inves- 
tigation no horizontal pressure has been introduced to 
balance P ; in reality the horizontal pressure is supplied 
by the forces that hold the other end of the beam, e. g. 
the reaction of the brickwork if it is held as indicated in 
the figure. 

Cor. 2. — If the beam were naturally horizontal and were 
kept at rest by any pressures, th© results given in the 
above proposition • rig.iu. 

are still true; thus 
if A B were the beam 
acted on by pres- 
sures P, Q, B, S, as 
shown in the figure; 
then if we take any 
section N H, we may consider the part A N as held firmly 
by the forces, and the part B N bent, so that the radius of 
curvature corresponding to the section N H will equal 

12 .(Pt> — Q^) 

-F 1 8 , Tp and Qg being the moments of the 
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pressures P and Q round the middle point of N H. If we 
consider the part A N as bent, and B N as held firmly, we 

should obtain for the radius of curvature ^ — r-o 

where B r and S « are the moments of B and S round the 
middle point of N H. It is evident that these two ex- 
pressions give the same value for the radius of curvature, 
since Br+Ss=Pjp — Qg by Prop. 13. 

Ex. 423. — Determine the equation to the neutral line of the heam consi- 

Fig. 116. ^^^^^ ^ P^'^P" ^^* 

[Let LLi be the neutral line, LG the position of the 

U beaun's axis when unbent, F any point in the neutral line, p 

the radius of currature at F, x and y the coordinates of F, 

viz. LB and BF, we have 

l^ 12P(a~3r) 

p " M^c 

Now, since the curvature is small,— iL is small, and therefore 

ax 

ilf) ^'^ ^ omitted; consequently 

1 ^<f y 




. . 12P /a*a x'\'\ 



Ex. 424. — Show that the deflection of the beam in the last example equals 
4P ga 
Ebc* b^' 

Ex. 425. — Show that the curvatuie of the neutral line increases gradually 
from Li to L; that in form it is '* ultimately a cubic parabola, and that the 
depression is |rds of the versed sine of an equal arc in the least circle of 
curvature."* 

[The equation obtained in Ex. 423 gives the ultimate form, since it is eb- 

dy 
tained on the supposition that -^ ^O]* 

Ex. 426.^If in Prop. 20 a pressure is applied to the end of the beam and 



* Toungi vol ii. p. 4«. 
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gradnally increased ap to F, show that the number of anits of work expeib- 
ded in producing deflection equals 

E7^ " "W 

[Compare Ex. 149.] 

Ex. 427. — The end of a beam of oak is firmly imbedded in masonry; the 
length of the projecting part is 15ft., its breadth is Sin. and its depth 6 in.; 
a pressure of 2cwt8. is applied perpendicularly at its end; determine the de- 
flection, and the work expended in producing that deflection — the weight of 
the beam being neglected. Ans, (1) 5*5 in. (2) 51 units of work. 

' Ex. 428. — ^In the last example if the breadth of the beam were 6 in. and 
the depth Sin., determine the deflection. Ans. 22*2 in. 

Ex. 429. — If in Prop. 20 the beam in its natural state were horizontal 

and the bending pressure its own weight, show that . =_!£AfLll£L where 

p Ec6^ 

to is the weight of one inch of the length of the beam. 

[The pressure producing the curvature at F i& now the weight of AH.] 

Ex. 430. — ^^Show that the deflection in the last example is equal to 
3 wa a* 
2E6c ' V* 

Ex. 431. — Show that the deflection in the last example will be "half the 
versed sine of an equal arc in the circle of curvature at the fixed** end of 
the beam.* 

Ex. 432. — If the beam in Ex. 430 were of elm, were 5 ft. long, 1 ft. broad, 
and I ft. deep, and had to support the pressure of brickwork 16 in. thick and 
10 ft. high, determine the depression. Ans, 1 708 in. 

Ex. 433. — If a horizontal beam AB is supported at its ends and is loaded 
by a weight W at its middle point, and if ^ is the radius of curvature at a 
point on the neutral line whose distance from the middle point of the beam 
is x; show that 

1 SW (a-Zx) 
p" E^ ' 

[The pressure producing the curvature is the reaction on the nearer point 

of support, t. e, a pressure acting at a distance ^ — jt]. 

Ex. 434. — Show that the depression at the middle point of the beam in 
the last example equals — -— ^ . -. . 

Ex. 435. — If in Ex. 433 the beam were bent by its own weight, and if to 
is the weight of one inch of its length, show that 

1 3 w (a»--4jr') 
p°*2* Ecft* ' 



•Young, ToLii. p.-49. 
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Ex. 436. — Show that the depression in the middle point of the beam is 

equal to — . =^ — . -r-.. 
^ 82 E6c 6=* 

Ex. 437. — Show that **the depression in the middle of a bar supported at 
both ends, produced by its own weight, is five sixths of the versed sine of 
half the equal arc in the circle of least curvature." * 

Ex. 438. — A fir batten Sin. deep, l^in. broad, is placed horizontally 

between two props 5 ft. apart and loaded with a weight of 135 lbs. in the 

middle; its own weight being neglected, determine the depression; determine 

also the depression if it were fixed at one end, loaded with the same weight 

18 288 

at the other. Ans. (1) —-- inches. (2) -— - inches. 

133 133 

Ex. 439. — A spar of oak 3*2 in. square is placed horizontally between two 
props 12*8 ft. apart and loaded with 268 lbs. in the middle; determine the 
defiection, neglecting the weight of the beam. Ans, 1 *597 in. 

Ex. 440. — A piece of elm 2 in. square is placed horizontally between two 
supports 7 ft. apart, it is loaded in the middle with a weight of 125 lbs. ; de- 
termine the deflection when its own weight is neglected. Ans. 1*65 in. 

Ex. 441. — There is a beam of larch 6 in. deep, 4 in. wide, and 12 ft. long, 
it is supported on a fulcrum whose distance from one end is 4 ft. ; the shorter 
end carries a weight of 2cwts.; determine the deflection of each arm of the 
beam, its own weight being neglected. Ans, (1) 0*109 in. (2) 0*437 in. 

Ex. 442. — The ends of a beam rest on horizontal supports, it is deflected 
by its own weight and a vertical pressure W acting through its middle 
point; determine the total deflection, and show that it equals the sum of 
the separate deflections produced by its own weight and by W, if W acts 
vertically downward, and their difference if W acts vertically upward. 

Ex. 443.— If AB, AC are the principal rafters of a roof the feet of which 
are fastened together by a tie-beam BC, the middle point of which is D; if 
A and D are joined by a king-post which exactly neutralises the bending 
in the middle of the tie-beam caused by its weight, show that the strain on 
the king.post equals f of the weight of the tie-beam. 

Ex. 444. — In Ex. 439 determine the deflection when the weight of the 
spar is taken into account. Ans, 1*8 in. 

Ex. 445. — A beam of larch supported at each end measures 20ft. between 
the points of support, it is 6 in. wide and 10 in. deep, it sustains a wall of 
brickwork 30 ft. high and 1ft. thick throughout its whole length — ^find the 
deflection. Ans, 23* 13 in. 

Ex. 446. — If the beam in the last example is supported by a column 
which exactly neutralises the deflection of the middle point; find the thrust 
on the column. Ans. 42 170 lbs. 

Ex. 447. — If in the last example the under surface of the beam in its un* 



* Young, vol. il p. 49. 
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deflected state is 12ft. from the groand, the middle point is supported bj a 
column of cast-iron 3 inches in diameter, which in its uncompressed state is 
exactly 12ft long; determine the deflection of the beam and the thrust on 
the column. Ans. (1) (H)504in. (2) 42077lb8. 

[The column being compressible will allow the middle of the beam to 
descend, whereby the thrust on the column will be diminished: the question 
to be answered is at what degree of compression will the tendency of the 
column to recover its form upward exactly balance the tendency of the 
beam to deflect downward.] 

Ex. 448. — In the last example suppose the measurements to be made at 
50^ Fahrenheit, at what temperature would there be no deflection in the 
beam? -4j«.107®F. 

88. Deflection of beams whose aectums are not rectan- 
gular. — The reader will find little difficulty in extending 
the above investigation to the case of uniform beams whose 
sections have any form whatever; it can be proved that 
the neutral line passes through the centre of gravity of the 
section^ and that the formula for the radius of curvature is 

1 _ 2Pjp 

Where 2 P j? denotes the sum of the moments of the 
pressures that tend to turn one portion of the beam round 
any section (round H N, for example, in the fig. to Prop. 
20), E the modulus of elasticity, I the moment of inertia* 
about an axis passing through the centre of gravity of the 
section, and perpendicular to the plane in which the forces 
act. In fact the formula obtained in Prop. 20 is only a 
particular case of the above formula, since, in the case of 
a rectangle A B C D in which A B = 6 Fig.iie. 

and B C = c, the moment of inertia 
about an axis x y perpendicular to A B, 
and passing through the centre of gravity 

of the rectangle, equals — • 

1 « 

The reader will find the case of the flexure of beam 
• For the definition of the moment of inertia, see Fart IL 
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developed from the above fundamental formula in Mr. 
Moseley's Mechanical Principles of Engineering. The 
following examples are all that our limits permit. 

Ex. 449. — If a hollow cylinder the radii of whose section are r^ and r be 
sapported horizontally at two points whose distance is a ; show that when 
it sustains a weight W at its middle point, the radius of curyature of the 
neutral line at a point distant x from the middle is given by the formula 

1 W (a^2x) 
p-irE(r/-r*) 
and the deflection at the middle point by the formula 

" 12irE (ri*-r*) 

Ex. 450. — If in the last example the cylinder sustains throughout its 
length a uniform pressure of to lbs. per inch, then 

1 wCa^-Ax^) 



and 8 



p 2irE(ri*-r*) 
5 wa* 



96irE(ri*-r*) 

Ex. 451. — If an iron girder* has a section of the form shown in the an- 
nexed diagram, of the following dimensions, AE=Ci, AB=&i, CF=c, 
Fig. 117. CD =6, the lower end GH being of the same dimensions 
as the upper, show that when this girder sustains a uniform 
pressure throughout the whole of its length the deflection 
at the middle point is given by the formula 

6 wa^ 



A 



8== 



O H 



32|6(6 + 6i)a JiCi + 2Ji8ci + ft^c\E 



Ex. 452. — If there are two beams containing the same 
amount of materials, of the same length and the same depth, and sus- 
taining the same weight, the one has a rectangular section, the other a 
section of the form shown in the last example; given that 6 =4 in., 
c» 1 in., &i = 1 in., c^ =4 in., show that the deflection of the rectangular beam 
will be -^thsof the deflection of the other beam. 



* In practice the lower flange is commonly made much larger than the 
upper, since cast-iron is much stronger in resisting a crashing pressure than 
a strain, and of course the greatest economy of materials is effected when 
the pressure that would tear the lower flange would also crush the upper : 
to discuss this question would lead us beyond our present limits: see Mr. 
Moseley's Mechanical Principles, p. 556, Mr. Rankino's Applied Mechanics, 
p. 319. See also Mr. Fairbaim's Useftil Information, Append. L 
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Fig. lis. 




89. Rupture of a rectangular beam. — Eef erring to 
Prop. 20, it has been remarked that the curvature of the 
beam becomes progressively greater in going from Lj to L, 
consequently the extension of the substance is greatest at 
B, and when rupture occurs it must result from the ex- 
tension of the substance at 
B being greater than it can 
bear. Let us suppose that a 
pressure of S lbs. per square 
inch will produce just that 
degree of extension at 
which rupture ensues, and 
let us examine the state of 
a small portion of the beam at B C, the natural length of 
which is I ; construct a figure similar to that in Prop. 20, 
and use the same notation; suppose BL to be divided 
into a number of parts each equal to Sz; now, as the 
lamina at BK is on the point of breaking, it must be 
stretched by a pressure of S lbs. per squai-e inch, and if its 

S I 
extension is S i we shall have 8 i = ts — sr- 

Ecoz 

and if we consider the extension S' I of any other lamina 
m n, whose distance L n from L equals z, we shall have 

S^l : Bl i: z :l 

Now the contractile pressure of this lamina (Q) is given by 
the equation 



I'l 



.-.Q 



4fs 



and the expansive pressure of any lamina between L and C 
will be given by the same formula. Now the moment of 
P round L must ^qual the sum of the moments of the 
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contractile pressures of the lamineB between B and L and 
those of the expansive pressures of the laminae between L 
and C ; these moments are respectively P a, -^Scb^ and 
•^Scb^ (by Ex. 422), and therefore the pressure P pro- 
ducing rupture is given by the equation 

S cb^ 

The coefficient S is termed the modulus of rupture ; it is 
not the same as the tenacity of the substance, but is closely 
related to it. The following table* gives the value of S 
for certain substances : — 

Table XIV. 
Modulus of Bupturb. 



Substance. 


Ibi. per iquare inch. 


• 
Substance. 


lbs. per square Inch. 


Oak (English) 
Larch 


10032 
4992 


Fir (Riga) 
Elm 


6612 
6078 



Ex. 453. — If a horizontal beam, whose weight is neglected, is supported 
at its extremities and subjected to the action of a vertical pressure F at 
its middle point, it will break (across its middle section) when 

T> 2S c6« 
3 a 

Ex. 454. — If a horizontal beam is supported at one end, and every inch of 
its length sustains a pressure w, show that the beam is on the point of 
breaking when 

3 a^ 
Ex. 455.— If in the last example the beam had been supported at both 
ends, show that 

3 a^ 

Ex. 456. — What load applied at the centre of a beam of oak, 20 ft. long. 



• From Mr. Moseley's Mechanical Principles of Engineering, p. 622. 
For further information on the subject of the text the reader is referred to 
that work and to Mr. Bankine's Applied Mechanics. 
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3 in. deep, and 4 in. wide will be sufficient to produce rupture? — Its own 
weight being neglected. Ans, 1003 lbs. 

Ex. 457. — In the last example to what height could a wall of brickwork 
I ft. thick and resting on the oak be carried before producing rupture? — 
And to what if the depth of the beam were increased to 9 in.? 

Ana, (1) 10-7 in. (2) 96 7 in. 
Ex. 458. — A beam of larch 1 ft square has its end firmly imbedded 
n masonry from which it projects 7 ft. ; to what height could a wall of brick- 
work 2 ft. thick resting on this beam be carried without producing rupture? 

Ans, 21-8 ft. 
Ex. 459.— A beam whose weight is W, when supported at the ends in a 
horizontal position, will just break under a pressure F applied at its middle 
point, show that 

T> 2S c6»- W 
3 a 2 

Ex. 460. — If a beam AB whose length is a is supported at its ends in a 
horizontal position and sustains a pressure of F lbs. at a point C such that 
ACaOx and BCsa2> ^^^ if X is any section at a distance x fromB, show 

that the moment tending to produce rupture round X equals ^ when 

a 

X is between B and 0, and equals — (g— J^) «« ^iien X is between A and 

a 

C; show also that the moment tending to produce rupture round C equals 

P OiOa 
a 
Ex. 461. — Show that in the last example the pressure which acting at C 
will produce rupture is given by the formula 

P^JS.iLi^ 

and that the smallest pressure that can produce rupture must act at the 
middle point of the beam. 

* Ex, 462. — Given a cylindrical log of wood, show that the strongest 
rectangular beam that can be cut out of it is one whose sides are in the 
proportion of 1 : ^/ 2. 

Ex. 463. — ^A beam of oak is supported in a horizontal position on points 
20ft. apart, it is 3 in. deep and 4 in. wide; determine the weight that can be 
suspended at a distance of 6|ft. from one point of support without breaking 
it? What would be the magnitude of the weight if the depth were 4 in. 
and breadth 3in.? Ans. (1) 1128*6 lbs. (2) 15048 lbs. 

Ex. 464. — What must be the depth of a beam of Riga fir 4 in. wide, 30 ft 
long, that will just sustain a weight of ^ a ton at its middle, taking into ac- 
count its own weight ? Ans, 5 in. 



N 



178 PRACTICAL MECHANICS. 



CHAP. IX. 

OP MACHINES IN A STATE OF UNIFORM MOTION, — OF TOOTHED 
WHEELS, — AND OF VIRTUAL YELOCITIES. 

90. Fundamental Principles. — The questions con- 
nected with the important case of machines in a state 
of uniform motion occupy a position intermediate to those 
of statics and dynamics ; this position is best defined with 
reference to the work done by the pressures that act on 
the machine. On the one hand, it is evident that the 
pressures must satisfy the conditions of equilibrium, for 
otherwise they could be replaced by their resultant*, and 
an acceleration or retardation of the motion would ensue ; 
on the other hand, the case diflfers essentially from a case of 
equilibrium in the circumstance that each particular pres- 
sure does work, since in general the point of application of 
each pressure will move, and thus arises that combina- 
tion of pressure and motion which is intended by the term 
** work." Again, since the motion does not undergo either 
acceleration or retardation, the work done by those pres- 
sures which tend to accelerate the motion must equal that 
done by those pressures which tend to retard the motion ; 
for, if one were larger than the other, the work accumulated 
in the machine would either be increased or diminished, 
and an acceleration or retardation of its motion would 
ensue. In the present chapter we shall, therefore, assume 
the following fundamental principles : — 

(1.) If a machine is in a state of um'form motion, the 
pressures which act on it satisfy the conditions of equili- 
brium. 

* Or generally their two resnltants. 
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(2.) The algebraical sum of the works done by the 
several pressures will equal zero. 

91. Definition of the work done by a pressure. — 
We have hitherto supposed (see Chap. 11.) that the point 
of application of the pressiure which does work moves in 
the straight line along which the pressure acts. It will be 
found that the definition becomes perfectly general when 
stated thus : — The work done by a constant pressure is the 
product of that pressure and the space described by its 
point of application measured in the direction of the 
pressure. The object of the present article is to show 
that this is the correct generalisation of the original defini- 
tion, and to fix the meaning of the words " measured in 
the direction of the pressure." 

(a.) Suppose a weight W to be attached to the end of a 
perfectly flexible and inextensible string without weight, 
and suppose it to pass over a smooth Fig. 119. 

point C ; let W be balanced by a pres- 
sure P acting at A along AC, then 
will P equal W ; now, suppose the point 
A to be moved through a small space 
from A to B, draw Bn a,t right angles 
to AP, then W is caused to ascend to 
W, and An i& ultimately equal to 
W W ; now the work expended in raising W equals W 
X W W^, i.e. it ultimately equals P x A -yi, which is 
therefore ultimately the work done by P. Hence, if the 
point of application of a pressure P is moved through 
any small space, and that space is projected on the original 
direction of the pressure into a line whose length is j9, 
then the work done by the pressure will ultimately equal 
P p. It will be remarked that the line representing the 
pressure (Art. 27) would be measured from A towards P ; 
consequently n falls upon the line which represents the 

M 2 
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pressure, and in this case it is usual to consider the work 
done by P as positive, and as negative if n had fallen on 
the other side of A. The reason of this is evident from 
the fact that, in the former case, W is caused to ascend, 
in the latter it is caused to descend. 

(6.) Let it be supposed that the point of application of 

the pressure P is transferred successively to A,A^ A'% A'" . . . 

^ ,^ the successive directions of the 

Fig. ISO. 

pressure being AP, A'F, A'^F^ 
.... let fall on them the perpen- 
diculars A'N, A'^^ A'^'N'' .... and 
let the lines AN, A'N^ A^'N^' .... be 
denoted by p, p\ p'\ .... then the 
work done by P will equal the 
limit of the product 

Px(i9+p' +!)'' + ...> 

and the ultimate value of j9+j9'+jp''+... . is the space 
described by P's point of application measured in the di- 
rection of the pressure. As this definition is very general, 
it will be well to particularise the more common cases. 

(1.) If the point of application of the pressure moves in 
any line, straight or curved, while the successive positions of 
the pressure are all parallel, then the work done will equal 
the product of the pressure, and the projection of the line 
on the direction of the pressure. 

(2.) If the direction of the pressure is always a tangent 
to the curve described by its point of application, the work 
done equals the product of the pressure and the length of 
the curve. 

(c.) It sometimes happens that the pressure itself varies 
while its direction makes a variable angle with the curve 
described by its point of application : an example of this 
case is supplied by the motion of a crank. It will be evi- 
dent on considering paragraph (6) that the work done in 
tbia case will equal the limit of the sum of Yp + P'f>' -f 
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V'p" -f where P, P', P'' are the successive magni- 
tudes of the pressure.* 

92. Cases m vjhich pressures do no work. — The chief 
of these are the following : — 

(a.) When the point of application of a pressure does 
not move, e. g. when a body revolves round an axis that 
can be considered as a straight line, the reaction of that 
axis does no work ; again, when a body rolls without any 
sliding on a surface, the reaction does no work. 

(6.) When the point of application of the pressure 
moves at each instant in a direction perpendicular to that of 
the pressure : e. g. the reaction of a smooth surface does 
no work in the case of sliding motion. 

(c.) If amongst the various pressures concerned there 
exists any subordinate system which is separately in equi- 
librium, it will, of course, do no work : the internal pressure 
of a rigid body constitute such a system ; if however, when 
a system of pressures is applied to a body, it is compressed 
or extended, the work done by the internal pressures 
cannot be neglected (Ex. 149). 

93. The modulus of a machine.^ — In most simple 
machines there is a certain pressure or weight Q, and 
a second pressure or power P, whose function is to over- 
come the former, the machine itself being the means by 
which the one pressure is enabled to act on the other : in 
consequence of the intervention of the machine there will, 
in general, be a number of passive resistances called into 
play, but still the relation between P and Q can generally 
be expressed by means of an equation of the form 

P=AQ + B (1) 

* If in this case P' is the resolved part of the pressure aloDg the carve, 
and ds the length of an element of the curve, then the expression for the 
work done will be fV ds, 

f The reader who wishes for more information on this snbject is referred 
to Mr. Moseley's Mechanical Principles of Engineering, Fart III. 

N 3 
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where A and B denote quantities depending on the 'form of 
the machine and on the passive resistances : the particular 
values of A and B in the cases of the inclined plane, screw, 
pulley, &c, have been ab-eady given. (Ex. 269, 288, 
353, &c.) 

Now suppose that while P*s point of application de- 
scribes a space «,, Q*s describes a space 8^ these spaces 
being measured in the directions of the pressures, then 
P«i is the work done by P and Q«, the work done by Q : 
let the former of these be denoted by U, and the latter by 
U, ; the algebraical equation which expresses the relation 
between U, and U, is the modulus of the machine. The 
following is a general method of determining the modulus. 
From equation (1) obtain the relation that would subsist 
between P and Q if all the passive resistances were ne- 
glected, and let the relation be 

F=A,Q (2) 

where Q has the same value in both equations, and con- 
sequently P and P' have different values. Now if there 
were no passive resistances, the work done by P' would 
equal the work done by Q, and consequently 

F«i = Q«, (3) 

.-. «,=A^«i (4) 

But if we multiply equation (1) by «p we shall obtain 

P«j=AQ8j+B«i 
and .•. from equation (4) 

A B 

or P8, = -r- -Q^a -f T— ^r 
A, A^ 

.-. u,=jU,+B8, (5) 



o 



orU,=^U.+^.«, (6) 



o o 
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The equation (5) will be employed when 8^ is given, and 
the equation (6) when 8^ is given. 

Ex. 465. In the inclined plane, determine the relation between the works 
done by P and Q when the mass Q is moved over a certain space. 

The relation between P and Q when the former is on the point of pre- 
ponderance is 

P Q sin (g + ») 

^ " "^ COS. O - <^) 

Therefore P', the pressure required to balance Q if there were no passive 
resistances, is given by the equation 

^. ^ sin a 

P' = Ql^ 

sm^ 

Now if |> is the space through which P*s point of application moves mea- 
sured in the direction of that pressure ; and if similarly q is Q*8 space, we 
have 

,'. q Aa •• p eia a* 

Bat IV -■ Qp ?i2A±±) = rtoCoggBin(a + ») 
^ '^ cos (a — <t>) ^^ sin a cos (^ — <t>) 

• XJ « U <^Q^ ^ s^° (^ + ^) 
^ ^ sin a cos O — <l>) 

Ex. 466. — If the coefficient of friction between certain bodies and an in- 
clined plane be 0*10, the angle of the incline is 12^, and the pressure acts at 
an angle of 5^ with the plane, determine the number of units of work that 
must be done, for every million of useful units that are yielded. 

Ana, 1457000. 

Ex. 467. — If in the last example the weight is 1000 lbs., over what length 
of the plane must it be drawn before 1000000 units of work are done by 
the agent ? Ans. 3299 ft. 



* It is evident that this must be the relation between p and q\ for let AB 
be the space over which the body has been moved Fig. 121. 

by a pressure acting parallel to AP, draw BM 
perpendicular to AP and BN perpendicular to 
AN, then p^^AM and ^sBN, and it is plain 
that 

/>=ABco8BAM 
9»AB8inBAN. 
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Ex. 468. — Show that the namber of anits of work that most be expended 

in drawing the weight Q oyer a length / of the plane hj means of a pressnre 

parallel to the plane eqaals 

Q / »"(« + ») 
cos ^ 

and that this eqoals the number that mast be expended in dragging it along 
the btue of the plane (supposing it equally rough) and then lifting it Te]> 
tically through the height of the plane.* 

Ex. 469. — If the coefficient of friction is fi and the incline 1 in m show 
that, when / is the horizonial length of the pUine^ the number of units of work 
equals 

Qi(M±l) 
m 

The positire sign being used when the incline is upward, the negative when 
it is downward. 

Ex. 470 — If a train weighs 80 tons and the friction is 7 lbs. per ton, de- 
termine the namber of units of work that must be expended in drawing it 
for 4 miles over an incline of 1 in 200; and determine the horse-power of 
the engine that will do this in 10 minutes with a uniform velocity. 

Ans, (1) 30750720 U. W. (2) 93^H.-P. 

Ex. 471.— In the last example over what space on a horizontal plane 
would the same engine have drawn the train in the same time? 

Ans, lOf miles. 

Ex. 472. — How long would it take the engine in Ex. 470 to draw the 
same train with a uniform velocity over a space of 4 miles on an incline of 
1 in 100? ^Rff. 16^min. 

Ex. 473. — A train is drawn with a uniform velocity over an incline 3 
miles long of I in 250, on which the resistances are 7 lbs. per ton, deter- 
mine the distance on a horizontal plane which the same train could be drawn 
over with a uniform velocity by the same expenditure of force. 

Ana. 6|| miles. 

Ex. 474. — If the resistances are 9 lbs. per ton, determine the weight of the 
train which an engine of 100 horse-power could draw up an incline of 1 in 
540 with a velocity of 30 miles an hour. Ans, 95 tons. 

Ex. 475. — If a pivot sustaining a pressure of Q lbs. is made to revolve 



* It may be remarked that the number of units of work done by F, if a 
machine is in a state of uniform motion, equals the work that must be ex- 
pended upon Q under any circumstances; if P does fewer than the required 
namber of units, that number is made up from the work previously accumu- 
lated in the machine whose motion will be retarded; if it does more, the 
extra units will be accumulated and the motion will be accelerated. 
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once, show that the number of units of work expended on the friction of the 
end equals | ' fi p Q. 

Ex. 476. — In the case of a single fixed pulley the number of units of 
work expended in raising a weight Q through q feet is given by the formula 

U=a Qq + bq 

where a and b have the values assigned in Art. 74. 

Ex. 477. — In the case of a tackle of n sheaves show that the number of 
units of work expended in raising a weight of Qlbs. through q feet is given 
hj the formula 

U=Qg. na^(a^l) /nb^ b \ 

[See Ex. 355.] 

Ex. 478. — ^In Ex. 357 determine the number of units of work expended 
on the passive and on the useful resistances when the weight of 1000 lbs. is 
raised through 50 ft .^jw. (1) 90700. (2)50000. 

Ex. 479.—** It is said that in a pair of blocks with five pulleys in each 
two thirds of the force are lost by the friction and rigidity of the cords.'* * 
Determine the degree of truth in this statement when each sheave is 4 in. 
in radius, and turns of an axle ^ of an inch in radius, the axle being of 
wrought iron and the bearing of cast iron, and the rope 4 in. in circum- 
ference; the weight to be raised being 1000 lbs. 

J Work expended on passive resistancea __ _1? nearlv 

Work done ~ 29 

Ex. 480. — In the capstan Ex. 363 show that the work that must be done 
by the pressures in order to move the weight Q through a space q is given 
by the formula 

Ex. 481. — A rope passes over a single fixed pulley in such a manner that 

its two parts are at right angles; the one end carries a weight Q; the radius 

p sin (t> 
of the pulley is r and of the axle p, the angle jS such that sin jS » r— 

then, the weight of the pulley being neglected, show that if F is the pressure 
that will just raise Q, we have 

P=/q+ h±^^ tan(450 + iB). 

Ex. 482.— -In the last example show that the relation between P and Q 
may be very nearly represented by the formula 

* Dr. Young's Lectures, p. 206. 
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Ex. 483.— A weight of SOOlbt. has to be niied finom a depth of 50 
fathoms; it if fastened to a rope which passes orer a fixed poOej in sndi a 
manner that the parts of the rope are at right angles to each other; the rope 
if woond np bj means of a capstan which is tnmed bj two equal parallel 
pressures acting at the end of eqoal arms; the rope is Sin. in circumference, the 
pnllej 6 in. in effectiTe radius, its axle half an inch in radius^ and of wrooght 
iron turning upon cast; the capstan weighs 4cwta, its axle is 4in. in radius, 
oak moring on wrought iron, the effectire radius of the capstan 15 in.; de- 
termine the number of units of work that must be done in (xder to raise 
the weight, and the number expended on passire resistances. 

.^Iju. (1)204356. (2)54356. 

Ex. 484. — If a rope ruU upon a fixed pullej and is pulled bj two hori- 
lontal pressures P and Q, and if W is the weight of the pullej and of the 
rope supported by it, show that when P is the preponderating pressure 

Ex.485.— If the equation in the hst article be written P-KQ+Landif 
the rope passes orer n equal pnUejs whose centre are in the same line, show 
that 

J\.— 1 

Ex. 486. — ^A winding engine is employed to nuse weights from a mine 
shaft; the rope passes at right angles over a fixed pullej, and then hori- 
asontallj orer n fixed pulleys; determine the number of units of work that 
must be expended in raising a weight Q through q feet by means of them. 

[The answer is readily obtained by means of Ex. 481 and 485.] 

Ex. 487. — The rope of a winding engine passes over 20 pulleys before it 
reaches the shaft ; it is drawn tight and presses on them only by its weight; 
at the shaft it passes at right angles orer another equal pulley; they are 
15ft. apart; each weighs 56 lbs. and is 2ft. in effectiye diameter, its axle is 
lin. in diameter, wrought iron turning on cast; the rope is 4 in. in circum- 
ference; how many units of work must be expended in raising a weight of 
1000 lbs. through 150 fathoms, the weight of the first pulley being neg- 
lected ? Ans. 3,313,000 units of work. 

[If we represent the weight supported by Q, then the pressure that will 
bring this into the state bordering on motion when the rope has passed at 
right angles over the first pulley being represented by Q' we have firom 
Ex.481 

Q' « 1058 Q+ 5-5611. 

and if P be the pressure that will bring Q' into the state bordering on motion 
after the rope has passed over the 20 pulleys, we have from Ex. 485, 

P=2-482Q'+191. 
/. P-2626Q+205. 
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Now if dr is the depth in feet of the weight helow the sorface at any instant 

Q « 1000 + 0-72 ar. 
or P=2831 + l*89dr. 
And then the units can he found hj Prop. 1.] 

Ex. 488. — There is a fixed pulley 20 inches in radins moying on an axle 
2 inches in diameter (sin ^s0'15); a weight of 500 lbs. is raised from a depth 
of 300 feet hj means of a rope 3 inches in circumference which passes oyer 
it ; the end of the rope falls as the weight rises; determine the error that re- 
sults from neglecting the weight of the rope in calculating the units of work 
required to raise the weight — the united length of the two hanging parts of 
the rope being reckoned at SOOft Ans. Error =■ 1 55507 — 1 54962 « 545. 

[Compare Ex. 158.] 

Ex. 489. — In the last example determine the error that would result from 
neglecting the weight of the rope if the end were not allowed to falL 

-4»M. £rror=«173760-154962 = 18798. 

Ex. 490. — If a weight Q is raised through a height q by means of a screw, 
show that if the same notation is employed as in Ex. 297 the units of work 
expended is given by the formula 

IJssQ^J tan (a+^) +|. i filcotan a 

where all frictions are neglected except those between thread and groove 
and on the end of the screw. 

Ex. 491. — An iron screw 4 in. in diameter communicates motion to an 
iron nut, the screw thread is inclined to its base at an angle of 18^, the 
diameter of the end of the screw 2 in.; all the surfiu^s are of cast iron; de- 
termine the number of units of work that must be expended in raising a 
weight of 3 tons through a height of 2 ft. by means of this screw. 

Am, 23358. 

Ex. 492. — ^Determine through what height a man working with this screw 
could raise a weight of 1 ton in a day; and what would be the best length of 
the arm of the screw on which he works — ^pushing horizontally; determine 
also the part of his work which is expended in overcoming friction. " 

Ans, (1) 388*4 ft. (2) 7|ft. (3) rather more than fth. 

Toothed WheeU. 

94. The end to be attained by cutting teeth on wheels. — 
The problem to be solved is this: given an axle A, 
moving with a uniform angular motion round its geo- 
metrical axis^ it is required to connect it in such a manner 
with a parallel axle B^ as to communicate to it a uniform 
angular motion which shall have a given ratio to the 
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former. This problem is solved as follows: suppose the 
axle A to revolve m times in one minute, and it is re- 
quired to make the axle B revolve n times in one minute ; 

Fig. 122. 




join the centres A and B, divide AB into m+n equal 
parts, and take AC equal to n of these parts, and therefore 
BC will contain m of them, so that 

AC : CB :: m:n 

with centres A and B, and radii AC, BC respectively, 
describe circles touching at C ; if these circles are fixed 
each to its own axle, and revolve with them, and if their 
circumferences are rough, so that they roll on each other, 
the problem is solved; for take on the circumferences 
respectively points C and C which were in contact at C, 
then must the arc CC equal the arc CC, since the several 
points of the arcs have been successively in contact each 
with each, and this is true whatever be the lengths of those 
arcs. Now, in one minute the point C describes an arc 
whose length is 27r AC . m, and therefore C describes an 
arc whose length is 27r AC . m, and therefore an arc whose 
length is 27r BC. 71, since AC. m=BC.'n; but27rBC.7i 
is n times the circumference of the circle whose radius is 
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BC, and therefore tHe axle B moves in the required 
manner. 

It is evident that the angular motions will have the 
same ratio whatever be the duration of the time; and 
hence when the time is very short, so that if the angular 
motion of the axle A varies from instant to instant, that 
of the axle B will also vary, but will maintain the same 
constant relation to that of the angular motion of A. 

It is also plain that the directions of the angular 
motions will be contrary, as indicated by the arrow heads. 

It may be remarked that the wheel AC is called the 
driver, and B C the follower. 

Ex. 493. — If in the last article a single wheel moving on a parallel axle 
with its centre in the line AB were interposed between AC and BC, it 
woald cause the follower to revolve in the same direction as the driver, and 
would not produce any change in the proportion between their angular 
motions, the radii AC and BC being unchanged. 

95. PrcLctical objection to the above solution. — It is 
evident that the above solution fails if the surfaces of the 
wheels rub smooth, so that the motion becomes partly 
one of sliding and partly one of rolling contact; and 
also that it will fail if the centres A and B are slightly 
displaced, since then the contact ceases: one method, 
in common use, of obviating this objection is to pass a 
powerful band of leather tightly over the wheels; this 
method is commonly used when the centres A and B are 
so considerable a distance apart that the wheels would be 
inconveniently large if in immediate contact; the most 
effectual means, and the only one with which we are here 
concerned, is to cut teeth on the circumferences of the 
wheels ; when this is properly done the uniform revolution 
of the wheel A can be made to communicate a uniform 
revolution to the wheel B. The problem we are to solve 
is therefore twofold : — 
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(1.) To determine the form that must be given to teeth 
of wheels, in order that any imiform motion of the driver 
round its axis shall communicate to the follower a unir- 
form motion round its axis. 

(2.) As this cannot be done without causing the teeth 
of the one wheel to slide over those of the other, it is 
required to determine what amount of work is lost by the 
friction of the teeth when work is transmitted from one 
axle to the other. 

The limits of the present work will not allow us to do 
more than give one solution of the former question, and 
an approximate solution of the second. Beaders who 
desire further information on this very important subject, 
will be able to obtain it by reference to Mr. Willis's 
Principles of Mechanism, and to Mr. Moseley's Me- 
chanical Principles of Engineering : the former work only 
treats of the question of form ; the latter also contains a 
very full discussion of the question of force. 



96. Definition and properties of the epicycloid. — If a 
circle carrying on its circumference a pencil-point be 

Fig. 188. made to roll on the 

outside of the circum- 
ference of a fixed 
circle, the point will 
trace out a curve 
called an epicycloid: 
the fixed circle is 
called the base; the 
moveable circle is 
called the generating 
circle. Thus if Q is 
a point on the generating circle ADQ, and APC is the 
base or fixed circle, then if Q were in contact with APC 
at P, the point Q will trace out the epicycloid P Q. 
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(a.) It is evident that the length of the arc AQ equals 
that of the arc AP. 

(6.) It is evident that the point Q is at the instant 
moving in a circle of which the centre is A, and radius 
AQ, so that the line AQ is the normal to the epicycloid at 
the point Q, and if DQ be joined that line is a tangent to 
the curve at Q. 

(c.) It is evident that the form and dimensions of the 
curve are independent of the particular point Q occupies 
on the generating circle, so that if we take a succession of 
points Q, Q|, Q2 . . . on the generating circle, and describe 
with them a succession of epicycloids Q P, Q^ P„ Qg Pg . . . 
they will all be exactly like one another, and if P' Q' be 
any epicycloid described on the same base with the same 
generating circle as the others, it too will be exactly like 
the rest : if we now suppose all the former to remain fixed, 
and the circle P'AC to revolve round its centre, carrying 
P' Q' with it, then when P' comes to P^, the curve P' Q' 
will fall upon Pj Q^, and in like manner on Pj Q^ and 
onPQ. 

Proposition 21. 

An epicycloidal tooth can be made to work correctly 
with a straight tooth. 

Let P Q be the tooth described on the base AP, the centre 
of which is 0^, by a circle whose diameter is AO ; suppose 
the base to revolve round Oj and let the tooth assume suc- 
cessively the positions p^ g^ p^ g^* Ps ?8 • • • • cutting .the 
circle ADO in points gj, g^, gj, then since the straight 
lines Og^ Ogg, Oq^. . . . touch the epicycloid in the points 
g^, q^9 ga* . • it is plain that a straight line whose length is 
A, and which is moveable round 0, will, if driven by the 
tooth, come successively into the positions Oa„ Oa^ Oa^, . . 
passing through the points g„ g^, gg. . . .respectively. Now 
if we suppose the angles AO^p^^ p^Oip^....tohe equals. 
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the arce A j)„ PiPvPtPi---- ^re equal, and therefore (Art. 
96 (a) ) the arcs A g„ j, g'a- ffi 9« • ■ • *""* equal, and the 
angles they subtend at C will be equal, and their halves 




will be also equal, i.& the angles AOa„ a, Ooj, a, Oa,, are 
equal; so that if the circle PAOj moves with a uniform angu- 
Idj motion, it will communicatfi a uniform angular motion 
to a straight line A moveable about the point 0, i, e. 
the straight line works truly with the epicycloidal tooth. 

Ex. 494. — If with centre O and ndiu O A b circle is described, ihoir 
that if this circle worki with AF b; fricEiou, aoj one of iu radii vill hare 
the aame angnlar Telocitj as if it had been driven b; the tooth P Q. 

97. — Practical rule for the form of teeth.' — Let O, 
be the centre of the two toothed whede ; draw the line of 



* This role, tbongli not the b*tl, is verj generallf emplojed in practice. 
See Willis, p. 106. 
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centres 0, Op when the point of contact of any two teeth is 
on the line of centres let it be at A; with centres and 
1 and radii A and ^ A rig. m. 

respectively describe circles, 
aAa\ 6 A 6'; these are called 
the pitch cirdea of the re- 
spective wheels, i,e, the two 
circles which rolling by fric- 
tion would move with the 
same angular motions as the 
wheels. Now if there are to be 
m teeth in the wheel 0, there 
must be m 1 in the wheel 0^, 
where m , is given by the pro- 
portion 

OA : Oi A :: m Im^ 

Divide the circumference of a A a' into m equal parts, 

of which parts let AA, be one; the chord of this arc is 

Fig. 126. 





called the pitch of the wheel ; divide it into two (nearly) 
equal parts, of these A E (the smaller) is the breadth of a 
tooth, and E A ^ the space between two teeth ; then the 
flanks B A, D E of a tooth (i. e. the parts of its outline within 
the pitch circle) are straight lines converging to the centre 
; and the faces of the tooth A C, E F (ie. the parts of its 

o 
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outline on the outside of the pitch circle) are p<Mrtions of epi- 
cycloids described on the pitch circle as a base by ^genera- 
ting circle whose diameter equals tiie radius of the pitdh circle 
of the wheel with which it is to wcm^, viz. 0| A. The teetii 
of the wheel 0, are cut upon the same principle ; the cir- 
cumference of the pitch circle bAl/iB divided into mj 
equal parts, and this as before divided into a tooth and a 
space; the flanks of the teeth converge to Op the fiE^ces are 
epicycloids described on the pitch circle as a base by a 
generating circle whose diameter equals the radius OA. 
That the two wheels thus constructed will work truly, 
follows immediately from Prop. 21 ; thus, if the wheel 
revolves imiformly, the tooth B A C driving the tooth B'AC, 
then the epicycloid AC will cause the straight line AB', 
and therefore the wheel Oj, to revolve uniformly : on the 
other hand, if the wheel 0, moving with a imiform motion 
drives 0, the epicycloid AC will cause the straight line AB, 
and therefore the wheel 0, to revolve imiformly. This is 
of course true whether the wheels move in the same or in 
contrary directions to those indicated by the arrow-heads 
in fig. 125. In order to prevent the locking of the teeth, 
it is usual to make A E less than E A ^ by j^th of the 
pitch A A , ; and to cut the space A B' deeper than the 
perpendicular length of the tooth in such a manner that 
the distance from C to the centre is less than the distance 
from B' to the same centre by ^i^th of the pitch A A j ; if 
however the workmanship is very good, the differences can 
in both cases be made smaller. 

The rule for determining the length of the teeth com- 
monly adopted by millwrights, is to make the length of 
the tooth beyond the pitch circle {i.e. AC or AC) equal to 
-j^ths of the pitch.* This rule is, however, a very bad one ; 

* Willis's Principles of Mechanism, p. 98. The rale which follows is 
given both by Mr. Moselej, Mechanical Principles, p. 267, and hj Gen. 
Morin, AlderM^moirs^ p. 8S0. 
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the following, though not perhaps the best, is very much 
better. Suppose to be the driver, and suppose a pair of 
teeth to be in contact on the line of centres, the face of the 
next tooth should be so long that its extreme point C^ 
should just be on the circumference of the generating 
circle AXj, as shown in the figure; the length of the 
tooth of the follower is determined by a similar rule ; the 
extreme point of the following tooth C j should (under the 
same circumstances) be on the circumference of the gene- 
rating circle A X 0. The reason of this rule is as follows: 
it may be considered that when the wheels are in motion 
that pair will bear the whole or nearly the whole strain 
which at any instant will be the next to go out of contact ; 
so that, the construction above being employed, the one 
pair of teeth is just going out of contact when the next 
pair comes to the line of centres, and consequently the 
working strain is not thrown upon any pair of teeth until 
it comes to the line of centres ; but it appears that prac- 
tically the friction between a pair of teeth is very much 
more destructive when they are in contact before the line 
of centres than when in contact behind the line of centres ; 
by following, therefore, the rule above given, the friction be- 
tween any pair of teeth is diminished. (Compare Ex. 516.) 
In practice the teeth of a wheel are all cut from a 
pattern ; in constructing a pattern the epicycloidal curve 
may be drawn by the actual rolling of a circle of the 
proper size; or an approximation may be obtained by 
means of circular arcs. Eules proper for this purpose will 
be found in Mr. Willis's Treatise above referred to. 

Ex. 495. — ^To determine the radius of the pitch circle of a wheel which 

shall contain n teeth of given pitch a. Ans, r = 

2 sin -22. 
n 

Ex. 496. — If a wheel of m teeth drives another of n teeth; then if the 

driver makes p revolntions per minute the follower will make 3? revolu- 

ft 

tions per minute. 

o2 
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Ex. 497. — There are three parallel axes A, B, C; A makes p rerolations 
per minate, it carries a wheel of m^ teeth which works with a wheel of n^ 
teeth on B; B also carries another wheel of m, teeth which works with a 

wheel of n, teeth on C ; show that C makes -> . — ^ ,p reyolations per 

minate.* 

Ex. 498. — A winding engine is worked in the following manner; a steam 
engine causes a crank to make 30 retolations per minute; the axle of the 
crank has on it a wheel containing 36 teeth, which works with a wheel 
containing 108 teeth; the latter wheel is on the same axle as the drnm, 
which is 5 ft in radios; determine the nnmber of feet per minate described 
by the load. Ana, 314 ft. 

98. The Hunting Cog. — If wheels have to do heavy 
work, and the precise proportion between the velocities 
not of great importance^ an additional tooth — called a 
hunting cog — is introduced into one of the wheels, so that 
the same pair of teeth may seldom work together; by 
this means they are kept from wearing imequally; for 
instance, if in the last Example we denote the teeth of 
the driver by the successive numbers 1, 2, 3, . . . 36, and 
the teeth of the follower by the euccessive numbers 1, 2, 
3, . . . 108. Then in every revolution 1 will work with 
1, 37, and 73; 2 will work with 2, 38, and 74; and 36 
will work with 36, 72, and 108. If now we introduce a 
hunting cog into the driving-wheel, so that it contains 37 
teeth, then on the first revolution 1 will work with 1, 38, 
and 75 ; in the next revolution with 4, 41, and 78, in the 
third with 7, 44, and 81, and not until the 38th revolution 
will it work with 1 again. 

Ex, 499.— If in the last Example a ** hunting cog" were introduced into 
the driver so that it contains 37 teeth, determine the number of feet per 
minute the load will now travel. Ant. 323 ft. 

Ex. 500 — If in Example 497 there are A + 1 axles and the drivers contain 



* The above arrangement is to be found in most cranes ; if the student is 
not acquainted with the arrangement of a train of wheels he will do well to 
examine a good crane such as is to be seen at most railway stations: the 
train of wheels in a clock is also a good example, but cannot commonly 
be studied without taking the clock to pieces. 
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m teeth, and the followers contain n teeth a-piece, show that the number 

of revolntions made hy the last axle will be /^ -^ j p. 

Ex. 501. — If in the last Example it is required to multiply the number 
of revolutions 200 times, how manj axles must we use, (1) if we take m=s 
2n; (2) if we takem=4n; (3) if we take m=6E>}t, and determine the num- 
ber of teeth employed, in each case using the nearest whole numbers. 

Ans. Axes (1) 8. (2) 4. (3) 3. 

Teeth (1) 54n. (2) 20it. (3) 21 «. 
Ex. 502. — Jf each driver has m teeth, and each follower n teeth, and if M 
is the total numBer of teeth in the train, and if the last axle makes g revo- 
lutions while the first axle makes one revolution, show that 

M 

* Ex. 503. — In the last Example show that for a given value of M we 
shall obtain the greatest value of q by making m»3'59 . n nearly. * 

[It is easily shown that log (^\=: l + ^^ whence the result stated.] 

Ex. 504.— In the case of a pair of wheels with epicycloidal teeth show 
that the space through which the surfaces of each pair of teeth slide one 
upon the other while in contact and after passing the line of centre is ap- 
proximately represented by the formula -^ f — + ~ )or till (Z + 1.\ 

where r and r^ are the radii of the driver and follower respectively, and n 
and Hi the number of teeth in those wheels respectively. 

[Referring to fig. 126 it is evident that the pair of teeth just going out 
of contact touch at Cs; it is also evident that the two points A^ and A'^ 
were in contact at A, so that the space through which the surfaces have 
slidden over each other is A^ A'^, which is very nearly equal to the sum 

of the versed sines of the arcs AOAj and AOi A'^, i,e. to r vers — - + 

n 

r. vers ■— ; whence the value assigned in the question.] 

Ex. 505. — A weight P balances a weight Q under the following circum- 
stances; P is tied to a rope which is wrapped round an axle whose radius is 
p ; Q is tied to a rope which is wrapped round an axle whose radius 
is 9 ; to the former is attached a concentric rough wheel, whose radius 

* It would appear from this that the best proportion between the number 
of teeth in driver and follower for multiplying velocity is 1 : 4. This result 
is due to Dr. Young, Lectures, vol. ii. p. 56. Mr. Willis remarks that the rule 
is not of much practical value. Principles, p. 218. 

O 3 



198 



PEACTICAL MECHANICS. 




is r, to the latter in like manner a concentric roagb wheel, whose radios is 

fig 127 r^ ; these two wheels 

are in contact on the 
line of centres so that 
r + Ti eqaals O O^, 
show that if we neg- 
lect the magnitude 
of the axes and the 
rigidity of the cords, 
we shall have 

p ^1 

[The arrangement 
described in the 
aboTe example is re- 
presented in the an- 
nexed diagram ; it is 
evident that the rough wheels act on each other hj means of a mntoal action 
through the point A.] 

Ex. 506. — In the last Example if we suppose the separate wheel and 
axles to turn round axes whose radii are p and pi respectively and the li- 
miting angles of resistance between them and their bearing^ to be ^ and ^i, 
show that when P is on the point of overcoming Q we have the following 
relation (neglecting the rigidity of cords, and the weights of the wheel and 
axles) 

P (p-p sin <p) (ri -Pi sin <>i) = Q (q—Pi sin 4>i) (r + p sin 4>). 
Ex. 507. — If in the last Example, besides the frictions on the axes, we take 
into account the weights W and Wi of the wheel and axles, determine 
the relation between P and Q. 

Ex. 508. — If in the last Example we neglect powers and prodacts of 
p sin <t>^ P sin 0^ Pisin4>i^ Pi sin <», ^ ^^^^ ^^^^ ^^^ ^^^^^ ^^ ^^.^ ^^ 

p r q r^ 

work that must be done in order to raise a weight of Q lbs. through a space 
of s ft. is given by the formula 

U«Q* I 1 +(1 + i)p8in4>+(- - i-) Pidn^^i J 

Ex. 509. — In the last Example if we suppose the rough wheels to be re- 
placed by a pair of toothed wheels whose pitch circles have the same radii 

* If P instead of being a weight were a pressure acting yertically up- 
ward, it is easily shown that the third term of this equation is 



r^ 8 



\ q r,/ 
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as the wheels; then if the wheel O contains n teeth, and the wheel Oi con* 
tains fti teeth, show that when Q is raised through a space of «ft. the work 
lost hj the friction of the teeth is aj^roximatelj represented hj the formula 

M Q «^ - + -^ 1 « where /a is the coefficient of friction between the teeth. 
[If the wheel OiA revolves through an angle — the space through 

^F IF 9* 'B* IP \ 

which the surfaces of the driving and driven teeth slide is L — + — ) 

»i n 111 / 

and therefore, supposing R, the mutual pressure, to continue constant 

during the contact of the teeth, the number of units of work expended 

on friction equals /* R ^^^ f ~ + -^ ) . Now, approximately, 
Bri s= Qg, and therefore the work expended on one pair of teeth equals 

/u Q — ZS. ( ~ + ^ I * but ^^ is the space through which Q is raised during 
111 V It 111 / 111 

the action of one pair of teeth, and the same being true of every pair of teeth 
we obtain the result stated in the question. Of course the addition of the 
expression contained in the present question to that obtained in the last is 
the correct approximate formula for the work expended in raising a weight 
through the intervention of a pair of toothed wheels.] 

Ex. 510. — A pressure P acting at the end of an arm OA, two feet long, 
causes the toothed wheel OB to make 10 turns per minute ; this wheel work- 
ing with the wheel OiB turns the drum OiC and raises the weight Q; 
given that P does at the point A 330000 units of work per minute, deter- 
mine approximately the weight Q that will be raised by the drum, having 
given the radius of OB to be 1 foot, OiB to be 3 feet, the number of teeth 
in OB to be 40, and the radius of the drum 5 feet; the teeth, axles and 
bearing are all of cast iron without unguents ; the radii of the axles are 3 in., 
the weight of the axles and appendages of O are 3600 Ibs.^ and that of Oi 
being 5400 lbs. ^i». (1) 2724 lbs. 

[See Note to Ex. 508.] 

Ex. 511. — Show that ina trun of p pairs of wheels and pinions* the work 
lost by friction between the teeth is given by the formula 

MQ.»f -1 + J- + i. + ... + _i_ ] 
i. Ill It, R3 "a o J 



* When a small wheel drives a lai^e one the former ia frequently called 
a pinion and the latter a wheel. 
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where iii.iis, 14 • • • n^p «re the number of teeth in the saooesriTe wlieekand 
pinionf. 

Ex. 512.— There if a train o(p eqoal panv of wheels and pinions ; the 
nnmbera of teeth are inch that the last axle reyolyes m times faster than the 
first; show that if U is the nnmber of uniu of usefal work jielded, the work 
lost by the friction between the teeth is represented by the formnla 

n 
where a is the nomber of teeth in each wheeL 

*Ez. 51 S. — ^If it is required to make the last axle move m times faster 
than the first, show that the loss of work is least whenp, the number of pairs 
of wheels and pinions, is given bj the formula 

- 1 i 

m ^ +log, " +1-0. 

Ex. 514. — If in the last Example it is required to multiply the velodtj 
100 times, show that the proper number of pairs of wheels and pinions is 3 
or 4, t. e. show that the equation in the last Example gives a value of p 
between 3 and 4; and determine the number of teeth employed in each case 
if the first pinion have 20 teeth, using the nearest whole numbers. 

Ans, (I) 339. (2) 332. 

Ex. 515.— If in the pair of wheels already described (Art 97) all but a 
single pair of teeth be cut away, so that the remaining pair act on each 

other while the wheel O moves through an angle — before coming to 

n 

the line of centres, and also while it moves through an equal angle after 
having passed the line of centres, and if we suppose P and Q to act on the 
pitch circles of their respective wheels, show that when the point of contact 
is in such a position that the wheel O has to revolve through an angle B 
before the point of contact comes to the line of centres we have 



1*1 '"i — ('• + '•1) tan tan 4> J =Q r^ 



and that when the point of contact is so situated that the driver has re- 
volved through an angle 9 from the line of centres we have 



Pr«Q jr + (r + ri)tanl^ tan <t> \ 
i ri 3 



[If in the accompanying figure X is the point of contact of the teeth 
before they come to the line of centres, that point X will be on the circum* 
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ference of a circle whose diameter is A ; if then we draw a line BB' snch 
that the angle BX A equals ^, this will be the line of the mutual action of 

Fig. 138; 




^1 



the teeth; remembering that the angle A OX equals 9 it is easilj shown 
that the perpendiculars on BB' from O and O^ are respectivelj equal to 

r cos 9 cos ^ 

and (r + ri) cos (9 4- 4>) — r cos 9 cos ^ 

whence the first equation is obtained J the second is obtained in a similar 
manner, by determining the relation between P and Q when the follower 
has reyolved through an angle 0' which will be found to be 

Pr«Q {r+ (r + ri)tane'tan^} 

whence we obtain the answer.] 

Ex. 516. — If the driyer be not greater than the follower, show from the 
equations of the last example, that for a given yalne of Q, the value of P is 
greater when the driving tooth is in a given position before it comes to the 
line of centres than when it is in a corresponding position after having 
passed the line of centres. 

[Expand the values of P in terms of B and ^, omitting higher powers 
than the fourth.] 

Ex. 517. — ^If AB be anj diameter of a circle APB; if C be any point 
taken in the prolongation of A 6 (so that B is between A and C), and if 
AP, BP, CP be joined, show that 

BC^AC tan P AB tan BPC 

and hence explain the action of the pressures which produce the result 
which follows from the first equation in Ex. 515, viz. that when r^=z 
(r + r^) tan 9 tan 4> the pressure P must be infinitely large to bring Q into 
the state bordering on motion. 
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99. Definition of the virtual velocity and virtual mo- 
ment of a pre8$v/re, — Let P be a pressure acting at the 

point A along the line AP, and 

^'- *®- let it be represented by A C (Art 

J* 27). Suppose P's point of ap- 

j^z:— 1 1 >p plication to be shifted through an 

indefinitely small space to B ; draw 
B 71 at right angles to A C or C A produced, and let A 7t be 
denoted by p^ which is commonly reckoned positive when 
n falls between A and G, and negative when it falls on 
C A produced ; then p is called the virtual velocity of P, 
and Pp its virtual moment. It will be observed that the 
virtual moment of P is the work done by that pressure 
when its point of application receives an indefinitely small 
displacement A B. 

100. The principle of virtual velodtiea.' — This prin- 
ciple is as follows : If a system of pressures in equilibrium 
acts on any machine which receives any small' disjdaoe- 
ment — consistent with the connection of the parts of the 
machine — ^the algebraical sum of the virtual moments of 
the pressures will equal zero. It will be remarked that 
if the principle laid down at the beginning of this chapter 
(Art 90) be accepted as fundamental, it includes the 
principle of virtual velocities as a particular case.* 

If Pj, P,, Pj are the separate pressures, and pj, 

1> 2' Ps ' ' • ' *^cir virtual velocities, the principle is ex- 
pressed algebraically by the following equation, which is 
commonly called the equation of virtual velocities : 

Of course those pressures which do no work, as' explained 
in Art 92, will disappear from the above equation. 
Although from the method here followed the discussion of 

* Compare Kr. Bankine's AppL Mech. p. 479, and Morin, Notknif 
Fond., Art 30. 
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Fig. 130. 




this principle is quite isolated from the rest of the work, 
it will be interesting to verify its truth in certain particular 
cases. 

Ex. 518. — If X and Y are the rectangular components of a pressure F, to 
show that the virtual moment of P equals the sum of the yirtual moments 
of X and Y. 

Let A he the point of application of P 
and let A be transferred to B ; complete 
the rectangle mn, and draw Bp and m^ at 
right angles to AP; then Ap, Am, An, 
are the virtual velocities of P, X, and Y, 
and we have to prove that 

P. Aj»=X . Ajn + Y. An. 
Let XAP be denoted hj 0, then it is 
evident that 

Ap'=Aq + qp'=>Am . cos + An sin 9 
/. P w Ap=Am . P cos (> + An . P sin 9 
or P. A/)=X. Am + Y. An (1) 

If P had acted in the contrary direction X, Y, and P would have been In 
equilibrium; the virtual moment of P would be negative; and (1) would 
become the equation of virtual velocities. 

Ex. 519. — In the last Example suppose that P balances X and Y, and 
suppose its point of application to be transferred in a direction at right 
angles to A P, verify the equation of virtual velocities. 

[It must be remembered that in this case P's virtual moment equals zero. 
(Art. 92 b,)] 

Ex. 620.— Show that the principle of virtual velocities is true in the case* 
of a body in the state bordering on motion up an inclined plane, when a 
small motion is given to it either up or 
down the plane. 

[Draw the figure as in Ex. 251, then, if 
the motion takes place up the plane, D 
will be transferred to a point Di along a 
I'ne DDi parallel to AB; let fall from 
Di perpendiculars on the directions of 
the pressures, viz. Di w, Dip, D^ r, then 
Dw, "Dp, Dr, are the virtual velocities of 
the pressure, and of them Dp is positive 
and the others negative; the equation of 
virtual velocities therefore becomes 

P.D/)=W.Dw + R. Dr 

and this the student is required to prove.] 
Ex. 521.— Verify the principle of vuloal velocities in the last case, a«- 



Fig. 181. 
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•nroing that the plane (and with it the hody) is so moved that D describes 
a straight line at right angles to DR. 

Ex. 522.— Verify the principle of yirtual velocities in the case of two 
pressures in eqnilibriam on a straight bar capable of taming round a fixed 
point. 

[Let P and Q be the pressures which balance on the rod AB round the 
fixed point C; suppose Uie rod to turn through a small angle and to come 

into the position A'B'; 
^'«- "*• ^ draw A' m at right angles 

to APand B'm at right 
angles to BQ, then Am 
is the virtual velocity of 
P and 6n of Q, the latter 
being negative; also the 
virtual moment of the reaction of C is zero (Art 92} ; the equation to 

be proved is therefore 

P. Am-Q.Bii. 

The student must remember that AA'm and BB'n are ultimately right- 
angled triangles.] 

Ex. 523. — Verify the principle in the case of two parallel pressures P and 
Q which keep a beam at rest round a rough axle of finite dimensions (as 
in Ex. 307), the motion being given to the beam round the axle. 

Ex. 524. — In the last Example how would it be possible to move the 
system so that the reaction R should disappear from Uie equation of virtual 
velocities. 

Ex. 525. — In Ex. 523 show that when the axle is smooth the reaction 
will disappear from the equation of virtual velocities. 

101. Proof of the principle of virtual velocities. — The 

following proof applies to the case of any system of pres- 

^*«^- '^- sures acting on a single rigid 

^ body in one plane^ in which 

the displacement is supposed 

to be made: it can be easily 

extended so as to include the pressures that act on any 

machine. 

Lemma. — Let A and X be any two points in a given 
line, let the line be transferred to any consecutive position 
Y, so that A comes to B and X to Y, then if B Y 
equals A X, and if Bn and Y m are drawn at right angles 
to A X, the line A n will ultimately equal X m. 
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For n m equals B Y cos 0, i. e, it ultimately differs from 
B Y, and therefore from A X, by a small quantity of the 
second order ; take away the common part A m, then A n 
and Xm ultimately differ by a small quantity of the 
second order ; but they are themselves of the first order, 
and therefore are ultimately equal. 

Cor. — Hence if a pressure acts along a certain line, and if 
two points in the line are rigidly connected, its virtual 
velocity will be the same at whichever point we suppose it 
to act ; also if there are two equal and opposite pressures, 
their virtual moments will be equal and have contrary 
signs, whether we suppose them to act at the same point 
or at two rigidly connected points. 

(a) If a number of parallel pressures act at right angles 
to a given line, and at points in that line, the virtual 
moment of the resultant will equal the sum of the viiiiual 
moments of the pressures. 

Let Xj, Xj, X3 . . . . be the pressures; when the line on 
which they act has been displaced let it cut its first position 
in a point 0, and make with it a small angle d, also let 
Vv VvVz' • • ' ^^ ^^ distances of the points of application 
of the pressures from 0. Then we have (Prop. 14) 

Xy = X,y, + X,y, + X,y,+ 



• • • • 



where X is the resultant, and y the distance of its point of 
application from ; and therefore 

X2/^ = Xi2/,^ + X22/,^ + X,y3^+.... (1) 

Now ultimately the perpendicular heights of the second 
positions of the points of application above their first 
position are the virtual velocities of the several pressures, 
and these are ultimately y By y xB ^y y ^d ^ y ^6 ^y . . . . and 
therefore equation (1) means that the virtual moment of 
the resultant equals the sum of the virtual moments of the 
pressures. 
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Cot. — It follows from the lemma, that if we suppose the 
pressures to act at any points in their direction, the above 
rule will be true provided those points are rigidly con- 
nected. 

(6) If any pressures Pp P,, P, ... act in one plane, and 
have a resultant B, the points of application being rigidly 
connected, the virtual moment of E will equal the sum of 
the virtual moments of Pj, P„ P3 .... or 

Rr = Pi j9i + P,Pa -»■ ^zP^ + 

For let the pressures be resolved parallel to two rectangular 
co-ordinates; then (Ex. 518) the virtual moment of P^ 
equals the sum of the virtual moments of its two compo- 
nents, and similarly of P,, P3 . . . . ; let X be the resultant 
of the one set of components, and Y that of the other, and 
let their directions intersect in a certain point (A), R will 
act through that point, and will be the resultant of X and 
Y, and therefore Rr will equal the sum of the virtual 
moments of X and Y supposed to act at A ; but the virtual 
moment of X equals the sum of the virtual moments of one 
set of components, and Y that of the other (by Cor. to a), 

and the sum of these equals Pi Pi + P2 i'2 + ^3 /'a • • • • 
(c) If P, Pj, Pj, P J . . . . are pressures acting on a body 
and in equilibrium, the sum of their virtual moments will 
equal zero. 

For let R be the resultant of P^ P^, P3, .... then pro- 
vided the forces act in one plane — the only case we are at 
present concerned with — 

But R is equal and opposite to P, therefore by the Cor. 
to the lemma 

P/?+Rr =0 

.-. (by addition) P/?-t- Pi/? I ^'^^Pi'^^iPz + =0 

Q. E. D. 
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102. Velocity. — Before considering force as the cause of 
velocity or of change of velocity it will be necessary to 
define accurately the means of estimating the magnitude 
of velocities. 

Def. — A body moves uniformly or with a uniform velocity 
when it passes over equal spaces in equal times. 

The imits of space and time commonly employed are 
feet and seconds f: and whenever a body is said to be 
moving with any particular velocity, 6. g. 5 or 6, this will 
always mean with a velocity of 5 or 6 feet per second. 

Def. — ^When a body moves with a variable velocity, 
that velocity is measured at any instant by the number of 
units of space it would pass over in a imit of time if it 
continued to move uniformly from that instant 

It will be seen from the definition that variable velocity 

* The stndent is particnlarlj reccMnmended to make himself thoronghlj 
master of this Chapter before proceeding farther. 

t To prevent mistake it may be stated that the time referred to is tnean 
$olar Hmi, 
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is measured in a manner that exactly falls in with the 
ordinary way of speaking : thus when we say that a train 
is moving at the rate of 40 miles an hour, we mean that 
if it were to keep on moving uniformly for an hour, it would 
pass over 40 miles : again if we were to drop a small heavy 
body, we should find that at the end of a second it is 
moving at the rate of about 32 feet per second, or as it 
is commonly stated, it acquires in a second a velocity 32, 
meaning that if it were to move uniformly from the end 
of that second it would pass over 32 feet in each successive 
second. 

103. Relation between uniform velocity y tvme, and spax^. 
— In the case of a body moving with a uniform velocity, 
it is evident that the number of feet (s) passed over in 
t seconds must be t times the number of feet passed over 
in one second (v) 

.'• 8 = vt 

The space 8 can, of course, be represented geometrically 
by the area of a rectangle whose sides severally represent 
on the same scale the velocity and the time. 

Ex. 526. — A body moves uniformlj over 2 J miles in half an hour, de- 
termine its velocity. Ans. 7|. 

Ex. 527. — A body moves at the rate of 12 miles an hour, determine its 
velocity. Ans. 17f. 

Ex. 528. — The equatorial diameter of the earth is 41,847,000 ft., and the 
earth makes one revolution in 86,164 seconds, determine the velocity of a 
point on the earth's equator. ' Ans, 1526. 

Ex. 529. — A body moves with a velocity 12; how many miles will it pass 
over in one hour? what would be its veloeity if we used yards and minutes 
as units instead of feet and seconds? Ans, (1) 8^. (2) 240. 

1 04. The velocity acquired by falling bodies. — It appears 
as a result of the most careful experiment that at any 
given point of the earth's surface, a body falling freely in 
vacuo acquires at the end of every second a certain con- 
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stant additional velocity * : this velocity is slightly different 
at diflferent places, but is always the same at the same 
place, and never differs greatly from 32 ; so that if at any 
instant the falling body have a velocity V, it will have at 
the end of the next second a velocity of V + 32. This 
additional velocity is commonly called the accelerating 
force of gravity, and is denoted by the letter gr; — ^in all 
the following examples it will be assumed that g equals 
32, unless the contrary is ^ecified. 

From what has been said it is plain that if a body is' 
let fall, it acquires a velocity g at the end of the first 
second, 2^ at the end of the second second, 3^ at the end 
of the third second, and so on : consequently, if v is the 
velocity acquired at the end of t seconds, we shall have 

V =i gt 

By the same reasoning it appears that if the body is 
thrown downward with a velocity V, and if v is its velo- 
city after falling for t seconds, then 

V z=:Y + gt 

Moreover it appears, when a body is thrown upward so, 
as to move in a direction opposite to that in which gravity 
acts, that then it loses in every second a velocity g ; con- . 
sequently in this case 

V -y " gt 

Ex. 530. — A body is let fall for 7 seconds, with what velocity is it moving 
at the end of that time? Ans, 224. 

Ex. 631. — If a body is let fall, how long will it take to acquire a velocity 
of 200ft. per second? Ans, 6^. > 

Ex. 632. — A body is projected downward with a velocity of 80 ft. per 
second ; determine the velocity it will have at the end of 6 seconds, and the > 
nnmber of seconds that mast elapse before a velocity equals twice its 
initial velocity? Ans, (1) 240. ^) 2|8ec 

Kx. 533. — A body is thrown downward with a velocity of 160 ft. per 



* It may be remarked that the difference between the velocities with which 
a feather and a ballet descend is entirely due to the resistance of the air.. 

P 
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Fccond, determine its velocity at the end of 4 seconds, and the number 
of seconds in which a bodj that is merely dropped would acquire that ve- 
locity. Ana. (1) 288. (2)9 sec 

£^. 534. — A body A is projected downward with a velocity of 160 feet 
per second ; at the same instant another body B is projected upward with an 
equal velocity; determine how much faster A will be moving than B at the 
end of 4 seconds. Ana, 9 times. 

Ex. 535. — A body is thrown upward with a velocity of 96 feet per second; 
with what velocity will it be moving at the end of 4 seconds? 

[The formula gives— 32, u e, it will be moving downward with a velocity 
of 32 feet per second.] 

Ex. 536.— In the last case how long will it take the body to reach the 
highest point? 

[It will be at the highest point when o»0, t. e. after 3 seconds.) 

Ex. 537. — ^A body is at any instant moving upward with a given velo- 
city y, show that it will be moving downward with an equal velocity after 

2 V V 

— - seconds; and that it will reach its highest point after — seconds. 

9 9 

105. The space described in a given tvme by a falling 
body, — It admits of proof that if a body is allowed to fall 
freely from rest for t seconds the number of feet (s) which 
it will pass over is given by the formula 

« = i gt\ 

If, however, it is thrown dcnvnward with a velocity V, 

we shall have 

s^Yt + \gt^ 

and if upward with a velocity V, it will, at the end of t 
seconds, be s feet above the point of projection, where 

s = V^ - i gt\ 

Ex. 538. — How many feet will be described in 4 seconds by a body that 
moves freely from rest under the action of gravity? Ana, 256 ft. 

Ex. 639. — Through how many miles would a body falling freely frt)m 
rest descend in one minute ? Ana, 10^ mi. 

Ex. 540. — A body is projected downward with a velocity of 20 ft. per 
second; how far will it fall in 1^ seconds?' Ana, 66ft. 

Ex. 541, — A body is projected upward with a velocity of 100 ft. per 
second; how high will it have ascended in three seconds? Ana, 156ft. 

Ex. 542. — Show that the greatest value of Yt — J^t^ is found by making 

9 
[Compare this result with Ex. 537.] 
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Ex. 543. — If a body is projected upward with a yelocitj of 96 ft. per se- 
cond, where will It be at the end of 7 seconds, and what will be the whole 
space it will have described? 

Ans. (1) 1 1 2 ft below the point of projection. (2) 400 ft. 
Ex. 544.— A body is projected upward with a velocity of 100 ft. per se- 
cond, determine where the body will be, with what Telocity the body will 
be moving and in what direction at the end of 4 seconds. 

Arts. (1) 144 ft. above the point of projection. (2) 28 ft. per sec. 
downward. 
Ex. 545. — A body is projected upward with a Telocity V, show that it 

2 V 

will return to the point of projection after — seconds. 

[Compare this result with Ex. 537.] 

106. Relationbetween velocity acquired and spacepa^sed 
over by afallvng body. — The above relations between the 
velocity {y) which the body has at the end of a time {t) 
and between the space («) which it describes on the same 
time {() enable us to determine the relation between v and 
8 ; thus if the body is simply let fall we have 

V ^ gt 
and 

s = \gt^ 

whence 

v^ = 2g8 

an equation which gives the velocity acquired in falling 
from rest through 8 feet. From the corresponding equa- 
tions the reader will easily deduce the following 

^2 -- V» - 2 g8. 

The former of these gives the velocity {v) which the 
body has after falling through « feet when it was thrown 
down with a velocity V ; the latter the velocity {v) which 
it has when it is « feet above the point from which it 
was thrown up with the velocity V. Whether the di- 
rection of this velocity {y) is upward or downward must 
be determined by other considerations. 

p a 
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Ex. 546. — ^If a bod/ U thrown upward with a velocit/ V, show that it will 

ascend through — feet 

2^ 

Ex. 547.— If a bod/ is thrown upward with a Telocity of 200 ft per se- 
cond find its greatest height. Ans, 625 ft. 

Ex. 548— If a bod/ falls freel/ through 150 ft. find the yelocit/ it ac- 
quires. Ans. 98. 

Ex. 549. — A bod/ is projected yerticall/ upward with a velocit/ of 200 ft. 
per second ; how long will it take to reach the top of a tower 200 feet high, 
and with what velocit/ will it reach that point? 

Ans, (1) 1 1 sec. (2) 164-9. 

Ex. 550. — A stone (A) is let fall from a certain point; one second after 
another stone (B) is let fall from a point 100 ft lower down ; In how man/ 
seconds will A overtake B, and what space will it have described? 

^M. (l)3fsec. (2)210^ft 

Ex. 551. — A stone (A) is let fall from the top of a tower 350ft. high; at 
the same instant a second stone (B) is let fall from a window 50 ft. below 
the top; how long before A will B strike the ground? Ans, 0*35 sec. 

Ex. 552. — A stone (A) is projected verticall/ upward with a velocit/ of 
96 feet per second; after 4 seconds another stone (B) is let fall from the 
same point; how long will B move before it is overtaken b/ A, and at what 
point will this take place? 

Ans, (1) 4 sec (2) 256 ft. below the point of projection. 

Ex. 553. — In the last Example if onl/ 3 seconds had elapsed when B was 
let fall would A ever have overtaken it? Ans, No. 

107. Velocity due to a certain height — When a body 
is moving with a given velocity (V), a certain height H can 
always be found such that if a body fell down it freely from 
rest it would acquire the given velocity : under these cir- 
cumstances V is said to be the velocity due to the height 
H. These quantities are, of course, connected by the 
equation 

Ex. 554. — ^Determine the height to which velocities of 20, 59, and 760 feet 
per second are respective!/ due. 

Ans, (1) 6ift. (2) 54|f ft. (3) 9025ft. 

108. Other cases of uniformly accelerated motion. — .- 
The formulae hitherto used are true for any value of gr, 
and indeed for the motion of any body whch is acted on in, 
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its line of motion by a force that increases its velocity by 
equal amounts in equal intervals. 

Ex. 555. — At the distance of the moon the accelerating force of gravity 
is reduced to about 713 : if a bodjr fell freely under the action of this force 
for one hour with what velocity per minute would it then be falling: and in 
how many seconds would a body falling in the neighbourhood of the earth's 
surface acquire the same velocity? 

Ans. (I) 1928f. (2) 1 sec. very nearly. 

Ex. 556. — If a body were to begin to fall to the earth from the distance 
of the moon; how many yards would it fall through in half an hour? 

Ans. 482 1 yards. 

Ex. 557. — In the last Example if a body were thrown upward with a 
velocity of 4 miles an hour, how long would it take to return to the point 
of projection? Ans. 1314 sec. 

109. The motion of a body thrown obliquely in vacuo. 
When a body is thrown in a direction making a given 
angle with the horizon, its position Fig. 134. 

after t seconds is easily determined by 
the following construction, which, it 
must be remembered, pre-supposes 
that the resistance of the air can be 
neglected.* Let A a? be a hoiizontal 
line, A N the line of projection ; let V be the velocity of 
projection, set oflF AN equal to V^ on scale; draw NP 
vertical, and on the same scale make NP equal to \gt^\ 
then P will be the position occupied by the body at the 
end of t seconds. It will be remarked that if the body had 
been uninfluenced by any external force, it would have 
reached N at the end of t seconds, and had it been 
dropped from N it would have reached P in ^ seconds. 

The above rule suggests a very simple construction for 
the determination of the range and time of flight of a 
projectile on any plane. Suppose a body to be thrown 

♦ This resistance causes a wide departure from the construction given in 
the text in all cases In which the velocity is great—*, g. in the case of mi- 
litary projectiles. See Appendix II. 

p a 
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firom A in a direction of AN with a velocity V, it is 

required to determine the point (P) at which it strikes AB, 

P,^ jjj^ and the time {t) which elapses 

between its leaving A and 
striking P. From any point 
(n) in AN draw the vertical 
line np cutting AB in j?; 
measure the lengths Ati, np, 
pA on any scale; now if the 
point P were known we should have AN = V^ and 
NP = ^g t*; therefore, by similar triangles. 

An : np :: V^ : ^gt* :: — : t, 

a proportion which gives t Whence AN is known, and 
then AP can be found by the proportion. 

An : Ap : : AN : AP. 

This construction is true for any inclination of the plane, 
i, 6. whether it be horizontal or inclined either upward or 
downward. 

Ex. 558. — A body is projected with a velocity of 100 ft. per second in a 
directioD making an angle of 37^ with the horizon : determine the time of 
flight and range on a horizontal plane. Ans, 3*76 sec. and 300*4 ft. 

Ex. 559. — Determine the time of flight and range on a plane inclined at 
an angle of 10^ upward from the horizon in the case of a body projected as 
in the last Example. Ans, 2*88sec. and 233 6ft. 

Ex. 560. — A body is projected with a velocity of 120ft. per second in a 
direction making an angle of 28^ 45' with the horizon, determine the time 
of flight and range on a plane passing through the point of projection, (1) 
when it is horizontal ; (2) when inclined upward from the horizon at angle 
of 12^; (3) when inclined downward at the same angle. 

Ans. (1) 3-61 sec. and 379*5ft. (2) 2-21sec. and 237-7ft. (3) 5sec. 
and 538*3 ft. 

Ex. 561. — A body is thrown horizontally with a velocity of 50 ft. per se- 
cond from the top of a tower 100ft. high; find aft;er how long it will 
strike the ground, and at what distance from the foot of the tower? 

Ans. (1) 2-5sec (2) 125ft, . 
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Ex. 562. — ^If any number of bodies are thrown horizontally from the top 
of a tower they will all strike the ground at the same instant whatever be 
the velocities of projection. 

110. The acceleration of the motion of a given body 

produced by a given pressure. — Let the weight of the 

body be W lbs ; we have seen that if it falls freely it 

acquires in every second an additional velocity g. In 

other words, if this body is acted on by a pressure of W 

lbs., its velocity is increased every second by g. Now 

suppose it to be acted on by a constant pressure P; for 

instance, suppose it to be placed on a smooth horizontal 

plane and to be pushed by a horizontal pressure of P lbs., 

it appears from experiment * that its velocity will be 

increased in every second by a certain constant amount /, 

given by the proportion 

W : P : : fir : /, 

that is to say, the accelerations^ or the increments of 
velocity of the same body, m each second are proportional 
to the pressures that produce them. 

It follows from the remark already made (Art. 108) 
that the formiilsD previously given for falling bodies will 
be true in the present case when / has been substituted 
for g. Thus we shall have 

v = ft « = yt^ v^ = 2fs &c. 

Ex. 563. — A body weighing 30 lbs. slides along a smooth horizontal plane 
under a constant pressure of 15 lbs., determine (1) the additional velocity it 
acquires in every second; (2) the velocity it will have at the end of 5 se- 
conds; (3) the space it will pass over in 5 seconds. 

Ans. (1) 16. (2) 80. (3) 200 ft. 



* It may be remarked that it is very difficult to devise experiments which 
shall exhibit the fundamental principles of Dynamics in a state of isolation ; 
Galileo, who discovered most of them, possessed a rare sagacity in detecting 
the parts of a phenomenon which were due to disturbing causes, and thus 
was enabled to get at the fundamental principles. The experimental veri- 
fication of these principles is nearly always indirect, and consists in compar- 
ing actual cases of motion (e.g. that of planets, of pendulums, &c.} with the 
secondary principles which have been derived from them. 

p 4 
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Ex. 564. — A mass weighing W lbs. is urged along a rough horizontal 
plane by a pressure of Fibs, acting in a direction parallel to the plane; the 
coefficient of friction is ^; if the body's yelocity is increased in every second 
hyf, show that 

J w ^ 

Ex. 565. — A weight of 100 lbs. is moved along a horizontal plane hj a 
constant pressure of 20lbs.; the coefficient of friction is 0*17; determine (I) 
the space it will describe in 10 seconds; (2) the time in which it will de- 
scribe 200ft. Ans. fi) 48ft. (2) 20*4sec. 

Ex. 566. — A train weighing 50 tons is impelled sJong a horizontal road 
by a constant pressure of 550 lbs.; the friction is 8 lbs. per ton: what velocity 
will it have after moving from rest for 1 minates, and what space will it 
describe in that time?-* Ans. (1) 17| miles per hour. (2) 7714ft. 

Ex. 567. — ^If in the last Example the steam were cut off at the end of the 
10 minutes, how many seconds will elapse before the train stops, and how 
far will it go ? Ans. (I) 225 sec (2) 2893 ft. 

Ex. 568. — A train is observed to move at the rate of 30 miles per hour, 
and to run on a horizontal plane for 10,000 ft., find how many lbs. per ton 
the resistances amount to supposing them independent of the velocitj. 

[It is easily shown that/srO'0968; then the resistance (F) in lbs. per ton 
(W) is found to equal 6*776 lbs.] 

Ex. 569. — A weight Q is tied to a string and rests on a rough horizonral 
table ; to the other end of the string is tied a weight F which hangs vertically 
over the edge of the table; if the weight of the string and its friction against 
the edge of the table are neglected, show that when F falls it accelerates 
Q*s velocity in every second byj^ where 

[The student will remark that in this case a weight F + Q is moved by 
a pressure F— ftQ.] 

Ex. 570. — A mass of cast iron weighing 100 lbs. is drawn along a hori* 
zontal plane of cast iron by means of a cord which is parallel to the plane, 
and to the end of which a weight of 20 lbs. is attached: determine (1) the 
acceleration; (2) how far it will move in 4 seconds. 

Ans. ly^ft. per sec. in each second. (2) 8^ ft. 

Ex. 571. — If in the last Example the mass had described 5 ft. in 1| se- 
conds what must have been the coefficient of friction? Ans. ^. 



* If the resistances which oppose the motion of a train were constant, it 
would be possible to attain any velocity however great: in reality the re- 
sistance of the air always imposes a limit on the velocity that can be attained 
by a train moving under a pressure that exceeds the frictions by any given 
amonnt: thus Mr. Scott Kussell's formula for the resistance contains a term 
involving the square of the velocity of the train. (Rankine, p. 620.) 
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Ex. 572.— If in Ex. 569 Q weighs lib. and P weighs 1 oz.; if moreover 
the length of the string is 12ft. and P is placed at the edge of the table 
which is 3 ft. above the ground, find (1) how long P will take to reach the 
ground; (2) how long it will take Q to arrive at the edge of the table; the 
friction between Q and the table being neglected. 

Arts. (1) 1-78 sec. (2) 446 sec. 

Ex. 573. — In the last Example suppose P and Q each to weigh one 
pound, determine the coefficient of friction between Q and the table if that 
body just reaches the edge. Ans. |. 

Ex. 574. — If P and Q are two weights connected by a fine thread (whose 
weight is neglected) passing over a fixed smooth cylinder; determine the 
acceleration; and if a weight equal to P— Q is taken from P after it has 
described s feet, determine the space it will describe in the next t seconds. 

Ex. 575. — In the last Example show that the tension on the string before 

P— Qis removed equals ,^ ^ . 

P+Q 

[Let T be the required tension; the pressure acting on P is P— T down- 

p jp 

ward^ so that the acceleration ofFdoumward is — — — . g. Similarly the ac- 

T— Q 

celeration of Q upward is — -~ . g. And these must be equal, since at 

any instant P is moving downward with the same velocity that Q has up- 
ward.] 

Ex. 576.— In Ex. 569 show that the tension equals ^LIl^^. ^_S. 

P+Q 
Ex. 577. — In Ex. 570 find the tension on the string. Ans. 19|lbs. 

Ex. 578. — A sphere lies on the deck of a steamer and is observed to roll 
back 20 inches; if the resistance to rolling is the ^th part of its weight, de- 
termine the change in the velocity of the steamer. Atu. 2*309 ft. per sec. 

III. The work accumulated in a moving body. — If a 
body weighing W lbs. is at any instant moving with a 
velocity of V feet per second, there will be accumulated 
in it a certain number of units of work ; this is evident 
from the fact that the moving body is capable of over- 
coming any given resistance through a certain space ; the 
precise number of units of work thus accumulated is given 

W 

by the formula ^ V* ; this can readily be proved as fol- 
lows : — It is plain that the number accumulated at any 
instant is independent of the direction of the velocity ; we 
may therefore suppose it to be in any direction that \riU 



218 PRACTICAL MECHANICS. 

enable us to ascertain the number ; now, if we suppose the 
body to be moving vertically upward, it will ascend to a 
height H, given by the formula 

But to lift a weight W through H feet requires the expen- 

W 

diture of WH units of work, therefore WH or ~V* is 

the number of units of work that must have been accu- 
mulated in the body. 

Ex. 579. — A body whose weight is 10 lbs. moyes with a Telocity of 16ft. 
per second, it has to overcome a constant resistance of half a pound; de- 
termine the number of feet it will describe before stopping. 

[There are 40 units of work accumulated in the body: now, if a: be the 
number of feet required, Jx is the number of units of work done; whence x 
equals 80 feet] 

Ex. 580. — In a similar manner obtain the answers to the Examples 567, 
568, 573, and 578. 

Ex. 581. — A railway truck weighing with its contents 10 tons — resistances 
being 8 lbs. per ton — is drawn from rest by a horse; after going 300 ft it is 
observed to be moving at the rate of 5ft. per second: determine the number 
of units of work that has been done by the horse. Arts, 32750. 

Ex.582. — A train weighs one hundred tons— resistances are 8 lbs. per 
ton — determine the smallest number of units of work expended in a run of 
100 miles on a level road.* Ana. 422400000. 

Ex. 583. — In the last Example if the train stops 10 times and the driver 
in each case gets the speed up to 30 miles an hour, and to save time turns 
off the steam and puts on the break at 1000 ft. before each station, determine 
the total loss of work; and the proportion it bears to the total number of 
units that need be expended. Ans. (1) 59760000. (2) nearly ^th. 

Ex. 584. — A shot weighing 6 lbs. leaves the mouth of a gun with a ve- 
locity of 1000ft. per second: determine the number of units of work accu- 
mulated in it, and the mean pressure exerted by the exploded powder behind 
it if the length of the bore is 5 ft. An8, (I) 93750. (2) 18750 lbs. 

Ex. 585. — If the shot in the last Example penetrates 24 in. into a piece 
of sound oak, determine the mean resistance offered by the wood. 

.^n«. 46875 lbs. 



* It is supposed that at the end of the journey the steam is turned off at 
such a point that the train just runs into the station without putting en the 
break. 
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112. Velocity acquired by a body in sliding down a 
smooth cwrve. — Let h be the vertical height of a point A 
above another point B, the points pig^ ae. 

being anywhere situated; let us sup- 
pose them joined by any smooth line, 
whether straight or curved; then if a 
body is supposed to slide in vacuo 
from A to B along the curve, and if V 
is the velocity it has at A, and v the velocity it has at B, 

it can be proved that 

v^ = Y^-{-2gh. 

Now if a point B' were to be taken vertically under A, and 
in the same horizontal line as B, a body that is thrown 
down from A with a velocity Y will have at B' the same 
velocity v. In explanation of this remarkable fact it may 
be observed that at every instant the reaction is perpen- 
dicular to the direction in which the body is moving, and 
therefore cannot accelerate the velocity. The same formula 
is true of a body suspended by thread, and oscillating ; for 
the tension of the string will act at each point perpendi- 
cularly to the direction of the bod/s motion, and will 
neither accelerate nor retard its velocity. 

Ex. 586. — A stone is tied to the end of a string I Oft. long and describes 
a vertical circle of which the string is the radius; if at the highest point it is 
moving at the rate of 25 ft. per second, find its velocity after describing 
angles of 90°, 180°, and 270° respectively from the highest point. 

Ans, (1) 35-6. (2) 43-6. (3) 35'6. 

Ex. 587. — Show that if a body oscillates in any arc of a circle the length 
of the arc of ascent would always equal the arc of descent if there were no 
passive resistances. 

Ex. 588. — A body is tied to the end of a string 12 feet long, the other end of 
which is fastened to a point A ; at a distance of 4 ft. vertically below A is a peg 
B; the body descends through an angle of 30° when the string comes to the 
peg B; find the angle through which the body will rise. Ana. 36° 58'. 

Ex. 589.— Suppose a body to move in a circle whose radius is r, and lowest 
point A ; let V be the velocity it has at a point P and v that which it has at Q; 
let the chords AP and AQ or denoted by C and c respectively show that 

v««V> + ± (C»-c»). 
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113. Centrifugal force, — If a stone is tied to the end of 

a string and whirled round, there arises a very peculiar 

case of the action of forces, and one which requires careful 

consideration. Suppose the string to be r feet long, the 

stone to weigh W lbs. and to move with a velocity of V 

feet per second ; now the tendency of the stone at each 

instant is to move off in the direction of a tangent to the 

circle it describes, therefore there must be exerted on it 

at each instant a certain pressure P (acting along the 

radius and towards the centre) sufficient to deflect it from 

the tangent and to keep it in the circle ; this pressure is 

given by the formula 

W V« 

9 r 
In the case supposed this pressure is supplied by the hand, 
and gives rise to the same sensation as would be produced 
if the stone were at rest and pulled outward with a pressure 
of P lbs. It must be added, that when any heavy body 
moves in a circle under the action of any forces whatever, 
the sum of the resolved parts of the forces along the radius 

must at each instant equal — . — or the body will not 

continue to move in the circle. 

We have already seen that if a body whose weight is W 

is acted on by a pressure P, it would acquire at the end of 

p 

every second an additional velocity/ equal to ^^r ; in the 

present case therefore 

r 
The acceleration / is frequently spoken of as the " centri- 
fugal force." 

Ex. 590. — A weight of lib. is fastened to the end of a string 3ft. long 
and made to perform 50 revolations in 1 min. with a uniform Telocity: the 
revolutions take place in a horizontal plane, determine the tension on the 
string. iins. 2*57 lbs. 
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Ex. 591. — In Ex. 586 determine the tension on the string at the highest 
and at the other points, supposing the body to weigh lOlbs. 

Ans. (1) 9-53lb8. (2) 39*53 lbs. (3) 69-53lbs. (4) 39*53lb8. 

Ex. 592. — If a body moves in a vertical circle the radius of which is 5 ft. ; 
determine the velocity at the highest point that the body may just keep in 
the circle. Ans. 12-65. 

PLet T be the tension on the string, then T + W= — . and the 

9 r 

body will just keep in the circle if T=0. If — . — were less than W 

the body would fall within the circle ; if it were greater than W there would 
be a certain tension on the string.] 

Ex. 593. — In the last Example show that the tension on the string at the 
lowest point will equal 6 times the weight of the body; and that when the 
body has described a quadrant from the highest point the tension is 3 times 
the weight of the body. 

Ex. 594. — Show that the centrifugal force at the equator equals 0*11129 
or the 219^^ V^^ ^^ yfh&t the accelerating force of gravity would be if 
the earth were at rest. 

[See Ex. 628 and Table XV.] 

Ex. 595. — Given that the moon makes one revolution round the earth in 
about 2,360,000 seconds, and nearly in a circle whose radius is 59*964 times 
the earth's equatorial radius, show that the accelerating force of gravity on 

the moon must equal ^, reckoning in feet and seconds : what infer- 

^ 112-48 

ence can be deduced from this as to the law of the decrease of the earth's ' 
attraction? 

Ex. 596. — A cast iron wheel whose internal radius is 6 feet revolves round 
a vertical axis, a piece of cast iron is placed without any support on its in-^ 
terior circumference; what number of revolutions must the wheel make per 
minute in order to keep the iron from falling? Ans, 55*13. 

[The pressure of the wheel against the iron being P there will be a friction. 
ftP which must equal W, the weight of the iron.] 

114. Time of oscillation of a simple pendulum.. —If a 
small bullet is suspended by a very fine thread, and caused 
to oscillate in any small arc (e. g, not exceeding 2° or 3® 
on each side of the lowest point), then the time of each 
oscillation* is given by the formula 

* i. e. the time of moving from the highest point on one side to the. 
highest on the other. 
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where t is the required time in seconds^ and I the distance 
in feet from the point of suspension to the centre of the 
bullet. It may be remarked that the above formula would 
be rigorously true if the bullet' were reduced to a point, 
the thread perfectly flexible, and without weight, and the 
arc of vibration indefinitely small : a pendulum possessing 
th^se properties (which is, of course, an abstraction) is 
called a simple pendulum, and the above formula is said 
to give the time of a small oscillation of a simple pen- 
dulum ; in all other cases the above formula gives only an 
approximation to the time of an oscillation ; in the case 
supposed the approximation is very close. 

"Ex, 597. — If ^s 32-2 determine the number of oscillations made in one 
hoar hy a pendulum 3ft. long. Ans. 3754*2. 

Ex. 598. — It is found that at a certain place a pendulum 39'13S inches 
long oscillates in one second; determine the accelerating force of gpravity at 
that place. Ans, 32*1897. 

Ex. 599.— If L is the length of a seconds pendulum show that 

Ex. 600. — If L is the length of a seconds pendulum at any place, and / the 
length of a pendulum that oscillates in n seconds at the same place, show that 

Ex. 601. — A pendulum at the average temperature oscillates in one second; 
it is found that its length is L; after a certain time it is found to lose 50 
seconds a day; determine the increase of its length. Ans, 0'00126L. 

115. Centre of oscillation and percussion. — Let AB 

represent any body capable of oscillating about an axis 

Fig. 137. passing through S perpendicularly to the plane 

of tBe paper, which also contains the centre 

of gravity G: let the body be made to oscillate 

round the axis, and let the time of its small 

oscillations be noted; determine the length I 

of the simple pendulum which would make a 

small oscillation in the same time ; in S Gr 

produced take 0, so that SO equals I; then 

the point is called the centre of oscillation of the body 

corresponding to the centre of suspension S. If AB has 
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a definite geometrical form, SO can be determined by 
calculation, as will be explained hereafter ; but in any case 
it can be determined as above. 

In the plane of the paper draw R at right angles 
to SO ; it admits of proof that if AB* were stmck a 
blow of any magnitude along the line OK, there would 
be no impulse communicated to the axis; the point O 
is therefore also called the centre of percussion. 

Ex. 602. — A mass of oak is suspended freelj bj a horizontal axis; it is 
qjbserred to make 43 oscillations in one minote; at what distance below the 
point of support must a shot be fired into it so that there maj be no im- 
pulsive strain on the point of support? Ams. 6*3 13 ft. 

Ex. 603. — A tilt hammer when aUowed to oscillate about its axis is ob- 
served to make 35 small oscillations per minute, at what distance from its 
axis must be Uie point at which it strikes the object on the anril in order 
that no impulse maj be communicated to the axis ? Amm. 9*5286, 

116. Variations in the accelerating force of gravity at 
differ&rd places of the eartKs surfcu^ — ^Tien experi- 
mental determinations of the accelerating force of gravity 
are made with great care, it is found to have differeiit 
values at different places ; these variations are due to two 
principal causes. (1.) The spheroidal form of the earth, 
in consequence of which the attraction of the earth at 
different places id not the same. (2.) The diurnal rotation 
of the earth, which causes the effective or apparent foroj* 
of gravity to be less than the actual attraction^ au part of 
the latter is consumed in keeping bodies on the HuHace* 
Besides these general causes, variations are produced in 
the determinations made at particular places by differ* 
ences in their level, and differences in the density of the 
strata in their immediate neighbourhood. The effective 
force of gravity at any place is determined by ascertaining 
the length L of a simple pendulum which beats seconds at 

♦ The body AB is supposed to be symmetric^ with reference to the plane 
of the paper. 
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that place, and then the accelerating force of gravity is 
determined by the formula (Ex. 599) 

The following table gives the lengths of the seconds 
pendulum at diflferent places, according to Mr. Airy*, and 
the values of g which can be deduced from them. 



TABLte XV. 

The Value of the Acceleratinq Force op Gravity at different 

Places. 



Obfenrer. 


, Place. 


Latitude. 


Length of le- 

condt pendulum 

in inches. 


Accelerating 

force of gra- 

ifUy; feet and 

seconds. 


Sabine . . . 


Spitzbergen . 


N. 79° 50' 


39-21469 


32-2528 


Sabine . . . 


Hammerfcst . 


70° 40' 


39-19475 


322363 


Sranberg . . 


Stockholm . . 


59° 21' 


39-16541 


32 2122 


Bemel . . . 


Konig&berg . . 


54° 42' 


39-15072 


32-2002 


Sabine . . . 


Greenwich . . 


61° 29' 


39-13983 


32*1912 


Borda, Blot and 










Sabine . . • 


Paris . . . • 


48° 50' 


3912851 


32-1819 


Biot .... 


Bordeaux . . 


44° 60' 


3911296 


32-1691 


Sabine . . . 


New York 


40° 43' 


39-10120 


32*1594 


Freycinet . . 


Sandwich Islnds 


20° 62' 


3904690 


321148 


Sabine . . . 


Trinadad . . 


10° 39' 


3901888 


32-0913 


Freycinet . . 


Rawak . . . 


S. 0° 2' 


39 01433 


32*0880 


Sabine and Du- 










perrey . . . 


Ascension . . 


7° 55' 


3902363 


320956 


Freycinet and 










Duperrey . . 


Isle of France . 


20° 10' 


39-04684 


32-1151 


Brisbane and 










Rumker , . 


Paramatta . . 


33° 49' 


39-07452 


321375 


IVeycinet and 




• 






Duperrey . . 


Isles Maloiiines 


51° 36' 


39-13781 


32*1895 



* Figure of the Earth, p. 229. 
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CHAP. II. 

ON ACCELEBATED MOTION. 

117. Acceleratmg force. — If the velocity of a body is 
continually increased by equal amounts in equal times, 
that velocity is said to be uniformly accelerated ; and the 
cause which produces this acceleration is said to be a 
uniformly accelerati/ng force. 

Oba. — ^If the velocity of a body is continually dimin- 
ished by equal amounts in equal times, it is said to 
be uniforTnly retarded; and the cause which produces 
this eflfect is said to be a uniformly retardi/ng force. 
Now, it must be remarked, the same cause may produce 
uniform acceleration in one body, and uniform retardation 
in another : thus gravity produces the former effect on a 
body moving downward, and the latter on a body moving 
upward: for this reason the term ** retarding force'* is 
rarely used, and the accelerating force of gi-avity is spoken 
of, whether the body is moving upward or downward. It 
may be remarked, however^ that some forces, such as 
friction, are essentially retarding forces. It must be care- 
fully borne in mind that a body is said to be acted *on by 
a uniformly accelerating force /, when at the end of each 
second its velocity is increased by a velocity of / feet per 
second. 

Proposition 22. 

If ABCD be any area boimded by a line straight or 
curved CD, and by straight lines AB, AD, BC, of which 

Q 
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the two Utter are at right aDgIe§ to AB ; and if the line 
D C be Bucb that for any point P the abedsBa P N repre- 
sents the velocity with which a 
body moves at the end of a 
time t, that ie represented on 
the same scale bj AN, then the 
area of the curve will represent 
the space described in the time 
AB. 

Divide AB into any num- 
ber of equal parts in N„ N^ 

Nj draw the ordinatee Pj N„ 

P, N„ P, Np .... and complete 
the rectangles D N„ P, N^ 
P, Nj, .... Now, if we suppose the body to move during 
each interval of time with the velocity it has at the 
commencement of that interval, then (Art. 103) it will 
describe a space represented by the sum of the rectangular 
areas DN|, P| N,,P, N^....; and tliis will be true, how- 
ever great the number of intervals may be, and there- 
fore when the velocity changes continuously, the space 
described will be correctly represented by the limit of 
the sum of those areas, i.e. by the curvilinear area 
A BCD. 




Proposition 23. 

If a body begins to move witb a velocity of V feet per 
second, and is acted on by a uniformly accelerating force 
/ along the line of ita motion, the number of feet {s) 
described by it in t seconds is given by the formula 

a = Vt + ^ft\ 

Let A B represent the time t on scale ; at right angles to 
AB draw AD and BC representii^ on the same scale V — 



D 


P 


C 






M 


A 


M f 



B 
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the velocity at the beginning of the motion — and Y-\- ft — 
the velocity at the end of the motion (Art. 104) ; join DC, 
then the area A BCD will repre- Fig. 139. 

sent the space 8, 

Draw DE parallel to AB; in 
D C take any point P, and draw 
PN parallel to DA, cutting DE 
in M, Now, since DA (which 
represents V) is equal to BE, we 
shall have CE equal to ft, or 
/xAB. But by similar tiiangles 

PM : CE :: DM : DE :: AN : AB 

and CE equals /xAB; therefore PM equals / x AN, 
therefore PN equals AD +/ x AN, i.e. (Art. 104) represents 
the velocity with which the body is moving at the end of 
the time represented by AN ; hence the area ABCD repre* 
sents the required space 8 (Prop, 22), 

Now area ABCD = ^ AB (AD + BC) 

.-. « = i^(v+v+/o 

or 8-Yt'\-^ft\ 

C(yi\ — If the body b^ns to move in a direction opposite 
to that in which the force acts— i^e, if its velocity is uni- 
formly retarded — a precisely similar process leads to the 
equation 

and if the body begins to move from rest, we shall obtain 

a = ift*. 

Ex. 604. — ^If a body is thrown np with any Telocity and if ^i and ^ are 
the times during which it is respectiyely above and below the middle point 
of its path, show that 

*i : *»:: i : -v/2-1. 

Ex. 605. — If a body falls under the action of any uniformly accelerating 
force yi show that the spaces described in successive seconds form an arith- 
metical series of which the first term is ^ and the common difference/ 
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Ex. 606. — If a bodj U let fall and deacribes a certain space, and this 
ipace is divided into n eqaal parts, show that the time of desciilMng the first 
part is to that of describing the last as 1 is to ^^^ %^jt— i. 

Ex. 607. — There is a chasm with water at the bottom, on dropping a 
itone down it the splash is heard n seconds after the stone leares the hand; 
show that the distance of the surface of the water below the hand is given 
bj the formula {gm^2-2) 

« - 1130 (35 + a— ^/ISasTTOa). 

[The Telocity of sound may be taken at 1 130 feet per second; it will be 
observed also that 1130+16*1"70 very nearly; now let x be the time the 
stone takes to fall, n— x is the time the sound takes to rise, and if s is the 
required depth we have 

<»J^x«.16*l jr> 
And s^llSO (a— x) 
.-. x»-70(a-x) 

whence 4 is easily found.] 

Ex. 608. — M'hcn n is but a few seconds, show that the formula in the last 
Example can be wriucn 

565 «« 

S SB • 

35-t-n 
Ex. 609. — Determine the ralues of s from the formuhe of Examples 607 
and 608 when n equals 3, 4 and 5 seconds respectively. 

Ans, (1) 134-3ft. and 133-8ft. (2) 232*4 ft. and 231*8ft. (3) 354*5(1. 
and 3531ft. 
Ex. 610. — If Vis the velocity of sound, show that the formuUe in Examples 
607 and 608 become respectively 

9 
and hence show that if an error of k* feet is committed in the numerical 
value assigned to V, the error in the value of s is very nearly 

Ex. 611. — What is the error produced in the determination of s by an 
error of 20 ft. in the velocity of sound (assumed as 1130) when » equals 5 
seconds? Ans, 0*78 ft. 

118. Change m the numerical value of an accelerating 
force produced by a change in the units of space and 
time. — We have hitherto taken the numerical value of the 

• It must be remembered that the velocity of sound is different in different 
states of the atmosphere. 
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accelerating force of gravity to be 32, which presupposes 
that space is measured in feet, and time in seconds ; the 
use of these units is of course arbitrary, and we might 
employ any others; the question then arises, were this 
done what numerical value must be assigned to the accele- 
rating force of gravity? The method of obtaining this 
value will be readily understood by considering the follow- 
ing Examples: — 

Ex. 612. — What velocity would be acquired by a body that fell freely for 
one minute? Ana, 1^0 ft. per sec 

Ex. 613. — ^If a body moves with a velocity of 1920 ft. per second, what is 
its velocity estimated in yards per minute? Ana. 38400. 

[Now it must be remembered that at the end of each second a falling 
body acquires an additional velocity of Z2feet per second; it appears from 
the last two Examples that the same body would acquire in each minute an 
additional velocity of 38400 yards per minute ; but the former number re- 
presents the accelerating force of gravity in feet and seconds, and therefore 
the latter represents the accelerating force of gravity in yards and minutes.] 

Ex. 614. — Given that the accelerating force of gravity at the distance of 
the moon equals -^ in feet and seconds, find its value in miles and hours. 

Ans, 21*91. 

Ex. 615. — An accelerating force has a numerical value / when certain 

units are employed, show that its value will be — ^ when the new unit 

It 

of time contains m, and the new unit of space n, of the old units respectively. 

119. Composition of velodtiea^—Supj^ose a body to be 
at any instant at the point A, and suppose it to be moving 
with such a velocity as would in a p,^ ,^^ 

certain time carry it to B along the a b 

line AB; suppose that at that instant 
another velocity were communi- 
cated to it such as would in the ^ ^ 
same time carry the body along the line AC to C, if it had 
moved with that velocity only; complete the parallelogram 
A BCD, and join AD, then at the end of the given time 
the body will arrive at D, having moved along the line 
AD. That this is so appears at once from the well known 
fact, that when a ship is in a state of steady motion^ a 

Q8 



1 '"■«»., 


■''«'»._^_ 
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man can walk across her deck with precisely the same 
facility as if she were at rest; thus if he were to walk 
across the deck when the ship is at rest he would go from 
A to C ; but if we suppose the ship to have such a velocity 
as will in the same time carry the point A to B, he will 
come to the point D ; and if the velocities have been 
uniform he will have moved along the line AD. Now, 
let V and u be the two velocities, then 

AB : AC :; u : v 

and if V is the velocity compounded of them 

AD:AB:: V:i/. 

So that if AB and AC represent the given velocities in 
magnitude and direction, AD will represent the velocity 
compounded of them in magnitude and direction. Hence 
the rule for the composition of velocities is the same, 
mutatis Tnutandis, as that for the composition of pressures. 
If the velocities vary from instant to instant, the rule 
will give the magnitude and direction of the component 
velocity at any instant ; this is the case which commonly 
happens, for example, when a body is thrown in any 
direction transverse to the action of gravity ; the method 
of determining the motion of the body may be described in 
general terms as follows : — Conceive the time to be divided 
into a great number of intervals, and suppose the velocity 
that is actually communicated by gravity during each in- 
terval, to be communicated at once*, then, by the com- 
position of velocities, we can determine the motion during 
each interval, and therefore during the whole time; the 
actual motion is the limit to which the motion, thus deter- 
mined,approaches when the number of intervals is increased. 

* It 18 immaterial whether we conceive it to be commanicated at the he- 
ginning or at the end of the intervaL 
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Proposition 24. 

A body is thrown in vacuo in a direction making any 
angle with the horizon, and with a given velocity (V) to 
determine its position at the end of any given time (t). 

Let the body be projected along the line AN ; take A N 
equal to V^, and divide t into n parts, each equal to t ; then 
if AN is divided into the same number of equal parts in 
Np Nj, N3 . • . each part will 
equal Vt, Now, the eflTect ' ' 

of gravity is to increase 
the velocity of a falling 
body by gr in a time t; 
we may therefore conceive 
the body to move through 
each intei-val with the 
velocity it has at the 
beginning of that interval, 
and at the end the velo- 
city to be compounded with 
gr. During the first interval the body will move over 
the space ANj ; draw N, n^ vertical and equal to grxr; 
complete the parallelogram n^ Nj ; then since the sides 
Nj 71 J and Nj N, are proportional to the velocities gr 
and V, the. body will, during the next interval, move 
along the line Nj Q, and at the end of the interval 
will arrive at a point Q vertically under N^; the actual 
velocity with which the body has moved being, of course, 
equal to Nj Q-ht. At the point Q we have to com- 
pound this velocity with gr; to do this we must produce 
Nj Q to r, making Qr equal to Ni Q ; take Qn^ equal to 
gr X T, and complete the parallelogram, then the sides of 
this figure are proportional to the component velocities, 
and therefore the diagonal ia in the same proportion to 
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the velocity compounded of them ; at the end of the third 
interval therefore the body will be at B vertically under N, ; 
the same construction will apply to any nYimber of inter- 
vals, and the required point P will be vertically under N. 
To determine NP ; produce N, Q to m^ QB to m^ BS to 
m,, &C., then will NP equal the limit of the sum of Nt/Ij, 
m| m^ ^2^8* ^' 5 ^^*' ^y similar triangles Ntw., is the 
same miiltiple of N, Q that Nj N is of Nj N,, there- 
fore Nm, equals (n— 1) gr^, similarly mg m, equals 
(n— 2) gr^y m, m, equals (n— 3) grr*, &a, and therefore 
their sum equals 

(n- 1) gi^ + (n-2) gfT« + (n -3) 5rT«+. . . H- 2flfT« + gr^ 
= ffT»|(n-l) + (n-2)H-... + 2 + l| 



=^„4-^^>=i^(.-i). 



Now however great the niunber of intervals Q, R, S, &c. 
will remain vertically under N,, Nj, Nj, &c., so that in the 
limit P will remain vertically under N. Also the limit of 

^gt^ (l-^-) is ^gfi; so that the true position of the body 

will be found by measuring downward from N a distance 
equal to ^ gtK (See Art 109.) 

Ex. 616. — If a body is projected with a velocity V in a direction making 
an angle a with the horizon, show that the time of flight is — sin a and 

9 
[See Art. 109.] 

Ex. 617. — If a body is thrown with a given velocity the horizontal range 
is greatest when it is projected at an angle of 45°; and for angles of pro- 
jection one as much less as the other is greater than 45° the horizontal 
ranges are the same. 

Ex. 618. — Show that the least velocity with which a body can be pro- 
jected to have a horizontal range B is 4 ^/2B feet per second. 
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Ex. 619. — Determitie the angle of elevation and Telocity of projection that 
will enable a bodj to strike the ground after 10 seconds at a distance of 
5000 ft from the point of projection. 

Ans. (1) 17*^ 45'. (2) 525 ft. per sec. 

Ex. 620.— A bod J is projected with a velocity Y in a direction making 
an angle a with the horizon, if B is its range on a plane passing through the 
point of projection and inclined at an angle B to the horizon *, and T the 
time of flight, show that 

j.^2V^ sin (g-g) cos a ^^^ rp_ 2N sin (a- 0) 
g ' cos" g ' CO8 ' 

[See Art 109.] 

Ex. 621. — There is a hill whose inclination to the horizon is 30° ; a pro- 
jectile is thrown from a point on it at an angle inclined to the horizon at 
45°; show that if it were projected down the plane its range would be nearly 
3| times what the range would be if it were thrown up the plane. 

Ex. 622. — In the last Example suppose the slope of the hill to be due 
north and south, and the azimuth of the plane of projection to be A ; show 
that the sum of the two ranges obtained by throwing the body towards the 
ascending and descending parts of the hill equals 

2V' /, cos^A 

[The azimuth is the bearing of a point from the south measured on a 
horizontal piane.^ 

Ex. 623. — If in Example 620 the body is so projected as to obtain the 
greatest range with a given velocity, show that the direction of projection 
must bisect the angle between the vertical and the plane. 

[It must be remembered that 2 sin («— g) cos a»sin (2 a— ©)— sin 0,"] 

Ex. 624.— Referring to the figure in Prop. 24, if AH and HP are de- 
noted by X and y respectively show that 

x^Ytcoaa 
y^Yt sin a— J g^, 

Ex. 625. — Show that the highest point the projectile can reach is 

ya 

---— sin' a feet above the middle point of the horizontal range. 
2g 

Pre/position 25. 

The curve descri]Ded by a projectile in vacuo is a pa- 
rabola whose directrix is horizontal^ and at a distance above 

* The inclined plane is, of course, perpendicular to the plane of projection, 
unless the contrary is specified. 
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the point of projection equal to that to which the velocity 
of projection is due. 

Let P be the point and PM the direction of projection; 

let PQ be the path of the projectile and Q its position at 

Fig. 141. the end of t seconds ; draw the vertical 

lines DPN and MQ, also draw QN 

parallel to PM, then 

PN=QM=^5r«* 
NP=QM=V^ 

...QN« = ?X1.PN. 
9 

Now this relation between QN and PN 

is the same wherever on the curve we 

may take Q; but if a parabola were 

drawn through P touching PM, with its diameter vertical 

and its directrix passing through a point D so taken that 

2V* 
4 PD equals we should have for any point of it 




9 



2V* 

QN»==— .PN 
9 



i.e. it would coincide with the curve described by the 
projectile : hence that curve is a parabola whose directrix is 
horizontal and passing through the point D ; but it will be 
remarked that 

V»=2^.DP. 

So that DP is the height to which the velocity of pro- 
jection is due. (See Art 107.) 

Cor. — The velocity of the projectile at any point is that 
due to the height of the directrix above that point. 

Let PQP' be the path of the projectile, of which DD' 
is the directrix ; at the point Q let the body be moving 
with a velocity v in the direction QT ; now it is plain that 
if another body were thrown from Q in the direction QT 
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with an equal velocity v, it would move in exactly the 

same manner as the pro- Fig. 143. 

jectile, i. e. would describe 

the curve PQ'; but if a 

body is thrown from Q so 

as to describe that curve, it 

must be thrown with the 

velocity due to the height QC, i.e. v^=^2g CQ. 

Ex. 626. — Show that the velocitj v of the projectile at any time t is given 
bj the formula 

t^^Y^^2Ygt sin o + ^f"^^^ 

Ex. 627. — There is a wall b feet high, a body is thrown from a point a 
feet on one side of it so as jost to clear the wall and to fall c feet on the 
other side; show that 

tan (angle of eleyation) = *jCi±f) 

ac 

(yel. of projection)^* iSllSl /_J!1_ +^i^±£)]. 
•^ ^ 2 I b{r + c) ac J 

120. The first and second laws of motion. — The object 
of the first law of motion is to assert that a body has no 
power of changing its own state of rest or motion, and 
that every such change is due to the action of some ex- 
ternal force ; up to the time of Gralileo it was supposed that 
certain kinds of motion — such as the rolling of a body 
along a road — have a natural tendency to decay; while 
certain other kinds — such as that of falling bodies— have 
a natural tendency to increase ; when this opinion came 
to be examined, it was found that every case of " decay " 
could be referred to the action of retarding forces, e,g. 
friction and resistance of the air, and that the "decay** 
could be made indefinitely slower by diminishing these 
resistances; on the other hand every case of increased 
velocity could be referred to the action of an accelerating 
force such as gravity. The law is stated as follows : 
** A body not acted on by any external force, if at rest, 
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will continue at rest, and if in motion will continue to 
move uniformly on a straight line." The object of the 
second law of motion is to assert that the effect produced 
by a force is irrespective of the previous motion of the 
body : it is enunciated thus : — " When a force acts on 
a body in motion, the velocity it would produce in the 
body moving from rest is compounded with the previous 
velocity of the body." If the body is moving along the 
line of action of the force, the term compounded must be 
understood to mean added (or subtracted) ; if the body is 
moving transversely to the line of action of the force, the 
word compounded must be understood as in Art. 119. The 
principle asserted in the second law of motion is illustrated 
by many obvious facts, such as the following : — a person, 
on board a ship, can throw up a ball and catch it with 
equal facility whether the ship is at rest or in a state of 
steady motion. 
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CHAP. III. 

ON MOTION PRODUCED BY PRESSURE. 

121. Acceleration produced by a given pressure. — The 
following examples can be solved by means of the principle 
laid down in Art. 110. 

Ex. 628.— If a body slides down a smooth inclined plane, show that the 
accelerating force equals g sin a, where a is the inclination of the plane to 
the horizon; if the plane is rough show that the accelerating force equals 

n (g— y; where (p is the limiting angle of resistance, 
cos ^ 

[In the case of a smooth plane the pressure producing motion is the pi(H 

of its weight resolved along the .plane, t.e. is W sin o, whence f=g sin a. 

In the case of the rough plane the pressure producing motion is W sin a 

diminished by the friction, t. e. W sin o— uW cos o or W ^*" v"""y whence 
•' '^ cos y 

cos <f> 

Ex. 629. — Find the velocity acquired by a body in descending a smooth 
inclined plane 50 feet long and having an inclination of 23°; determine also 
the velocity that would be acquired if the limiting angle of resistance is 
15°. Ans. (1) 35 -4 ft. per sec (2) 21 '5 ft. per sec. 

Ex. 630. — If a body begins to ascend an incline show that the retarding 

force is /'"(»*»). 
cos ^ 

Ex. 631. — There is a plane 50 feet long and inclined to the horizon at 
an angle of 30° ; the limiting angle of resistance between it and a given body 
is 15**; determine the velocity the body must have at the foot of the plane 
80 as just to reach the top, and the time it will take to get there. 

Ans, (1) 48-4ft. per sec. (2) 2 07 sec 

Ex. 632.— If a body slides down a gentle incline of 1 foot vertical to m 

horizontal, show that the accelerating force very nearly equals ( fi)g, 

tn 

And if m«100 show that the error equals about joiro*'^ P*'^ ^^ t^® whole. 
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Ex. 633. — A train moring at the rate of 24 milei an hour comes to the 
top of an incline of 1 foot in 350; the resistances are Bibs, per ton; the 
steam is cut off at the top of the incline and the train comes to rest at its 
foot, determine (1) the retarding force on the train; (2) the length of the 
indinet (8) the time of motion. Ang, (I) ^. (2) 27104ft. (3) 1540sec 

Ex. 634. — At the slide at Alpnach the fir^t declivity has an inclination of 
S2^ 80^ and is 500 feet long; being kept continually wet the limiting angle 
of resistance is 14°; in how many seconds would a tree descend this first 
declirity were it not for the resistance of the air? Ana, 14*3 sec 

Ex. 635. — A body slides from rest down a plane whose inclination is I 
and length L; it passes with the Telocity acquired during the descent of the 
first plane to a second whoso inclination t is less than the limiting angle of 
resistance ^j if / is the space through which it slides before coming to rest, 
show that 

L ~siu (^—1)* 

Ex. 686 — A body weighs W lbs. and is pulled up an inclined plane by 
a pressure P that acts parallel to the plane, show that the accelerating force 

equals ^^— "" ijf» where a is the angle of inclination and ^ the 

* ^ \ W cos ^ / 

limiting angle of resistance. 

** Ex. 687.— Let AC, CB be two planes sloping downward in contrary di- 
rections from the point C, and inclined to the horison at angles A and B 
respectively ; a weight P slides down C A and draws a weight Q up CB by 
means of a fine cord which passes over C and is tied to each weight; if the 
limiting angle of resistance between the weights and the planes is ^ show 
that 

P8in(A-») -Q8in(B + » ) 
•' (P+Q)cos^ *^' 

Ex. 638. — In the last case if the inclines are equal and small, being I in 
m, show that 



/-{i?T§-'}-- 



Ex. 639. — If the resistances are 8 lbs. per ton and the incline 1 in 140, 
and a set of fall trucks are required in their descent to pull up the incline 
an equal number of similar empty trucks, show that the contents of each 
truck should on the average be more than double the weight of the truck. 

Ex. 640. — If a circle is placed with its plane vertical, and through its 
highest point any chord is drawn, a body will descend along that chord 
(supposed to be smooth) in the same time as down the vertical diameter. 

Ex. 641. ^If through any point there is drawn a vertical line and any 
number of inclined planes on the same side of the line and having a common 
limiting angle of resistance ^; then if bodies begin to slide^ down these 
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planes at the same instant, show that after any interval they will be found 
in the arc of the segment of a vertical circle cut off by the vertical line 
which subtends at the centre an angle equal to ir--2^. 

122. The work accumulated in a movvng body. — The 
following examples depend on the principle proved in 
Art. 111. 

Ex. 642. — A train moving at the rate of 15 miles an hour comes to the 
foot of an incline of 1 in 300, resistances 8 lbs. per ton; how far will it go 
before stopping ? Ana, 1095ft. 

[If W is the weight of the train in lbs. the number of units of work ac^ 

cumulated in it is — ^^ — ^ » now if / is the horizontal length of the plane 

2flr 

the units of work required to draw W over this length is by Example 468 

W / f -L + JL !.•./« 22' X 300 X 280 the number of feet required. 
L 300 280 J 580x2^ ^ 

The same answer can be obtained by the principle exemplified in the last 

article.] 

Ex. 643. — A body slides down an inclined plane the height of which is 
12 feet and length of base 20 feet; find how far it will slide along a hori- 
zontal plane at the bottom, supposing the coefficient of friction on both 
planes to be |, and that it passes from one plane to the other witliout loss of 
velocity. Ana, 52 fi 

[From Ex. 468 it appears that the body arrives at the bottom of the 
plane with a number of units of work accumulated in it equal to 
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Ex. 644.~If the velocity of a moving body changes from V to v, show 
that the number of units of work accumulated during the change equals 

Ex. 645. — A trun weighing 90 tons comes to the foot of an incline of 1 
in 160 with a velocity of 30 miles an hour, the resistances are Tibs, per ton, 
the length of the incline 2 miles; the train has at the top of the incline a 
velocity of 20 miles an hour; how many units of work have been expended 
in getting the train up the incline? And through how great a distance 
would an expenditure of the same number of units have taken the train 
with a uniform velocity along a horizontal line? 

Ana. (1) 16,570,400 units. (2) 26302ft. 

Ex. 646. — ^If a train begins to descend the incline in the last Example 
with a velocity of 20 miles an hour, how far will it descend before acquiring 
a velocity of 30 miles an hour? Ans, 5380ft 
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Ex. 647.— There are two points A and B on a railroad 4 miles apart on 
the same horizontal Hnei the railroad is in two equal inclines one np and 
the other down of I in 160; the train, which weighs 50 tons and experiences 
resistances eqoal to 7 lbs. per ton, has a Telocity of 30 miles an hour at A 
and B, and a velocity of 20 miles an hoar at the top of the incline; the Te- 
locity being supposed to change uniformly from 80 to 20 and again from 
SO to 30, and when the latter velocity is attained further acceleration is 
checked by putting on the break; determine (1) the loss in units of work in 
consequence of the incline; (2) the loss of time in consequence of the in- 
cline. An». (1) 1,813,000 units. (2) 72isec. 

Ex. 648. — A chest 6 feet long and 2 feet square stands on its end on the 
deck of a ship, one face being perpendicular to the direction of the motion ; 
the ship is suddenly brought to rest, what must be its velocity if the chest 
is just overthrown; it being supposed that all sliding is prevented ? 

Am. 2*2 miles per hoar. 

[If W is the weight and Y the required velocity the number of units of 

W 

work accumulated in it must be — V ; and to overthrow the chest re- 

quiresW ( -v/ 1 — 3) units of work.] 

Ex. 649. — Show from the principles of the present article that the velo- 
city acquired by the bodies in Ex. 637 while moving from rest over a length 
/ of the planes is given by the formula 

ya_j / ^ P8in(A-<^)-Q8in(B-») 

(P+Q)cos<^ 

Ex. 650. — There is an inclined plane of 1 in 90 along which a train 
weighing 80 tons is made to descend for a distance of 300 feet; to the train 
is attached a rope which, after passing round a pulley at the top of the in- 
cline, is fastened by the other end to a lighter train weighing 16 tons and so 
long that the light train is at the foot of the incline when the heavy one is 
at the top; find (I) the velocity with which the heavy train reaches the foot 
of the incline; (2) if the heavy train is disconnected from the light one at 
the foot of the incline find the distance to which it will run before stopping 
on the horizontal plane, resistances on the incline being 7 lbs. per ton, on 
the level 8 lbs. per ton. Ans, (1) 907 ft. per sec. (2) 359-7 fK 

123. MOfSa, momentum, and moving force. — The term 
7YK188 is of frequent occurrence in dynamics, and it is of 
great importance that the student should obtain a clear 
conception of its meaning, and of the distinction that 
exists between the maaa of a body and its weight ; for this 
purpose let us consider a particular case. Neglecting 



DEFINITION OF MASS, 241 

variations of temperature, it is plain that two cubic inches 
of lead contain twice as much lead as one cubic inch, and 
so on in any proportion ; also at the same place the two 
cubic inches of lead weigh twice as much as one cubic inch 
of lead ; consequently the weight (W) of a piece of lead 
will vary as the quantity of lead (M) which it contains. 
Moreover at dififerent places the weight of a piece of lead, 
i. e. its power to compress a given spring, varies as the 
accelerating force of gravity at that place* ; that is to say, 
if the force of gravity were doubled, the weight of the 
same piece of lead would be doubled, and so on in any 
proportion. Hence the weight must vary as the quantity 
of lead (M), and the accelerating force of gravity (g) 
jointly, i.e.W(x Mg 

or W = kMg 

where A; is a constant number depending on the particular 
units employed. Now, it further appears that whatever be 
the physical nature of a body, i.e. whether it be lead, 
or iron, or gold, the quantity denoted by M is the same 
for all dynamical purposes, and as in each particular case 
it would denote the quantity of lead, or iron, or gold, we 
shall correctly generalise its denomination if we call it the 
quantity of matter or the rnasa of the body. 

Def. — The momentum of a body is the product of its 
mass and its velocity. 

It will be remarked that the momentum of the body is 
referred to its mass^ and not to its weight ; the reason for 
doing so is this : — a cubic inch of lead moving with a given 
velocity would strike the same blow whether the accele- 
rating force of gravity were 32, or had any other value, 

* The evidence for this fact is, of course, experimental, see note to Art. 
110. It may be added that the variations of the weight of the same body at 
different parts of the earth's surface could probably be observed directly and 
with great accuracy by means of a delicate spring. — HerscheVs Outlines of 
Astronomy^ Art 234. 

n 
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that is to say^ its momentum must not be made to depend 
on the weight, which varies with the force of gravity, but 
on the mass, which is irrespective of its variations. 

Bef. — Moving force, or the moving quantity of a force, 
is the additional momentum which it communicates in 
each second to a body. 

The accelerating force (/), or the acceleration produced 
by a force, is the additional velocity it communicates in 
each second ; consequently if M is the mass of the body. 

Moving force = M/. 

124. TJce third law of motion. — We have already seen 
(Art. 110) that when a pressure P acts upon a body which 
weighs W lbs. at a place where the accelerating force of 
gravity is g ; then 

9 
i. e. P a M/. 

This variation when verbally enunciated becomes what is 
commonly called the third law of motion, viz. — wheii 
pressure produces motion it is pi^oportionaZ to the 
moving force. 

Ex. 651. — ^If we assame that W>=M^, where ^ is taken in feet and se- 
conds, and W in lbs., how many cubic inches of water will be the unit of 
mass? An8, 892*60. 

[See Art. 2. The value pf^ at London may be taken to equal 32*192.] 
Ex. 652.^-If a substance contains Y cubic inches and its specific gravity 

is a, show that the numerical value of M is . 

892*60 

Ex. 653. — A cubic foot of cast iron is observed to increase its velocity by 
3 feet every second, determine from the last Example the pressure that pro- 
duces this acceleration. ^n«. 4 1 '8 6 lbs. 
[The reader must remember that since W^M^r we shall have F = M/.j 
Ex. 654. — The accelerating force of the moon's attraction on a point si- 
tuated on its surface is about 5*4.* A man can jump to a height of h feet 
on the earth's surface; how high could he jump on the moon's surface? 

An9, 29*7 ft. 

* Herschel's Outlines of Astronomy, Art. 508- 
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Ex. 655. — If equal pressures (F) act on two unequal bodies for the same 
time, show that the bodies will acquire equal momenta. 

Ex. 656. — Show that momenta of the bodies in the last Example will 
be equal when F varies from instant to instant, provided the pressures are 
the same at the same instant throughout their time of action. 

[The results in the last two Examples are of considerable importance ; 
they are almost self-ev-ident and therefore liable to be forgotten — ^for this 
reason the student's attention is particularly directed to them.] 

Ex. 657. — When the powder in the bore of a cannon is exploded the 
pressures on the end of the bore and on the shot are at each instant equal: 
a shot weighing 6 lbs. is fired from a gun quite free to move and weighing 
6 cwt.; the velocity with which the shot leaves the gun is 1000 ft. per se- 
cond, what is the velocity of the gun's recoil? Ans, 8*93 ft. per sec 

Ex. 658. — Show that the number of units of work accumulated in the 
gun is always small compared with the number accumulated in the shot; 
and ascertain these numbers in the case suggested in the last Example. 

Ans, 93,750 units in the shot and 837 in the gun. 

Ex. 659. — ^What reason can be assigned for the practical rule that, aB* 
teris paribu8j the velocity of the shot is proportional to the square root of 
the weight of the charge? * 

Ex. 660. — ^If the trunnions of the gun in Ex. 657 are supported on iwo 
parallel smooth planes inclined at an angle of 30^ determine how far it will 
move along these planes. Ans, 2*5 h. 



* Foncelet, Introd. h la Mecan. Indust., Art. 176. 
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CHAP, IV. 



THE CONSTRAINED MOTION OF A POINT. 



Fig. 144. 



Proposition 26. 

The velocity acquired by a body in sliding from one 
point to another on a smooth curve is the same as that 
acquired by a body which falls freely through a space equal 
to the vertical height of the higher above the lower point. 
Let A and B be the two points, draw BB' horizontal and 

AB' vertical ; let the body leave A with 
a velocity V, and arrive at B with a 
velocity v ; then, if W be the weight of 
the body, the number of units of work 
accumulated in it while it moves from 
A to B, will equal (Ex. 644). 

Now, the only pressures that have acted on the body are 
its weight, and the reaction of the curve ; the work done 
by the former of these equals Wx AB' (Art. 91 6) and 
the latter does no work, since its direction is always per- 
pendicular to that in which its point of application is 
moving (Art. 92 6) ; therefore 

^(t;^-V»)=WxAB' 




29 



V 



-V2=2^xAB' 
But this is the equation we should obtain if we supposed 
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a body to leave A with a velocity V, and to fall freely to 
B', Therefore, &c. Q. B. D. 

Cor. — The above proposition is true, whether AB is a 
plane curve, e.g. a circle, or a curve of double curvature, 
e.g. the thread of a screw. It will be an instructive 
exercise for the reader to make out the kind of efifect 
which friction would have on the velocity in both these 
cases; the actual calculation requires the Integral Calculus. 

Proposition 27. 

If a heavy point whose weight is W be moving in a 
circle (whose radius is r) with a velocity V, the pressure 
(P) tending to the centre 
necessary to keep the body 
moving in the circle is given 
by the formula 



Fig. us. 



W 
P= — 

9 



V» 




Let A be the position of 
the point at the given instant, 
in the circle whose centre is 
and diameter AB ; at the 
end of a short time t^ sup- 
pose the body to have come 
to Q ; join OQ and produce it to meet in T, the tangent AT 
to the circle at A; draw QM parallel and QN at right 
angles to AB. 

(1.) If while the point moves from A to Q, the pressure 
were to act continually parallel to AO, the velocity at A 
must be such as by itself would carry the point through 
the space AM in the time ^, while the pressure must be 
such as would by itself drag the point through a space 
MQ in the same time (Prop. 24). 

(2.) If while the point moves from A to Q^ the pressure 

B 3 
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were to act continually parallel to OQ, the velocity at A 
must be such as by itself would carry the point through 
the space AT in the time t^ while the pressure must be 
such as would by itself drag the point through a space 
TQ in the same time (Prop. 24). 

(3.) But since the pressure continually tends to O, the 
actual velocity V must be such as to carry the point in 
the time t through a space intermediate to AM and AT^ 
while the actual pressure P must be such as in the same 
time to draw it through a space intermediate to QM and 
QT. 

(4.) But ultimately AT = AM and QT = QM 

.-, AM=V^ 

and AN=J • ^t^* ultimately 
... i.,^=:theUmitof ^^ 



now 
the limit of 



WV« AM- 

AN_ 1 
AM* NB 

AN I 



AM* 2r 

1 P^ „ 1 
• • *-WV*""2;:' 

orP=!^.r, 
g r 

Q. E. n. 

Ex. 661. — A locomotive engine weighing 9 tons passes round a cunre 600 
yards in radius at the rate of 30 miles an hour; what pressure tending 
towards the centre of the curre must be exerted to make it moYe in this 
curve? Ana. 677 Gibs. 

* If /is the acceleration of a body's velocity it describes fifom rest a space 
equal to l/i,^ in t seconds, and if the body is acted on by a pressure P then/= 

^ g, (Art. 110.) 
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Ex. 662. — If this pressure is supplied by making the inner rail on a lower 
level than the outer, what ought to be the difference of the level if the space 
between the rails is 4ft. 9 in.? Ans. 1*9 in. 

[The slope should be such that the resolved part of the weight along it 
shall equal the pressure determined in the last Example.] 

Ex. 663. — On the floor of a railway carriage are chalked two lines xx', 
yy'y one.parairel and the other perpendicular to the direction of the rails ; the 
lines intersect in the point 0; at a height of 4 feet vertically over O is held 
a ball; the train moving at the rate of 30 miles per hour comes to a curve 
whose radius is 1000ft. and centre in the prolongation of Ox'; if the ball is 
dropped, where will it strike the floor of the carriage? 

Ans. In Ox at 5*8 in. from O. 

Ex. 664. — A heavy point is tied to the end of a string whose length is /, 
it makes n revolutions per second; show that it will come into a position of 
steady motion when the string makes an angle 6 with the vcrtictd given by 
the equation 



cos B^ 



9 



[If T is the tension on the string, the vertical component of T must equal 
the weight of the body, and the horizontal component must be the pressure 
tending to the centre necessary to keep the body moving at the rate of n 
revolutions a second in a circle whose radius is / sin BS\ 

Ex. 665. — A body weighing 12 lbs. is suspended by a cord 7 ft. long, and 
makes 80 revolutions per minute, determine the position of steady motion 
and the tension on the cord. 

Ans. (1) 86° 15' 55" with the vertical. (2) 184jlbs. 

Ex. 666.— A body weighing 20 lbs. is tied to the end of a string and sus- 
pended in a railway carriage the motion of which is perfectly steady ; it 
comes to a curve 1000ft. in radius, round which it runs at the rate of 15 
miles an hour; find the inclination of the string to the vertical, and the ho- 
rizontal pressure that would have to be applied to the body to keep the string 
vertical. ^«*- W 52'. (2) 0-3025lb8. 

Ex. 667.--If the earth were a perfect sphere and at rest, so that the ac- 
celerating force of gravity at any point of its surface were g, show that the 
effect of its receiving its diurnal rotation will be to reduce the effective ac- 
celerating force of gravity to s^ (I - -^|^) »* a place whose latitude is h 

[See Ex. 594 Latitude is measured from the equator.] 

Ex. 668.— Given that the accelerating force of Jupiter's attraction on any 
point of its surface is 80 (in feet and seconds), that his radius is 11 times 
that of the earth, and that he makes one revolution in 10 hours, determine tlie 
ratio of the effective force of gravity at his equator to that at his pole. 

Ans^ u 9 1 o nearlv 
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Proposition 28. 

If a is the radius of the generating circle of a cycloid* 
which is placed in a vertical plane with its vertex down- 
ward and base horizontal, the time in which a body falls 
along it freely from any point to the lowest equals 

^ 9 

Let ACB be the cycloid, CD the vertical diameter of 

the generating circle, E the point from which the body is 

ng.ii6. allowed to fall; 

B D A draw the horizontal 

line E F, cutting 
CD in G, and on 
CG- as a diameter 
describe a circle 
the centre of which 
is ; at the end of any time t let the body have reached 
P; draw PN, QM at right angles to CD, cutting the 
circles on p, r and g, 8 respectively; join Cr, Cs, 0^; 
draw J9^ at right angles to CM. 

Now, the velocity the body has acquired at P equals 

^2g7Q^ (Prop. 26); therefore if 8^ is the time in which 
it passes over the arc PQ, we have 

PQ 

&^=-- — ultimately. 

^/2^.G^N ^ 

Since ultimately we may conceive the body to move uni- 
formly during the time S t 

Also we have P Q (see Appendix I.) = 2 (Cr — Cs) 



\^ 7^ 


^^s^ i 


vn 


±y 



_ 2{Cr^-C8*) ^ Cr'-Ca^ 



Cr+Cs 



Cr 



ult. 



* See Appendix I. 
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ButCr^ = DC.CNandC82=DC.CMandDC = 2a 

V2gGN.NG 9 ^P 

Now, ultimately pq coincides with the tangent to the 
circle at 35, therefore pqt ia ultimately a right-angled 
triangle whose sides pq and ptaxe severally perpendicular 
to Op and j^N ; therefore by similar triangles 

pq : pi:: Op : Np 

P9 — P^ _ MN 
Op "" Np "" Np 



... S^=/\/|-g|^^itimately, 



and the same being true of every interval of time while 
the body falls from E to C, the whole time, which is the 
limit of the sum of the intervals when their number 
becomes great, will equal the sum of the ultimate values 



of 8^, i.e. itwillequal A /?'.— J~r or ^ A /^ 

V g Op V g 



Q. E. D. 



Cor. — If a heavy point were suspended by a perfectly 
flexible string from a point in the prolongation of CD, 
and were constrained to move in the cycloid, it would 
move at each point in the same manner as if it were falling 
down the curve ; also it is evident that the time of ascend- 
ing the arc CF must exactly equal that of descending the 
arc E C, and therefore the time of one cycloidal oscillation 

must equal 27r A/ - ; but, when the point is thus con- 

^9 . . 
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strained to move in a cycloid, the length I of the thread 
equals 4 a (see Appendix I.) ; therefore the time of one 

cycloidal oscillation is ^ A/ - • 

Ex. 669.— Show that the time of a tmaU oscillation in a circle whose 

radinB i» I will equal » /_*. , 

^ 9 
[The oscillation is gmali if we may consider the semi arc of Tibration equal 
to ite chord. In fig. to Prop. 28 suppose EC to be a circular an:, omit the 

generating circle; we have PQ-CP-CQ- 2.^11^0! and this equals 

— , if we consider the arcs equal to chords; the remainder of the 
VaTTC N 
proof is the same as in Prop. 28.] 

Ex. 670. — What is the length of a simple pendulum which at Greenwich 
oscillates in 1| seconds? How much shorter is the simple pendulum which 
at Rawak oscillates in the same time? Ana, (1) 7*3387 ft. (2) 0*2824 in. 

Ex. 671. — A pendulum whose length is L makes m oscillations in one 
day; its length changes, and it is now observed to make m+n oscillations 
in one day, show that its length has been diminished by a part equal to 

^ L (nearly). 
m 

[Since a mean solar day contains 86,400 seconds, we have 

m ^9 m + n V 



L-8L 



. m + n ^ / L whence liL^ ^ L.] 
m V L-8L nt 

Ex. 672. — A pendulum in a certain place makes in one day m oscillations, 
on transporting it to another place it is found to have the same length but 
to lose n oscillations a day; show that the force of gravity has been dimi- 

nished by its — -th part. 
m 

Ex. 673. — Given the lengths of the seconds pendulums at Greenwich and 
Paris respectively (see Table XV.)» find how many oscillations a day the 
Greenwich pendulum would make at Paris. Ans, 86387. 

Ex. 674. — Given that a pendulum oscillating seconds at the mouth of a 
coal pit gains 2*24 per diem when removed to the bottom of the shaft; de- 
termine the decrease of the accelerating force of gravity. Ans. 0*0016. 
^ Ex. 675. — If a heavy point vibrates in a cycloidal arc and begins to move 
at the end of an arc whose length from the lowest point is s^j and if T is 
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the time in which it moTes over the whole arc of vibration show that if it 
reaches a distance s from the lowest point at the end of a time £, then 

tfsrtf, cos — -. 

[In Prop. 28 the time of fallmg from E to P equals t^ — . ^] 

Ex. 676. — If a body vibrates in the whole arc of a cycloid show 

how to divide each half into n parts which shall be described in equal 

times, and show that their lengths beginning from the lowest are respec- 

ir IT .IT Sir IT 5ir 

tively, 5 sin 7- .cos j- . « sm -- .cos —, a sm -_ . cos -—,.... 

■^ ' 4n 4n 4 fl 4W 4}l 4fl 

« sin — . COB ^ P" ^ ^ , . . . where < is the whole length of the cycloid. 
4n 4 n 

Ex. 677. — ^If a point oscillates in a cycloid or in a simaU circular arc 
(length of thread being equal to /), show that the acceleration along the 
curve at a distance 8 measured from the lowest point along the curve is 

iL . 5; and hence show that if a body whose weight is W vibrates under the 

action of a pressure Ha, where 8 is the distance of W from the middle point 
of the vibration, the time of each vibration will be given by the formula 

• 

125. Longitudinal vibrations of a rod. — ^^If there is a 
rod whose length is L, area of section A, and modulus of 
elasticity E, and if to the end of it is attached a weight 
Q (which we will suppose to be so large that the weight of 
the rod can be neglected), then if the rod is allowed to 
lengthen slowly, Q will descend through a small space I 

equal to «r= and will continue at rest (see Art. 6, and 

Ex. 149) ; if, however, it is allowed to descend at once, 
a certain number of units of work will be accumulated 
in it when Q has descended through the space I, so that 
it will continue to descend till the resistance to further 
elongation shall have destroyed them, and then a con- 
traction will ensue, and thus Q will vibrate in a vertical 
line about the point (A), at which in the former case it 
would have come to rest. 
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Ex. 678.^3how that when the weight Q it at a distance « from A it is 
moving ander a pressure that varies as «• and that the time in which itpro« 

ceeds from the highest to the lowest point is w/ Q^ 

Ex. 679. — In the last Example sappose Q to be at a distance s below A, 
determine the number of units of work accumulated in it at that instant, 
and show that its velocitj (V) is given bj the equation 



V"-| (/■-«•). 



[See Ex. 149. Compare the value of V with Ex. 589.] . 

Ex. 680. — If a cylinder whose height is h and specific gravity s floats 
with its axis vertical in a fluid whose specific gravity is s„ show that if it is 
depressed through amy distance the time in which it will rise from its point 
of greatest depression to its greatest height is constant, and will be given hy 
the formula 



/r-7 

^ 9 'i 



2.^3 



CHAP. V. 

THE MOMENT OF INEBTIA. 

Bef. — If we conceive a body to consist of a large 
number of heavy points, and multiply the mass of each 
by the square of its perpendicular distance from a given 
line or axis, the sum of all these products is the moment 
of inertia of the body with respect to that axis. 

126. Properties of the moment of inertia. — It will 
appear hereafter that the moment of inertia is a quantity 
that enters nearly every question in which the rotatory 
motion of a body is concerned ; the present chapter will 
be devoted to proving some of its properties, and ascertain- 
ing its magnitude in certain particular cases. The first 
property we shall notice is one that follows immediately 
from the definition. Since the mass of a particle and the 
square of its perpendicular distance from a given axis are 
essentially positive, their product must be so too ; conse- 
quently if we conceive any group of heavy points to 
consist of two or more subordinate groups, the sum of the 
moments of inertia of these separate groups with respect 
to a given axis will equal that of the whole group with 
respect to the same axis : hence if a body can be divided 
into a certain number of parts, and their moments of 
inertia are known with respect to a certain axis, that of 
the whole body, with respect to that axis, is found by 
adding them together. 
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Proposition 29. 

If I is the moment of inertia of any body whose weight 

is W, about an axis passing through its centre of gravity, 

Fig. 147. and Ij the moment of inertia of 

the same body about a parallel 
axis situated at a perpendicular 
distance h from the former, then 

W 

' 9 

Suppose the axes to be perpendicular to the plane of the 
paper, and let the axis which passes through the centre of 
gravity meet that plane in 0, and the other meet it in 0, ; 
let P be one of the points of wHich the body is conceived 

w 




to be made up, and let its mass be — ^ ; join PO, P0„ and 

OOp and draw PN perpendicular to 00,; then Eucl. 
IL 13) 

0,P* = 0P«+00,»-200,.0N. 
Let OP=r-i, OiPss/,, 0N=a5„ and 00,= h, then 



9 9 9 9 



(1) 



and the same algebraical formula will be true whatever 
be the position of P ; hence if w^ r'j r, x^y w^ 7^3 r , x^ 
&c....are the magnitudes corresponding to other points, 
we shall have 



9 9 9 9 


(2) 


9 9 9 9 


(3) 



and so on for every point. 
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Now by the definition 

w^ r,2 + w^ r^^ + w^ V +... =:gl 

also, qjU^^ ^^ ^ qjU^^ . .. = W 

and by the properties of the centre of gravity (Prop. 15) 

Therefore by adding the equations (1), (2), (3), &c., we 
obtain 



L = I4-— A^ 

9 ' 



Q. E. D. 



Fig. H8. 



Proposition 30. 

If I, and Ij are respectively the moments of inertia of 
any system of points lying in a plane about two rectan- 
gular axes in that plane^ and if I 
is its moment of inertia about an 
axis perpendicular to the two others, 
and passing through their point of 
intersection, then 

i=i,+i, 

For let OXy Oy be the two axes, the third being perpen- 
dicular to the plane of the paper, and passing through ; 

let P be one of the points whose mass is — draw PM and 

PN perpendicular to Oy and Oa?, join OP, and let PM=aj, 
PN=2/, OP=r, then 




r ' ^ aj** 4" y 

.-. — r^= -i»*+ —y^ 
9 9 9 



0) 



Similarly, if other points are taken, and the corresponding 



9M 
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magnitudes are w, r, ar, y„ w, r, a, y„ . . . ., we shall have 



It' 
9 



w. 



r,»=^«x,« + '^'y,» 



9 



w. 



9 



V), 



9 9 9 



(2) 
(3) 



and BO on, whatever be the number of points. Now 



\v 



w, 



w. 



i7 3 9 

g 9 9 



= I 



= Ii 



= 1. 



Therefore, adding together (1), (2), (3), &c., we obtain 

I = Il + Ij. Q. E. D. 

Ex. 681. — If k is the area of the section of a thin rod, w the weight of a 



Fig. 149. 



cubic foot of the materia], and / its 
length, show that its moment of inertia 
about an axis passing through one 
end and perpendicular to it equals 

[If A B is the line, and a pyramid is 
constructed whose base BD is a square 
the side of which equals AB and its 
c plane perpendicular to AB (compare 
Art 64); then if we consider a lamina 
contained by planes drawn parallel to 
the base through the extremities of any 
small portion Ff of AB, its volume will 
ultimately equal P/ixAP*; now the moment of inertia of P/> equals 

mass of Fp x AP, t. e. it equals x yoL of lamina; and hence the 

9 

moment of inertia of the rod equals x volume of the pyramid.] 
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Ex. 682. — The moment of inertia of the rod in the last Example aboat 
an axis perpendicular to its length and passing through its middle point 

equals — . — A/*. 

[See Prop. 29.] 

Ex. 683. — There is a rectangular lamina whose thickness is k and sides 
a and 6, show that with reference to an axis parallel to a and passing 

through the middle point of h the nooment of inertia equals — .^ k al^, 

[See Art. 126.] 

Ex. 684 If in the last Example the axis is perpendicular to the plane 

and passes through the centre of gravity, show that the moment of inertia 

of the lamina equals — . — k ab-ia + b*). 

12 flr 

[See Prop. 30.] 

Ex. 685. — There is a rectangular parallelopiped whose edges are a, 6, c, an 
axis is drawn through the centse of gravity and parallel to the edge c, show 

that the moment of inertia ahout that axis equals — , ^ abc Ca^ + b*\ 

12 g ^ ^ ■ 

[See Art. 126.] 

Ex. 686. — There is a right prism whose base is a right-angled triangle, the 
sides containing the right angle of which ave a and 6, the height of the 
prism is c. Show that if an axis be drawn through the centres of gravity 

\ to 

of the ends the moment of inertia about that axis equals — . — abc 

36 g 

[By Art. 126 and Ex. 6«4 the moment of inertia about a parallel axis 

joiuing the middle points of the hypotheneuses of the ends is — . ~ abc 

X (a* + 5*) ; the result is then obtained by Prop. 29.] 

Ex. 687. — There is a right prism whose height is c and base an isosceles 

triangle the base of which is a and height b; if an axis be drawn passing 

through the centres of gravity of the ends its moment of Inertia about that 

1 1 to , /a* ^\ 
axis equals — , — abe ( — + — J. 

^ 12 ^ \4 3/ 

[This prism can be divided into two resembling that in the last Ex.] 
Ex. 688. — There is a right prism whose weight is W and base a regular 
polygon, the radius of whose inscribed circle is r, and length of one side a, 

show that its moment of inertia about its geometrical axis is t- , 2L 

2 g 

[This prism can be divided into prisms like that in the last Example.] 
Ex. 689. » If there is a cylinder whose height is h and radius of base r, 

show that its moment of inertia about its geometrical axis equals Z Hhr* 

2 9 

S 
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[If the cylinder reduces to a circular lamina whose thickness is A, the same 
fbrmala is of course true.] 
Ex. 690. — There is a thin circular lamina whose radius is r and thickness 

k, show that the moment of inertia ahout a diameter equals Z !^ kr*. 

[See Prop. 80.] 

Ex. 691. — There is a drum the length of which is a, the mean radius of 
the end r, and the thickness t, show that its moment of inertia about its axis 

Terr nearly equals — 2«- a< H; and that if t equals !>, the error in the aboTC 

y « 

determination of the moment of inertia b the — ^^th part of that quantity. 

Ex. 692. — There is a cylinder the length of which is h and the radius of 
whose base is r, show that its moment of inertia about a diameter of one end 

equals i^irAr«f^ + ^), 
9 L 3 4 J 

[If we consider a lamina contained between two planes parallel to the 

end and at distances x and » + 8x, it appears from Ex. 690 and Prop. 29 

that the moment of inertia of the lamina equals - . — vr^Sor + —wr*x*lx\ 

^9 9 

whence the required moment of inertia equals the mass of a line each foot 

of which weighs . . wwr^, together with the moment of inertia about one 

4 

end of a line every foot of which weighs wirr\'] 

Ex. 693.— Determine the moment of inertia of a cylinder about a generat- 
ing line. 

*Ex. 694. — There is a cone the height of which is h and radius of base r, 

1 f/> 

show (1) that its moment of inertia about its axis equals -^ irhr*i(2) 

10 g ^ ^ 

that its moment of inertia about an axis drawn through the vertex and per- 
pendicular to the axis of the cone equals - ^ vhr^ I h^ + — . I . 

*Ex. 695. — Show that the moment of inertia of a sphere about any diame- 
ter equals — —irr*. 
n 9 

[The results in the last two Examples cannot be easily obtained without 
the aid of the integral calculus.] 

Ex. 696. — In the mass of iron described in Ex. 12 let an axis be drawn 
passing through the end of the longer rectangular piece and bisecting those 
sides of the end which are 6 inches long, determine the moment of inertia of 
the mass with respect to that axis.* Ana, 2309*262. 

Ex. 697. — There is a cast iron cone 16 in. high, radius of base 8 in., deteiv 



* In this, as in all examples of moments of inertia, weight is reckoned in 
lbs. and space in feet. 
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mine its moment of inertia, (I) about an axis through its centre of gravity 
and parallel to its base, (2) about a parallel axis distant 4 feet from the 
former. Ana, (1) ri647. (2) 140-9267. 

Ex. 698. — Determine the moment of inertia about a vertical edge of the 
oak door described in Ex. 17. Ans. 14*4047. 

Ex. 699. — There is a cube of oak whose edge is 8 inches long, through 
the middle of it at right angles to one of its faces passes a cylinder of oak 
4 feet long and 3 inches in diameter; the centres of gravity of the two 
figures coincide; determine the moment of inertia of the whole about an 
axis passing through the common centre of gravity and perpendicular to 
.the axis of the cylinder and also to a face of the cube. Ans. 0*5166. 

Ex. 700. — Determine the moment of inertia of the hollow leaden cylinder 
described in Ex. 15 about a diameter of its mean section. 

Ans, 0*020194, 

Ex. 701.— If a cylinder like that in the last Example is fitted to each arm 
of the figure described in Ex. 699, determine the moment of inertia of the 
whole about the specified axis, (1) when the ends of the leaden cylinders 
coincide with those of the arms, (2) when the other ends of the cylinders are 
in contact with the cube. ' Ans, (1) 62966. (2) 0*9. 

Ex. 702. — Determine the moment of inertia about the axis of a grind- 
stone 4 feet in diameter and 8 inches thick. Ans, 70*13. 

Ex. 703. — There is a cast iron flywheel consisting of a rim, four spokes 
at right angles to each other, and an axle; the external and internal radii 
of the rim are 4 and 3^fl. respectively, and its thickness 8 in.; the sections 
of the spokes are each 4 square inches, the axle 12 in. in diameter and 18 in. 
long: determine the moment of inertia of the whole about the geometricfd 
axis of the axle; and also determine the error if the spokes and axle were 
neglected and the moment of inertia of the rim calculated by Ex. 691. 

Ans, (1) 1586. (2) 31-28. 

Ex. 704. — If the moment of inertia of any body with reference to any 
axis be represented by I, aiul if the body be uniformly expanded by heat, 
80 that the linear dimensions before expansion are to those after in the ratio 
of 1 : 1 + a, show that the moment of inertia with reference to the given axis 
becomes (1 +ay I. 

127. The radivjs of gyration. — It is evident from the 
definition of the moment of inertia of a body with re- 
spect to a given axis, that there will be, with respect to 
that axis, a line of a certain determinate length k, such 
that 

9 
where I is the moment of i ertia^ and W the weight of 

8 3 
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the body ; the line k is called the radius of gyration with 
respect to that axis, and may be defined to be that distance 
from the axis at which the whole mass of the body may be 
supposed to be collected without producing any change in 
the moment of inertia. Thus, it is evident that in Ex. 681, 
684, and 689, the values of the radius of gyration are 

respectively — =, ^^ "^ and — =. Moreover, if k be 

V3 12 V2 

the radius of gyration of a body with reference to an axis 

passing through the centre of gravity, and ky its radius of 

gyration with reference to an axis parallel to the former, 

and at a distance from it equal to A, then it is evident from 

Prop. 29 that 

k,^=k^ + hK 

It is to be observed that the moment of inertia is essen- 
tially a mechanical magnitude, while the radius of gyra- 
tion is simply a line ; now suppose k to be the radius of 
gyration of any lamina, the area of the face of which is A, 
it is not unusual to ispeak of that area as having a moment 
of inertia ; when this is done it means that 

I=AAj2. 

In this sense the term moment of inertia is used in 
Art. 88. Strictly speaking, an. area no more has a mo- 
ment of inertia than it has weight. 



\ 
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CHAP. VI. 

d'alembert's principle. 

128. Account of problem to be solved. — The maimer in 
which the dimensions of a body influence its motion may 
be illustrated as follows : — If we suppose a bar to be sus- 
pended by one end and to oscillate, the velocities with 
which the different points are, at any instant, moving, 
stand to one another in a fixed relation; thus the end 
• moves twice as fast as the middle point ; moreover, with 
one exception, each point has a different velocity from 
what it would have if it were detached from the rest, 
and swang freely at the same distance from the centre of 
suspension; this difference must depend upon the cohe- 
sive forces which bind the parts of the bar together. The 
consideration of this simple case points out the two chief 
additional conceptions required for the investigation of the 
motion of a body whose form has to be taken into 
account. 

(1.) A means must be obtained for comparing the velo- 
cities of different points of a rigid body revolving round 
an axis, which is done by introducing the conception of 
Angular Velocity. 

(2.) A principle is required by means of which we can 
avoid the consideration of the cohesive forces which hold 
together the parts of the body : this is generally called 
D'Alembert's Principle. 

129. Angular velocity. — If a rigid body revolves round 
an axis, it is plain that the perpendiculars let fall from each 

8 3 
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point of the body on the axis will, in a given time, describe 
equal angles ; hence arises the following 

Dej. — If a body revolves uniformly round an axis, the 
angle (estimated in circular measure) described in one 
second by the perpendicular let fall from any point on 
the axis of rotation is called the anffular velocity of the 
body. 

If the velocity is variable, it is measiu^ed at any instant 
by the angle that would be so described if, from that in- 
stant, the velocity continued uniform for one second. 

In the following pages q> and il are used to denote 
angular velocity. 

Ex. 705. — A body- makes 30 nnifonn revolations in one minute, what is 
its angalar velocity? Ans, t. 

Ex. 706. — A body moves at the rate of 12 ft. per second in a circle whose 
radios is 15f^., what is its angular velocity ? Ans. |. 

Ex. 707. — Determine the angalar velocity of the earth roand its axis. 

Aru. . 

42082 

[See Example 528.] 

Ex. 708.— If a body has an angalar velocity 2-5, how many revolations 
will it make per hoar? Ans. 1432*4. 

Ex. 709. — If a body has a aniform angular velocity », show that the cen- 
trifrigal force of a point in it, situated at a distance r from the axis, is r»3. 

130. Impressed forces. — All forces acting on a body 
which do not arise out of the mutual cohesion of its parts, 
are called the impressed forces that act on the body. 

Thus, when a cricket ball is thrown in vacuo, the im- 
pressed force is gravity; if it were pierced by a spindle 
and caused to revolve round it, the impressed force would 
be gravity and the reaction of the spindle ; and so on in 
other cases. 

131. Effective forces. — It must be remembered that 
when a solid body is in motion, each point in it moves 
along a determinate line, straight or curved according 
to circumstances. As this fact should be distinctly con- 
ceived by the student, it may be mentioned by way of 
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illustration that, when a cart moves along a perfectly even 
road, each point on the circumference of one of its wheels 
describes a cycloid, the centre of the wheel describes a 
straight line, while any point in one of the spokes de- 
scribes a curve called a trochoids A similar, though much 
more complicated, kind of motion belongs to the dififerent 
points of a cricket ball, when in the act of being thrown 
it receives a rotatory motion. The only fact; however, 
that we are concerned with here is that, whatever be the 
motion of the body, each point in it will describe a de- 
terminate path. 

Let w be the weight of a point of a moving body, and 
suppose that point to describe the path HK; at M let it 
be moving with a velocity v, and at M' p. ^^ 

with a velocity t/, having described the ,^ 

small space MM' in the short time t ^ 

Let it now be inquired what pressures 
acting on an isolated point would make 
it move as the point actually does when 
forming part of the moving body. The points MM' may 
be considered to be on the circumference of the circle of 
curvature at the point M, whose radius p can be determined 
from the nature of the curve HK ; hence at M the isolated 
point must be acted on by a normal pressure equal to 

— . — , and the change of velocity must be produced by a 
tangential pressure — . , the time t being supposed 

g t 

indefinitely small. If, then, at M we suppose the point to 
become isolated, retaining its velocity and direction, it will 
continue to move as it actually does during the next short 

time, if acted on by the resultant of the pressures — . — , 

and — • — 1 — ; this resultant is called the effective force, 
g t 

B 4 



264 PRACTICAL MECHANICS. 

or the eflFective pressure on the particle at M. Hence 
•we may define it in general terms as follows : — 

Bef. — If the velocity and direction of a point, forming 
part of a rigid body, undergoes a certain change in an in- 
definitely short time beginning at a given instant ; then if 
we suppose the point to be at that instant disconnected 
from the body, and to be acted on by a pressure which 
produces in that indefinitely short time the isame change 
in its velocity and direction, the pressure is called the 
eflFective pressure, or the eflFective force on the point at 
that instant. 

132. Effective pressures in the case of rotatory motion, 

— Suppose a point whose mass is — to be situated at a dis- 
tance r from the axis of rotation of a body, of which the 
point forms a part ; let o) be the angular velocity of the 
body at a given instant, and at the end of a short time i 
let the angular velocity become «', then at the given in- 
stant the eflFective pressure will consist of two components 

— rw' along r, and — . v^ ~^; \j^ \\^q direction of the 

g 9 t 

tangent; if the angular velocity is uniform, the second 

component is zero, and the eflFective pressure is — ra>* acting 

along r. 

133. D^Atemberfs principle. — Let it now be inquired 
what are the pressures that act on the point M of the 
moving body AB ; it will be remarked that they can only 
be of two kinds, (1) the impressed pressure P transmitted 
to it, (2) the resultant Q of the cohesive pressures which 
bind it to the rest of the body : these two pressures must 
have at any given instant a determinate resultant E, and 
this must be the eflFective pressure on M at that instant, 
since if M were isolated for a short time, and were acted 
on by R, it would experience the same change in velocity 
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and direction that it actually experiences ; now if a pressure 
equal and opposite to K were to act on M at the instant 
under consideration, it would be in pjg. jsj. 

equilibrium with P and Q ; and the 
same is true of every other point of 
the body; consequently if we sup- 
pose pressures equal and opposite to 
the effective pressure of each point 
to be applied to points of the body 
respectively, they will be in equi- 
librium with the impressed and 
cohesive pressures, and we shall have 
three systems of pressures constituting a system in 
equilibrium, viz. (1) a system of impressed pressures, 
(2) a system of cohesive pressures, (3) a system of efifective 
pressures applied to the points in the opposite direction to 
that in which they must act to produce the actual motion of 
the points. Now D'Alembert's principle asserts that the co- 
hesive pressures are separately in equilibrium, and infers 
the conclusion that if jpreaaures equal and opposite to the 
effective pressures at any instant were at that instant 
applied to each point of the body, they would be in equi" 
libHum with the impressed pressures. 

Proposition 31. 

W 

If a body, whose mass equals — , is symmetrical with 

if 

reference to a plane passing through a certain axis and 
its centre of gravity, the distance of which from the axis is 
denoted by x ; then if the body revolves round the axis 
with a uniform angular velocity o), the resultant of the 

W - 

effective pressures equals — xco^. 

Let AO be the axis, and BC the revolving body, the 
plane of the paper being the plane of symmetry, ^re 
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Fig. 15S. 



may suppose it divided into a number of laminse, such as 

D E, by planes perpendicular to AO ; 
then if we find the effective pres- 
sure of each lamina, their resultant 
will be the required pressure. 

(1.) Let Gj be the centre of 
E gravity of DE, and Gt^ Nj its per- 
pendicular distance (x^) from the 
axis AO ; in its plane draw the axes 
N,y, N,2?, and take P, any small por- 
tion of it, and suppose the mass of 

P to be -/and its co-ordinates to 

9 
be y and z; also let the angle PN|2/ 

be denoted by 0. Now (Art 132) 

since P describes a circle round Nj 

with a uniform velocity, its effective 

pressure is - w*. PN, which can be re- 
' solved into two components, viz. —ay^y 
parallel toNjj/, and — ©'2: parallel toNjS?. In the same man- 

if 




Fff-lftS. 




W, 



W, 



ner, if _>, t/j, 0j, —^^ y^, z^... are the corresponding values 

for other elements of the lamina, we shall have pressures 

— ^<*>Vi> -^^^^a ...» parallel to Nj^, and -J co^^^i, 

w 

— ^ o)^ 0, . . . . parallel to Nj z. Hence (Prop. 15) the effec- 

%j 

tive pressures on the lamina are equivalent to the two 



6) 

~9 



and 



'w^y+t/^i2/,-l-'2^a2/2+ • -.f = -Wi2/paralleltoN,2/ 

ft)*C ? ft)* - 

-- ^ wz-{-w^z^ + w^z^ + . . . ^ = -Wi0paralleltoNj0, 
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where y z axe the co-ordinates of G-j and Wj is the weight 
of the lamina DE; if we compound these two pressures, 

we shall obtain — . Wj ajj as their resultant acting along 

(2.) Leb the masses of the several laminae into which 

WWW 

B C is divided be respectively —^ . — ^ . —?.... and the 

9 9 9 
respective distances of their centres of gravity from AO 

be x^yX^y x^ then their effective pressures are severally 

2 9 2 

~ W, a?,, ^ W«a?«, — Wa «?„••.. Now it follows from 

9 ' ' 9 9 

the symmetry of the figure, that all these centres of 

gravity are in the same plane, viz. the plane of the paper; 
the effective pressures are therefore parallel, and their re- 
sultant will equal their sum, viz. 

^(W, x^ -hW,x^+W^x,-h ) 

which equals — W^ or — xa)\ Q» E. n. 

9 9 

Cor. — The pomt at which the direction of the resultant 
of the effective pressures cuts the axis is determined thus : 
take any point on the axis, and let ONj be denoted by 
z^y and let z^^ 5? , . . • correspond to the other laminae, then 

if X is the distance, of the required point from 0, we have 
(Prop. 14.) 

W .-- 6)2 



a> 



2 



XZ=:—] WiX^Zi+W^X^Z^+W^X^Zj^ + . . . 



9 9 

Now in general the right hand side of this equation 
cannot* be obtained except by means of the integral 

* The right hand side of the equation is commonly written v^ Imzx; 
and it may be added that ^mzxis one of the three quantities ^tnri/f ^fnyz, 
Smzjr that occnr in systematic treatises on the dynamics of a solid body.—- 
See Poisson, Mecaniqne, yoL ii. c S. 
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calculus : one important exception^ however, may be men* 
tioned, viz, when the body is symmetrical with reference 
to a plane perpendicular to the axis of rotation ;• in this 
case it is evident that if we take at the point where this 
plane cuts the axis, the right hand side of the above equa- 
tion will equal zero, L e. the pressure P must act along the 
intersection of two planes of symmetry, so that the direc- 
tion of the resultant of the effective pressures must pass 
through the centre of gravity of the body. Examples of 
this case are supplied by a sphere revolving round any 
axis, a cylinder revolving round an axis either parallel or 
perpendicular to its geometrical axis, and a cone about an 
axis perpendicular to its geometrical axis. 

Ex. 710. — A thin rod whose length is / is fastened bj one end to a 
spindle, to which it is inclined at an angle a and round which it revolves, 
show that the direction of the resultant of the effective pressures cuts the 
spindle at a distance from the end equal to } / cos a. 

Ex. 711. — A cone of cast iron 1 fL high, the radius of whose base is 6 in., 
revolves du times a minute round an axis parallel to its geometrical axis, 
and passing through a point in the circumference of the base; find the cen- 
trifugal force, t. e. the resultant of the effective pressures. Ans. 18*2 lbs. 

Ex. 712. — A cylinder of cast iron 3 ft. high, whose base is 6 in. in diameter, 
revolves 100 times a minute with its axis vertical round a parallel axis at a 
distance of l^ft.; find the centrifugal force. Ans, 1364 lbs. 

Ex. 713.— A wrought iron rod 10 ft. long and section lin. in radius is 
made to revolve 60 times in a minute round an axis perpendicular to its 
length and passing through one extremity; find the centrifugal force. 

Ans. 606 lbs. 

Ex. 714.— Two balls of cast iron, one 10 in. and the other Gin. in diame- 
ter, are fixed to the ends of a rod with their centres 3 ft. apart; they are made 
to revolve 100 times a minute about a vertical spindle, whose distance from 
the centre of the heavier ball is I ft.; find the pressure due to centrifugal 
force on the spindle. Ans. 266 lbs. 

Ex- 715. — Two rods in all respects equal are made to revolve about a 
vertical spindle ; they are always in the same vertical plane but on different 
sides of the spindle, and are quite free to move round the top of the spindle 
in that plane ; if the spindle makes » revolutions per second determine the 

position of steady motion. Ans. Cos a« — ^ . 

Ex. 716. — A shaft of cast iron whose section is Sin. by 4 in. and whose 
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length is 4 ft., revolves] in a horizontal plane round a vertical axi of wrought 
iron 6 in. in diameter whose centre is 4 in. from the end of the shaft; if it 
makes 200 revolutions per minute, determine the number of units of work 
expended on the friction of the axle caused by the centrifugal force, the 
axle being well greased (^=^0*075). Ans. 215590 units permin. 

134. Pressure on a fixed aods of rotation. — The student 

W - 

must be on his guard against supposing that — xco^ is the 

t/ 
whole of the pressure on the fixed axis ; though it is fre- 
quently the most important part of it. The complete in- 
vestigation of that pressure lies beyond the scope of the 
present work; to prevent a misapprehension, however, it 
may be well to add one or two of the results of the investi- 
gation. 

(1.) The body being supposed symmetrical, as in Prop. 
31, and it being further supposed that no external force, 
such as gravity, acts upon the body, the only impressed 
force will be the reaction of the axis, which (Art. 133) will 

W - 

therefore equal — x a>\ 

9 
(2.) If in the last case the axis were vertical, and the 
body acted on by gravity, the horizontal pressure is still 

- x^ \ but there is also a vertical pressure acting along 

the axis equal to the weight of the body. 

(3.) If in the last case the body were not sjntnmetrical 
with reference to a plane passing through the axis and the 
centre of gravity, there will in general be the following 
pressures : (a) a pressure equal to the weight of the body 
acting along the axis; (6) in the plane passing through 
the axis and the centre of gravity a pressure equal to 

W 

— 03 ft)* acting perpendicularly to the axis through a certain 

«/ 

point, whose position depends on the form of the body ; 
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(c) in a plane passing through the axis and perpendicular 
to the former, a pair of equal parallel pressures acting 
towards contrary parts constituting a couple (Art. 39.), 
whose moment depends on the angular velocity and the 
form of the body. 

In mast other cases the pressures on the axis vary from 
instant to instant, and are of a much more complicated 
character than those mentioned above. 
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CHAP. VIL 

ON THE WORK ACCUMULATED IN A BODY THAT ROTATES ON 

A FIXED AXIS. 

135. The work accumulated in a moving body. — If all 
the pressures that act on a body are considered, viz. both 
those which tend to accelerate and those which tend to 
retard its motion, it will be evident that the number of 
units of work accumulated in a given interval is the excess 
of the number of units done by the former over those 
done by the latter ; in other words, it is the (algebraical) 
sum of the units of work done by the impressed pressures ; 
let this be denoted by the letter U. Now it will be re- 
membered that the effective pressures at any instant 
applied in opposite directions would be in equilibrium 
with the impressed pressures, (Art. 133) and consequently 
(Art. 90) the sum of the units of work done by the 
impressed pressures will equal the smn of the units of 
work done by the effective pressures. Let now the dif- 
ferent points of which the body is made up be considered, 

let their masses be severally — i^ , — ^ , — ^ , . . . and at 

9 9 9 
the beginning of the given interval let their velocities be 

severally Vj,V3,V3 .... and at the end of it Vj, v^yV^ .... 

then (Ex. 644) if they had moved separately the number f 

units of work done upon them respectively would have 
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Now these must be the works done by the effective pres- 
sures, and therefore 

Proposition 32. 

If a body moves round a fixed axis, and in a given in- 
terval its angular velocity is changed from SI to <», then the 
algebraical sum of the number of units of work done upon 

it during that interval, equals -— Ij (g)*— ft*), where I^ is 

the moment of inertia of the body with reference to the 

axis. 

For conceive the body to be made up of heavy points 
whose respective weights are Wyy w^^ w^. . . . and their per- 
pendicular distances from the axis t^^t^ r j . . . . , then 
using the notation of the last article, we have 

y,=:r, fl„ V,=r, ft, V3=r3 ft 

and Vjssri to, t;j=r, ©, Vjssrj © . . . . 

therefore the number of units of work done upon it during 
the interval equals 

!^^(a>«.-ft«) + -^(«^-ft*)+%^(a)*--ft*)+ ... 'i 
which equals ^^^ — {w^ r^ + w, r^ + w^ r^-{- . . . ) ; 

now ~ {w^r^-\-w^r^'\-w^T^'\' . . . ) is the moment of in- 

ertia (Ij) with respect to the axis of rotation ; consequently 
the niunber of units of work done upon the body equals 

2 *' Q. E. n. 

Cot. — If the body begins to move from rest, the number 

of units of work done on the body equals ' . Now if 
we consider the axis to be a line, and the body to move 
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under its own weight, the only pressures acting on it are its 
weight W, and the reaction of the axis; but since the 
point of application of the latter force does not move, it 
does no work ; and if the centre of gravity falls through 
a height A, the former does Wh units of work ; therefore 
the angular velocity acquired by the body under these 
circumstances is given by the equation 

2 

, 2 Wh 2gh 

where k^ is the radius of gyration, with reference to the 
axis of rotation. 

Ex. 717.— A rod of cast iron 3 ft long, f of an inch wide, and 1^ inches 
deep, turns round one of its shortest edges from an angle of 45^ with the 
horizon, find the angular velocity it has when in a horizontal position — its 
moment of inertia being reckoned that of a rod. Arts, 4*757. 

[See Example 681.] 

Ex. 718. — In the last Example determine (1) the velocity in feet per 
second with which the end of the rod moves, and (2) the number of degrees 
through which the rod would move in one second if it continued to movQ 
oniformly with the angular velocity acquired. 

Aru, (1) 14-271. (2) 272° 33'. 

Ex. 719. — A cone turns round a horizontal spindle, passing through its 
vertex at right angles to its axis, what angular velocity will it acquire in 

falling from its highest to its lowest position? Ans, w^ a._?r^£_. 

" 4h^ + r^ • 

[See Example 694.] 

Ex. 720. — In the last Example if the cone is of brass, and is 4ft. high 
and its base 1 foot in radius, what pressure will be produced on the axis by 
its centrifugal force when in its lowest position? and how many times greater 
than the weight is this pressure*? Ans, (1) 81 16 lbs. (2) 3^ times. 

Ex. 721. — If the mass of cast iron described in Example 12 move round 
the axis assigned in Example 696, determine (1) the angular velocity it 
acquires in falling from an inclination of 30^ to a horizontal position, and 
(2) the number of units of work accumulated in it. 

Ana. (1) 2 21. (2) 5638 units. 

Ex. 722. — A cone of cast iron 16 in. high the radius of whose base is Sin. 
is fastened to the end of a shaft 4 ft long and whose end coincides with its 
centre of gravity at right angles to its axis, the whole moves about a hori« 

T 
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sontal axis at right angles to the shaft and passing throagh its extremity; 
the centre of gravity of the cone descends throagh a Tertical height of 2ft^ 
find the angalar velocity acqoired. [See Ex. 697.] Ans, 2*817. 

Ex. 723. — If the oak door described in Example 17 is poshed open by a 
pressure of 5 lbs. acting at every instant perpendicnlarly to its face and at a 
distance of two feet from the inner edge of ihe door; detennine the angnlar 
velocity acquired in moving through an angle of 90^. Ana. 1 -476. 

[The number of units of work done on the door is, of course, 5ir, so that 
»'I«10ir. See Ex. 698.] 

Ex. 724. — A pulley whose moment of inertia iaWk^ and radius r turns 
freely round a horizontal axis, a fine thread is wrapped round it to the end 
of which a weight W^ is tied; the weight of the string and the passive re- 
sistances being neglected, show that if « is the angular velocity of the pulley 
when W^ has descended through A feet, then 

^«^ 8W,yA 
Wir> + WA"* 

[It must be remembered that when the angular Telocity of the pulley is 
« the velocity of Wj is r«.] 

Ex. 725. — A cylinder with its axis vertical turns round a fine spindle 
coinciding with its axis; a thread is wrapped round the cylinder and then 
passes horizontally over a pulley capable of revolving^ round a horisontal 

axis; to the end of the thread is tied a weight Wi; if » t are 

9 9 

the moments of inertia of the pulley and cylinder, and r and B their radii, 

and » the angular velocity of the cylinder after Wi has fallen through a 

height A; show that if the passive resistances are neglected 



Wi+W^+w 



A« 



Fig. IM. 
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136. Smeaton^s machme. — ^For the purpose of testing 

the truth of the formula 
for the angular velocity, 
and consequently of the 
principles from which 
that formula is deduced, 
a machine was invented 
by Smeaton, which may 
be described as follows : 
AB is a cylinder capable 
of revolving round a very 
fine and smooth vertical 



i 







B 



spindle coinciding with its axis; it is crossed at right 
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angles by an arm CD, whose axis is bisected by that 
of AB, on which are two masses of lead of a hollow 
cylindrical form, and capable of being shifted backward 
and forward on their respective arms. The whole is set 
in motion by a weight W attached to the end of a string, 
which, after passing horizontally over a small pulley P, 
is wrapped round the cylinder AB. 

Ex. 726. — In Smeaton's machine given the following dimensions, AB is 
3ft. Sin. long, and 6 in. in diameter, CD is 4ft. long and 3 in. in diameter, 
they are joined bj a centre of oak, in shape a cube Sin. along the edge, the 
masses of lead are 6 in. in external diameter and 3 in. long; the string is 
long enough to cause the machine to make 15 turns before it is unwound; 
determine the angular velocity communicated to the machine by a weight 
of 20 lbs. (1) when the leaden cylinders are placed at the ends of the arms; 
(2) when they touch the faces of the cube: — the inertia of the pulley, the 
weight of the string and the passive resistances being neglected. 

Anih(l) 17-3. (2)49*413. 

[Employing the results obtained in Example 701 it is easily shown that 
the moment of inertia of the revolving piece is 6*33 in the first case, an<) 
0*933 in the second case.] 

Ex. 727. — ^In the first case of the last Example determine approximately 
the error in the angular velocity that results from omitting the inertia of the 
pulley, supposing it to be of brass, and to be 2 in. in radius and J an inch thick. 

Ans, 0*0023. 

Ex. 728. — There is a pulley whose radius is r, and radius of axle p, the 
limiting angle of resistance between the axle and its bearings is 0; a rope 
(whose weight is to be neglected) is wrapped round this pulley and carries 

WIS 

at its end a weight P; given W the weight of the pulley and , its mo^ 

9 
ment of inertia^ determine the angular velocity acquired by the pulley when 

P has fallen through h feet. 
[It mustberemembered that if the wheel were to move with a uniform motion 

the number of units ofwork done upon it would equal ^ ^'" ^ therefore 

r—p sin <!> 

the number of units of work accumulated equals hl'F '" ^ \ 

L r— p sm J 

whence we obtam 

„2^ 2yA{Pr-(P-t-W)psin»] n 

(Pra + WA«)(r-psin^). J 

Ex. 729. — ^A cylinder turns round an axle whose radios is p. it starts with 

-T 2 
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Ml angular yelocitj «, show that it will be brought to rest by friction after 
II tornt, where 



MM 



r««« 



Fig. 155. 



c 



Ex. 730. — The grindstone described in Ex. 16 turns on a bearing of 
cast iron; it makes 15 turns per minute; determine the number of turns it 
will make when left to itself, the axle being well greased (ai = 0*075, see 
p. 127). Ans, 1-94. 

[The moment of inertia may be taken as equal to that found in Ex. 702 
and the weight to that found in Ex. 16.] 

Ex. 731. — Round the wheel described in Ex. 703 is wound a rope 30 ft 
long to the end of which is attached a weight of 250 lbs.; the coefficient of 
ftiction between the axle and its bearing is 0*075 ; the weight is allowed to 
run down; determine the number of revolutions made bj the wheel after 
the rope has run out, supposing that the rope does not slide on the surface 
of the wheel during any part of the motion. Ans. 5*88 times. 

137. AtwoocCs machiney was invented for the purpose 
of determining the accelerating force of gravity ; for practi- 
cal purposes this can be far 
more accurately done by 
means of observations on the 
pendulum; it however pre- 
sents a case of terrestrial 
motion which admits of very 
accurate observation, and thus 
suppUes a means of testing 
the truth of the fundamental 
principles of dynamics : the 
annexed figinre represents an 
elevation of this machine, 
which can be sufficiently de- 
scribed as follows. A and B 
are boxes containing equal 
weights, and connected by 
a thread ACB passing over a 
pulley C, which is supported 
either on friction wheels or by the points of screws, one of 
which is seen at D. The box A is made to descend either 
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by a flat weight placed on it or by a bar E, which is in- 
tercepted by the ring F, through which the box passes and 
continues to descend till it strikes the stage Gr ; the space 
passed over is measured by a scale on H I, and the time by 
a pendulum K, which may be kept in motion by a clock 
escapement with a weight : the machine is levelled by the 
screws L, M.* The weight E produces a certain velocity 
while moving over a given space, viz. till E comes to F ; 
the velocity acquired is then determined by observing the 
time in which A moves from F to Gr; for when E is re- 
moved, the boxes A and B will of course move uniformly 
with the velocity acquired. 

Ex. 732. — ^In Atwood's machine if W is the weight A or B, and P the 

weight of the bar, and if - k^ is the moment of inertia of the pullej and r 

9 
its radins, then V, the velocity acquired by the machine while P moves 

through a space A, is given by the formula 

[In this result the weight of the thread and the passive resistances are 
neglected; consequently in comparing it with experiment great care must 
be taken to suspend the axis of the pulley ; and a very fine strong thread 
should be employed.] 

Ex. 733. — If in Atwood's machine the pulley were a solid cylinder of 
cast iron 2 ft. in diameter, and 3 in. thick, the equal weights 28 lbs. each, the 
bar 2 lbs., what velocity will the weights have acquired when the preponde- 
rating weight has fallen through 15 ft.? Ans, 2*853 ft per sec. 

[It may be observed that in the ordinary form of Atwood's machine the 
wheels are light brass wheels — not at all resembling that described in the 
Example.] 

138. The Flywheel. — ^When a steam engine is employed 
as a prime mover, it is desirable that the angular velocity 
communicated to the principal shaft should be as nearly 
as possible uniform; now it commonly happens that the 
driving pressure is variable, or else acts at a variable dis- 
tance (as in the case of a crank) ; it may also happen that the 
work to be done by the shaft is intermittent; for instance, it 

♦ Young's Lectures. 
T 3 
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may be required to lift a tilt hammer. Now if a suflS- 
ciently large flywheel is made to turn with the shaft there 
will be accumulated in it a number of units of work very 
much greater than that done by a single turn of the crank, 
or than the number expended on a single lift of the ham- 
mer, and consequently the variations produced in the 
angular velocity will be very small — the diminution of 
these variations being the end to be attained by the fly- 
wheel. In the examples that follow, it is supposed that 
the weight of the wheel (W) is distributed uniformly 
along the circumference of the circle described by the 
mean radius (r). The moment of inertia of the wheel is 

therefore . A more accurate determination of the 


moment of inertia could be obtained as in Ex. 703. 

Ex. 784. — An engine of 35 horse-power makes 20 rcTolationt (t.e. apand 
down strokes) per minute, the diameter of the flywheel is 20 ft., and its 
weight 20 tons, determine the number of units of work accumulated in it; 
and if the work done during half a revolution were lost, determine what 
part of the angular velocity would he lost by the flywheel. 

Ans, (1) 307,000 units. (2) — . 

Ex. 735. — If the engine in the last Example were employed to lift a tilt 
hammer weighing 4000 lbs. the centre of gravity of which is raised aft. at 
each stroke, and if this were done once merely by the work accumulated in 
the flywheel, what part of its angular velocity would it lose? 

Ana. ~ . 
51 

Ex. 736. — If the axis of the flywheel were 6 in. in diameter, and (fis* 
007 5) were of wrought iron turning on cast iron well greased, determine 
approximately the fractional part of the 35 horse-power expended on turn- 
ing the flywheel for one minute. Ana, ^th. 

Ex. 737.— If the flywheel in Ex. 734 were divided into two pieces along 
a diameter, and if each piece were connected with the axle by a spoke at 
right angles to that diameter, determine the strain on each spoke arising 
from centrifugal force; if the velocity of the wheel were liable to be raised 
to 40 turns per minute, what ought to be the section of a wrought iron 
spoke which would bear this strain with safety f 

.4»M. (I) 19548lb8. (2) 11-5 sq. in. 
[See Ex. 237 and Art. 9.] 
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139. M.Morin^s eocperi/ments on friction. — ^AfuU account 
of M. Morin's experiments will be found in his " Notions 
Fondamentales," already frequently referred to ; it would 
be inconsistent with the plan of the present work to enter 
into the details of the methods he employed ; it may, how- 
ever, be stated that the arrangement adopted was in prin- 
ciple the same as that described in Ex. 569 ; to which it 
must be added that the rope supporting P was of con- 
siderable thickness, and passed over a pulley on the edge 
of the table. Now it will be remarked that in Ex. 569 
and 576, it is implicitly assumed that the tension on the 
horizontal portion of the rope is equal to the tension on 
the vertical portion ; but as in the present case the rope is 
thick, the axle of the pulley rough, and work is ex- 
pended in overcoming the inertia of the pulley, this 
assumption is imtrue, and the formulae given in those 
examples are inapplicable ; the formulae actually employed 
will be seen in the following questions ; the student will 
probably find little difficulty in investigating them. The 
notation adopted is as follows : P denotes the weight pro- 
ducing motion, T the tension on the horizontal portion of 
the rope; w the weight of the pulley, I its moment of 
inertia, r its radius, r^ the radius of its axle, fi the co- 
efficient of friction between the axle and its bearing, a the 
coefficient of the rigidity of the rope, so that (1 + a) T is 
the pressure to be overcome by P in its descent, / the 
acceleration of P's motion, gr the accelerating force of 
gravity. The acceleration produced by the weight of the 
rope is neglected. The mode of determining / will be 
imderstood from the next question. 

Ex. 738. — If a dram revolves in such a manner that a point on its cir- 
cnmference receives a uniform acceleration /, and if a sheet of paper is 
wrapped on it, and a pencil with its point resting on the paper is made to 
move in a direction parallel to the axis with a uniform velocity of V feet 
per second, show that the curve described on the paper will be a portion of 

T 4 
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a pwaboU, and that if C b the feml-latiii rectum measured in feet, we diall 
hafe/--. 

[In the experiments the parabolic cnrre was nnmistakeablj obtained, 
whence immediatelj follows the important law that firiction is indq)en- 
dent of velocity.] 

Ex. 739. — In M. Morin's experiments show that the pressure between 
the axis of the pulley and its bearings is given bj the formula 

/ /P + w-P/)" + T«or0^6P(l-«^)+0-96w + 0«4T* 

Ex. 740 — The second formula in the last Example being employed, show 
that T is given by the formula 

Ex. 741. — A body whose weight is W is caused to slide on a rough ho- 
rizontal plane by a pressure T, after moving through « ft it acquires a ve- 
locity Vf show that the coefficient of friction (ji) is g^ven'by the equation 

'^ W 2gs' 

140. Compound pendulums. — The terms centre of 
^stuspensioQ and centre of oscillation have already been 
explained (Art. 115); their properties are proved in the 
foUowing propoidtions. 

Proposition 33. 

If ^ is the radius of gyration of a body with reference 
to its axis of suspension, and h the distance of the centre 

of gravity below the centre of suspension, then -1- is the 

distance of the centre of oscillation from the latter 
point. 

♦ The theorem that '^a* + 6^=0-96a + 0'45 where a>6, with an error 
not exceeding ^th part of the true value, is due to M. Poncelet; it may be 

proved as follows: — let a = r sin tf, b = r cos 6 .*, r^^ Va^ + 6*, andd must 
have some value between 45° and 90°. Now if r' =» 0*96 a + 0-46 we have 
r^^r (0-96 sin » + 0*4 cos 0) but 0*4 = 0-96 tan 22° 30', therefore H^ 

r X 0-96 !!Bi?^±l?l|2!). Then, as e increases from 45° up to 67° SC, r 
cos 22° 30' r t 
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Let AB be the body oscillating about an fixis passing 
through S perpendicularly to the plane of the paper, 
which also contains 

.1 . r 'J. ^'«- ^5«. Fig. 157. 

the centre of gravity 
G; join SG, draw 
the vertical line SC, 
let Gr, be the position 
of Gr at the com- 
mencement of the 
motion, draw Gr, Mj 
and GrM at right 
angles to SC, and 
denote Gr, SC and 
GSC by 0, and 
respectively. Now the work done by the weight of the 
body in falling from Gr, to Gr equals W=MjM, i.e. 
WA (cos ^— cos ^,), and therefore, if oi is the angular 
velocity acquired, we have (Prop. 32) 

1 l!La>^h^=Wh (cos-^-cos^i) 

'-• ^'= H^ ^^"'^ ^"""^^ ^^^ 

Let DP be a simple pendulum oscillating about D, draw 
the vertical line DE, and let P, be the position from which 
P begins to move ; draw PN and PjNj at right angles to 
DE, and let DP be denoted by Z, and let PjDE equal 0^, 
and PDE equal 0; then if v is the velocity acquired by 
the point in falling from P^ to P, we have 

^;2=2grxNNi = 2gri (cos ^— cos ^j) 



wUl increase from 0*96 r to 104r, and as increases from 67<^ 30' up to 
90° r' decreases from 1 '04 r to 0-96r,and consequently r' never differs from 

r by more than -— . 



283 



PRACTICAL MECHANICS. 



and therefgre, if «' is the angular velocity of P, we 
have 

a)'2=: ?|^(C08 5-C08 5J. 

Now if I equals i 9 oo* will equal to for all values of 0, 

and since AG and DP are moving at each instant with the 
same angular velocity, their oscillations will be perfonned 

in the same time, and therefore - *- is the length of the 

simple pendulum oscillating in the same time as AB, hence 

if in SGr produced a point be taken, such that SO 

k * 
equals -^-, that point will be the centre of oscillation. 

Cor, — The time of a small oscillation of AB will equal 
wky 

Proposition 34. 

The centres of oscillation and suspension are reciprocal. 
Let A B be the body, Gr its centre of gravity, S a centre of 

Fig. 159. suspension, and the corresponding centre of 
oscillation, it is to be proved that these points 
are reciprocal, i, e, if is made the centre of 
suspension S will be the corresponding centre 
of oscillation. Let k be the radius of gyra- 
tion round a parallel axis through the centre 
of gravity, let SGr, GrO be respectively denoted 
by h and Xy 




X 






or hx = k\ 
Next let be the centre of suspension, and y the 
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distance from Gr to the corresponding centre of oscilla- 
tion, then 

X 

or yx = P 
and therefore y equals A, or S is the centre of oscillation. 

Q. E. D. 

Ex. 742. — A thin rod of steel 10 ft. long vibrates abont an axis passing 
through one end of it; determine the time of a small oscillation; the number 
of vibrations it makes in a day; and the number it will lose in a daj if the 
temperature is increased hj 15° F. 

Ans, (1) l-434sec. (2) 60254. (3) 3. 

Ex. 743. — A pendulum vibrates about an axis passing through its end; 
it consists of a steel rod 60 in. long, with a rectangular section J by ^ of an 
inch; on this rod is a steel cylinder 2 in. in diameter and 4 in. long; when 
the ends of the rod and cylinder are set square determine the time of a 
small oscillation. ^it«. 1*174. 

Ex. 744. — ^Determine the radius of gyration with reference to the axis of 
suspension of a body that makes 73 oscillations in 2 minutes, the distance 
of the centre of gravity from the axis being 3 ft. 2 in. Ans, 5*267 ft. 

Ex. 745. — ^Determine the distance between the centres of suspension and 

oscillation of a body that vibrates in 2|sec. Ans, 20*264 ft. 

k ^ 
Ex. 746.— -If ^- is the length of a simple pendulum corresponding to a 
h 

vibrating rod ; show that if it expands uniformly in the proportion of 1 + a : 1 

k ° 
that the length of the simple pendulum becomes (1 + a) -^, 

h 

Ex. 747.— Miaran determined the length of the seconds pendulum at 
Paris to be 39*128 inches; he employed a ball of lead 0*533 inches in dia- 
meter suspended by an exceedingly fine fibre whose weight could be ne- 
glected *; supposing the measurements made with perfect accuracy, upon 
the supposition that the distance from the point of suspension to the centre 
of the ball is the length of the pendulum, show that the error is less than 
the 0001 of an inch. 

Ex. 748. — A pendulum consists of a brass sphere 4 in. in diameter sus- 
pended by a steel wire ^th of an inch in diameter; the centre of the sphere 
is 40 inches below the point of support f; determine the number of oscillations 
it will make in a day; and what number would be obtained on the suppo- 



♦ Airy, Figure of the Earth, p. 224. f ^o* P* 225. 
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sition that the centre of osdlUtion coincides with the centre of the sphere 
(y-82). uljif. (1) 85243. (2)85212-7. 

Ex. 749. — ^If a sphere whose radios is r is suspended saccessivelj from 
two points by a very fine thread, and if the distances of the centre of the 
sphere from the points of suspension are respectively A and A', and if / and 
I' are the distances of the corresponding centres of oscillation from the points 
of suspension, show that 

'-'-(*-*'>( ^-w> 

Ex. 750. — If t and e' are the times of a small oscillation of the pendolnm 
in the last Example corresponding respectively to / and /'; show that the 
accelerating force of gravity is given by the equation 



ir« (h-h') f^ 2r^ \ 



141. M. BesBeVa determmation of the accderating force 
of gravity. — The last two examples contain the principle 
of the method by which M. Bessel determined the accele- 
rating force of gravity at Konigsberg.* The pendulum was 
first allowed to swing from a point of support at a distance 
h above the centre of the sphere, and the number of 
oscillations made in a given lime were noted, by which t 
was determined with great accuracy; the wire was then 
grasped between two points that were screwed together, 
and now the oscillations were performed about a point 
distant h' from the centre of the sphere, and t^ noted as 
before; now h—K being the distance between two fixed 
points, admits of very accurate determination ; the lengths 
h and K cannot be determined without some liability to 

error, but as they only appear in the small term , that 

Ofhlh 

error will hardly affect the determination of gr, which can 
by this method be ascertained with extreme accuracy. 

Ex. 751. — ^In the last Example let r, A, and A' be respectively reckoned 
1, 50, and 40 inches, so that A— A' is exactly 10 Inches, but it is doubtfol 
whether the separate values of A and h' are not as much as ^th of an inch 



♦ Airy, Figure of the Earth, p. 223. 
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longer than the values assigned, determine the possible error in the value 

of q. Ana, ^ . 

^ 1116000 

142. Captain Kater^s method of determinmg the ac- 
celerating force of gravity, — This method depends on the 
reciprocity of the centres of oscillation and suspension ; 
the pendulum has two axes (or knife edges as they are 
called, though they are really wedges of very hard steel), 
by either of which it can be suspended; now if the 
time of oscillation about either axis is the same, the 
distance between the edges will be the length of the 
simple pendulum, and the distance being that between 
two fixed points, admits of very accurate measurement, 
and then g is obtained by the formula 

The difficulty of giving the edges their exact position is 
overcome as follows: on the pendulum rod is placed 
a weight that can be moved up or down by screws ; the 
edges are fixed as nearly as possible in the right position ; 
and then by moving the weight up or down, the values 

of fcj and h can be changed until -^ equals the distance 

between the edges, i. e. until the number of oscillations 
made in a given time about either edge is the same. 

143. The motion of a body through space. — A body 
Tnay so move that its diflferent points describe in space 
a system of parallel straight lines ; when this is the case, 
the body is said to have a Tnotion of translation^ and its 
velocity will of course be the same as that of any one of 
its points. In general the motion of a body is by no 
means so simple, each of its points moving in a particular 
curve (Art. 131); it is capable of proof, however, that the 
motion can at each instant be represented by the co- 
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existence of tw6 motions, (1) a translatory motion whose 
velocity and direction is the same as that of the centre of 
gravity * ; (2) a rotatory motion round an axis passing 
dirough the centre of gravity. Now it must be re- 
membered that from instant to instant the velocity and 
direction of the translatory motion will in general change^ 
and the velocity of the rotatory motion will also im general 
change as well as the axis about which the rotation takes 
place ; it is evident from this that the general discussion 
of the motion of a rigid body is one that presents great 
difficulties. 

Now it will be remarked that if we suppose the motion 
to take place in one planets the rotation must take place 
about an axis perpendicular to that plane ; this introduces 
a great simplification, and as it is desirable that the reader 
should have an opportunity of considering this general 
case of motion, though our limits will not allow of its 
complete discussion, we will prove in regard to the above 
limited case : — (1) That the motion of the body can be 
correctly represented by coexistent motions of translation 
and rotation ; (2) A formula for determining the number of 
units of work accumulated at any instant in such a body. 1 

It may be assumed as evident, that if a system of points 
is in motion and a common velocity is impressed on them 
all, there will be no change in their relative motions. 
To illustrate this, suppose a number of persons dancing on 
board a ship in a state of steady motion, their movements 
are evidently the same whether the velocity of the ship 
be greater or smaller ; and consequently those movements 
would be unaffected by a change in the ship's velocity 

* This fact might be enunciated with reference to any other point: nor 
will our inyestigatiott proceed suflScientlj far to show the reason for fixing 
on the centre of gravity. 

t i.e, when one particular section of the body is always in the same plane 
so that each parallel section always moves in a parallel planet. 
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after the change had occurred. During the change, i. e, 
before they had themselves acquired the same velocity as 
the vessel, they might feel a jerk, but afterwards their 
movements would* continue as before. Now let v be the 
velocity of the centre of gravity, impress on each point of 
the body a velocity equal and opposite to v ; this will not 
aflFect the motion of the points relative to the centre of 
gravity, and since that is brought to rest, the relative 
motion will be all that is left, and will be a motion of 
rotation round the centre of gravity; now the whole 
motion of the body must have been the part destroyed 
together with the part remaining, i, e. it must have con- 
sisted of a iqaotion of translation whose velocity is the same 
and in the same direction as that of the centre of gravity, 
and a motion of rotation round the centre of gravity. 

Again let w^y w^ w^ ... .he the weights of the diiBFerent 
points composing the body, the whole weight of which 
may be denoted by W, also let k be the radius of gyration, 
and o) the angular velocity of the body round the axis 
passing through the centre of gravity. Now the total 
number of units of work destroyed when the velocity v 
was impressed on each point must have been 

2g ^2g ^ 2g 2g 

and the number of units of work left in the body 
equals ca^; so that the number actually accxmiulated 

must have been 

2g 2g 

Ex. 752. — A wheel whose diameter is 4 ft. moves with a trae rolling 
motion, it makes 50 turns a minute, determine the velocities of the highest 
point and of the two extremities of the horizontal diameter. 

Ans, (1) 20-94. (2) 14-81. 
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Ex. 753.— A circular plate is rigidly attached to an axis which passes at 
right angles to its plane through the middle point of a radius, the axis makes 
30 uniform reyolutions per minute; determine the yelocitj of translation of 
the centre of grayitj and of rotation round the centre of gravity by which 
the motion may at each instant be represented^ and to Terify the results 
deduce from them the yelocities of the extremities of that diameter which 
passes through the axis. Atu. {I) ^rr. (2) v. (3) ^vr, f rr. 

Ex. 754. — If the moon's Telocity in her orbit were uniform and the orbit 
a perfect circle, and if the moon always presented the same face to the 
esjth, what would be the nature of the moon's motion? 

Ex. 755. — If a penny piece were set flat in the plane of a wheel; show 
that its motion would precisely resemble that of the moon as described in the 
last article. 

Ex. 756. — ^iTthe flywheel in Ex. 734 had been rolling along the ground 
and making the specified number of revolutions, determine the number of 
units of work accumulated in it. Ans, 614000. 

Ex. 757 A sphere whose radius is r rolls from rest down a length /of 

a plane whose inclination to the horizon is A, show that if V is the acquired 

velocity of the centre of gravity then V" « -y- y / sin 9, 

[The work accumulated equals W / sin 9, since the reaction does no woik 
(Art. 92); also if « is the angular velocity it is plain that V «»r«.] 

Ex. 758. — A drum open at both ends whose external radius is r rolls 
over the length / of the plane in the last Example in t seconds, show that r^ 
the internal radius, is given by the equation 



,»,-.. {iqiii .3}. 



Ex. 759. — A string is wrapped round a cylinder whose weight is W and 
radius r. If the cylinder descends by its own weight determine the time in 
which a length / of the string will be unwound. 

[The tension of the string will do no work (Art. 92).] 
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CHAP. VIII. 

ON THE ACTION OP IMPULSIVE FORCE. 

144. Impulsive action. — Suppose a sphere A to overtake 
a sphere B, their centres moving in the same line ; it is 
a matter of common observation that they will strike, and 
then separate, A moving after impact with a less, and B 
with a greater velocity than before ; the problem we are 
to solve is this: — Given the weights of the bodies and 
their velocities at the instant before impact, to determine 
the velocities they have at the instant after impact. 

Now it will be observed that though the bodies are in 
contact during a very short time, yet tjiat time is really 
finite, and the pressure which the one exerts on the othjer 
must increase from zero at the instant of contact, till it 
attains a very considerable magnitude, and then decreases 
down to zero at the instant of separation. Moreover, it 
appears from Ex. 656, that if A exerted at each instant 
against B, a pressure equal to that which B exerts against 
A, in other words if the action and reaction were equal 
and opposite pressures, then the momentum lost by A 
would equal that gained by B, and the total amount of 
momentum in A and B before impact would equal the 
total amount ^fter impact. Now, that this is a fact, was 
ascertained by numerous experiments make by Newton*, 
and this we shall take as our fundamental principle, viz. 
that the Tnomentum lost during the impact by one body 
will equal that gained by the other. For the purpose of 
completing the above statement, it may be added that the 

* Introdaction to the Frincipia. 
U 
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sum of the momenta of the two bodies means their edge- 
hraiciil sum. 

145. The mean 'pressure exerted during i/rrvpact. — The 
following example is intended to illustrate the fact that 
there is really called into play a very large pressure which 
is exerted during a very short time. 

Ex. 760.~A hard mass weighing 50 lbs. falls from a height of 6 ft. on a 
plane surface which at the instant of greatest compression has yielded to the 
extent of ^th of an inch — the mass itself being supposed to be entirely un- 
compressed — determine the mean mutual pressure, and the duration of 
compression.* iln«. (l)72000lbs. (2) 0*000425 sec. 

[The pressure must be such that by acting through ^h of an inch brings 
the mass to rest: — the duration is the time in which the meam preuure 
would bring the body to rest.] 

146. Impact of ineUistic bodies. — ^When A overtakes B, 

it is plain that so long as A moves faster than B^ the two 

surfaces of contact will be compressed^ and the state of 

compression will continue until A and B are moving with 

the same velocity; if the mutual action then ceases, the 

bodies are said to be inelastic. 

A B 

Now let the masses of A and B equal — and — re- 

9 g 

spectively, let E be the momentum lost by the one and 

gained by the other during impact, and let their ve- 
locities before impact be V and U, and their common 
velocity after impact equal v\ then we obtain from the 
fundamental principle (Art. 144.) 

^v = ^V-E (1) 

9 9 

?.v = ?U + E (2) 

9 9 

whence j^^ AB (V-U) ,3. 

^(A+B) ^ ' 

^^AV+BU .4. 

A + B ^ ' 

* Poncelet, Introd. k la MSc. Ind. p. 166. 
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In working examples the student is recommended to pro- 
ceed from the general principle, or, in other words, to form 
and then solve the equations (1) and (2), and not to sub- 
stitute particular values in (3) and (4). If A meets B, 
one of the velocities must be reckoned negative, and the 
bodies will move after impact in that direction if t; is 
negative. 

Ex. 761. — If A weighing 2 lbs. and moving with a Telocity of 20 ft. per 
second overtakes B weighing 5 lbs. and moving with a velocitj of 5 ft. per 
second, determine the common velocity after impact. Ans, 9f ft. per sec. 

Ex. 762. — In the last Example if the bodies had met, determine the com- 
mon velocity after impact. Ans. 2^ ft. per sec. in A's direction. 

Ex. 763.— In Art. 146 show that the number of units of work lost during 

impact equals 4f(r^*- 

Ex. 764. — ^If a shot weighing Fibs, is fired with a velocity Y into a mass 
of wood weighing Qlbs. which is quite free to move, show that the velocity 

with which the wood begins to move is — — -.; and state why this case 

must be one of inelastic impact. 

Ex. 765. — If in the last Example Q=nP, show that, inconsequence of 
the impact, n units of work are lost in every n + 1. 

147. Impact of dastic bodies. — It commonly happens 
that the mutual action does not entirely cease with the 
compression, but when that ends the bodies begin to re- 
cover their shapes, and thereby continue to press on each 
other till the impact terminates. Now let E be the mo- 
mentum lost by the one body and gained by the other 
during compression, and E' that lost and gained during 
expansion ; then the whole momentum lost by the one body 
and gained by the other will equal E-f E^ But it is 
found by experiment that for the same substances E bears 
to E' a fixed ratio 1 : X* ; therefore E' =\ E, and E -f E' = 
(1-f \) E; where \ is a constant quantity depending on 
the materials of the impinging bodies. In the two ex- 
treme cases of inelasticity and perfect elasticity, \ equals 

* This follows firom Newton's experiments already referred to. 

U8 
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and 1 respectively ; in other cases X is a proper fraction, 
and commonly a small one. We have already seen that if 
a body whose weight is A moving with a velocity V, over- 
takes another whose weight is B moving with a velocity 
U, then the momentum lost by the one and gained by 

the other at the end of compression equals -A — ^^., 

Hence the total momentum gained and lost will equal 

AB (Y — U^ 

(1 + X) X \ — 7zr-. And therefore if v and u are 

^ ^ fl^(A + B) 

their respective velocities after impact, we shall have 

9 9 
?u=?U+(l+X)R 

\Jy -(l-fX)B(V-U) 

A + B 

and u=U ■^■ (l+MACV-U ) 

^ A + B 

It may be added that the remarks made in Art 146, rela- 
tive to the working of examples, are applicable to the case 
of elastic bodies. 

Ex. 766. — Show that v and u are giyen by the following formulae 

AV + BU _ XB (V-U) 

A+B A+B 

AV + BU ^ XA (V-U) 



tt » 



A+B A+B 

Ex. 767. — Determine the yelocities after impact of a ball (A) weighing 
20 lbs. which, moving with a velocity of 100 ft. per second, overtakes a ball 
(B) weighing 50 lbs. and moving with a velocity of 40 ft. per second, their 
coefficient of elasticity being |. Ans, A's velocity 35f ; B's velocity 66f. 

Ex. 768. — In the last case suppose the heavier body (B) to be at rest, de- 
termine the velocities after impact. 
Ans. A rebounds with a velocity 7^. B moves forward with a velocity 42f . 

Ex. 769. — Obtain the velocities after impact in Ex. 767, upon the suppo- 
sition that the bodies meet. 

Ans, A rebounds with a velocity 50, and B with a velocity 20. 
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Ex. 770.— If there are two perfectly'elastic balls A and B of eqaal weight, 
and A moving with a velocity V impinges on B at rest, show that A is 
brought to rest and B takes the velocity V. If there are a number of equal 
and perfectly elastic balls ' B, C, D, E, placed in a line, what would be 
the result of A striking B; the direction of the impact coinciding with the 
line? 

Ex. 771. — ^If a ball whose weight is A moving with a velocity V meets a 
ball whose weight is B moving with a velocity U, show that in the case of 
perfect elasticity the velocities of rebound are given by the following con- 
struction: — draw any line AB, divide it in G in the inverse ratio of the 
weights of A and B, and in C in the ratio of their velocities ; on the other 
side of G measure off GD equal to GC, then A's velocity of rebound r B's 
velocity of rebound :: AD : BD.* 

Ex. 772. — Two balls weighing respectively 12 and 8 lbs. are suspended 
by threads in such a manner that their centres are 4ft. below the points of 
support; when at rest the line joining their centres is horizontal; if the 
smaller one is raised so as to fall through a quadrant, determine the angle 
described by the other after impact, if the coefficient of elasticity equals |. 

Ans. 56'^ 14'. 

Ex. 773. — If A and B are the weights of two perfectly elastic balls, if V 

and U are their velocities before impact and t; and u their velocities after 

impact, show that 

AV" + BU«=Aw»+Bm2. 

Ex. 774. — If a ball impinges perpendicularly on a fixed plane with a ve- 
locity V, show that the velocity of rebound equals \Y. 

[It must be remembered that at the end of compression the velocity is 
entirely destroyed.] 

Ex. 775. — If bodies are dropped from equal heights on a fixed horizontal 
plane, show that their coefficients of elasticity are in the same ratio as the 
square roots of the heights to which they rebound. 

Ex. 776. — A ball is dropped from a height A, show that the whole space 
it describes before coming to rest equals 

Ex. 777. — A ball (A) is thrown upward with a velocity of 160ft. per 
second, when it has reached a height of 300 ft. it is met by an equal ball 
(B) which has fallen from a height of 100 ft.; determine the time after the 
instant of impact in which each will reach the ground, assuming that \ equals 
unity. Ans, A after 2|sec. B after 7|sec. 

148. Oblique impact of smooth bodies, — If a smooth 
ball impinges obliquely on a smooth plane, or on another 

* It was in this form that the problem of impact was originally solved by 
Sir C. Wren (vide Montucla). 

u 3 



294 PRACTICAL MECHANICS. 

smooth bally the velocities can be resolved into components 
in the direction of, and perpendicular to the line of centres ; 
of these, the latter will be unaffected by the impact, the 
former will be changed in precisely the same manner as if 
the impact of the bodies had been direct, and they had 
moved with the component velocities only : the component 
velocities after impact are thus obtained, and then the 
whole velocities are found by composition. The general 
formulae commonly given for these velocities are of very 
little value, as any particular example is much more easily 
worked by proceeding from first principles : the following 
example will sufficiently exhibit the method of treating 
these cases. 

Ex. 778. — Let A and B be two perfectly elastic baUa which at the instant 
of impact are moTing along the lines FA and QB; the line of centres 

CD being in the same plane as PA 
'* audQB. A weighs 10 lbs., moTes 

with a Tclocitj of 16 ft. per second, 
and the angle FAC contains 30°. 
B weighs 15 lbs., moTCS with a Telo- 
city of 8 ft per second, and the angle 
QBD contains 60^; determine the 
yeloeities after impact and their di- 
rections. 

(a) Before impact A's Telocity at 

right angles to CD is 8, and B*s 4 \/d. 
They are unchanged by the impact. 

(6) Before impact A's Telocity along CD is 8 V3 and B's Telocity is — 4; 

these are changed by impact into — - (3 ■»• V3) and - ( — 1+8 ^/3) re- 

5 5 

spectiTcly. 

(c) Hence A's Telocity after impact equals f (37 + 6 V3) , and B's tcIo- 

5 

city - (268— 16>v/3)i i.e. A's Telocity equals 11 'Gift, per second andB's 
5 

equals 12*4 ft. per sec. 

(d) The directions of the motion of F and Q after impact are respectiTely 

AP' andBQ' where tan F'AC equals — - — , and tan Q'BD equals 

3 + ^3 

^^^ iie.P'AC equals 64<> 36' and QOBD equals 33<> 58'. 
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Bj this means the motion of A and B at the instant after impact is 
pletely determined. 

Ex. 779. — If a ball A moving in a direction making an angle of 30^ ^witli 
the line of centres overtakes B moving along the line of centres; deterxcii-n 
the velocities, if A weighs 12 lbs. and its velocity is 12ft. per second, ci.n<l. T5 
weighs 30 lbs. and its velocity 4 ft. per second, and the coefficient of ela.8l;ioit: 
equals i. Ans. (1) A's veL 7, C AP'==1490 30'. (2) B's vel 6*r. ^ 

Ex. 780. — A body whose coeflficient of elasticity is | impinges with, a, -^^ 
locity of 30ft. per second on a fixed plane in a direction making an slxxbI^ 
of 27° with the perpendicular; determine the magnitude and direction, of 
the velocity after impact. Ana. (1) 19*1 ft. (2) 45<* 3^" 

Ex. 781.— If in the last Example the body had been inelastic, how 'Wo^lH 
it begin to move after impact? 

Ex. 782. — If in Example 774 the angle of impact is a and the angx^ 
rebound jB and the coefficient of elasticity \, show that ^* 

a tan a 
tan p =s . 

Ex. 783.— Give a geometrical construction by which to determine tlx 
rection in which a billiard ball must begin to move so that after o^^ 
bound it may strike another ball whose position is given, (1) if the cqq^ , *'^* 
of elasticity equals unity, (2) if the coefficient of elasticity equals A^ ^^^nt 

Ex. 784. — Extend the construction in the last Example to the q^^ 
which the ball makes two rebounds from cushions at right angles |;-^ ^ iu 
other. ^^Cl^ 

Remark. — If tlie surfaces of the impinging bocJi^ 
rough, the effect of the tangential impact will gener^jj^ ^^e 
to produce a rotatory motion, as well as to modify -^^^ y be 
vious motion of the bodies : the complete solutioix ^ t^^e^ 
case lies beyond the scope of the present work. T^^*^ *l^ 
remark applies to the case in which the motion of ^>lie 
both bodies sustains a resistance appreciable in cot^ ^^^ or 
with the mean impulsive pressure. "^^^Son 

149. Application of D'AlemberPa priTidple ^q 
of vmpTjilsive action. — ^It will be remarked that ^ case 
impulsive action does not differ essentially frotx^ ^^e of 
case of motion produced by pressure; the diff^^^^^y other 
mode of treating these cases arises solely from rv ^^^ iu the 
to determine the pressure exerted at each Itv^J^ Ability 
duration of the impact; it follows, theiefoTe, ^v^^ ^^ ^^® 
instant during the collision, the eft^^i^^^ foto'^^ ^^ ®^^ 

^ * ^^ a^]p\ied m 
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the opposite directions would be in equilibrium with the 
impressed forces; and consequently the momenta produced 
by the effective forces so applied, and those actually pro- 
duced by the impressed forces, will satisfy the conditions 
of the equilibrium of pressures. We shall apply this prin- 
ciple to determine the angular velocity communicated by 
a blow to a body capable of revolving round a fixed axis, 
and the impulse produced on the axis by that blow. 

Proposition 35. 

A body capable of turning round a given axis, and sym- 
metrical with reference to the plane passing through the 
centre of gravity at right angles to the axis is struck by a 
blow of given magnitude along a line lying in that plane, 
to determine the angular velocity communicated to the 
body, and the impulse on the axis. 

Let the plane of the paper be the plane of symmetry, 

and let the axis of rotation 
pass through ; let R be the 
magnitude of the blow which 
is delivered along the line EN; 
draw Oy at right angles, and 

Ox parallel to EN; let ^ be 

W 

the mass of the body, — k{^ 

its moment of inertia with re- 
ference to the given axis, x y 
the co-ordinates of its centre 
of gravity, and ON equal to a; let X and Y be the im- 
pulsive reactions of the axis in the directions of Oa;, 
and Oy respectively ; and let ay be the angular velocity of 
the body commimicated by the blow. Consider any paiticle 
P whose co-ordinates are x^, y^, distance from equals r^ 

and mass -i, and let the angle xOF equal 0^, also suppose 



Fig. 160. 




1 









RELATION PRODUCED BY IMPACT. 297 

a similar notation to be employed for the other particles 
composing the body. Now the velocity of P is rj co in a 
direction perpendicular to OP, or is equivalent to velocities 
toTy^ sin 6^ or (oy^ parallel to Oaj and — oaVy^ cos 6y or 
— (oajj parallel to O^/, and therefore the momentum com- 
municated to P is equivalent to the two -J y^o) parallel 

if 

to Ox, and — —^XyO) parallel to Oy; the expressions for 

all the other particles being precisely similar. But these 
are the momenta that would be communicated by the 
effective forces, and the impressed forces are E, Y, and X ; 
also it will be observed that the moment of P's momentum 

round is —^ri^oo; consequently (Prop. 13) 

K4-X= -*2/i ft) + —^2/2 ft) + — 32/3ft)+. . . 

= ^ W 2/1+^2 2/2 + '^3 2/3 + - • •) 

9 
- Y = ^ a; 1 ft) + ^ i»2 ft) + ^3 ^ 4- . . . 

g ' g g 

g 9 9 

= - (w, r,''+w,V+Wjr3» + . . .) 

iy 

Or by Prop. 15, and Art. 126. 

R+X^ — ya 
9 " 

g 
w 

aE = — A;,^ ft> 

g 
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*= w- V <^) 

-Y=^^^ (2) 

-X=r'-^ (3) 

The first of these equations gives the angular velocity 
communicated to the body; the second and third equations 
give the components of the reaction of the axis, which is 
of course equal and opposite to the blow sustained by the 
axis. 

N.B. — It will be an instructive exercise for the student 
to ascertain for what positions of the centre of gravity the 
reactions of the axis will be as indicated in the figure : it 
will commonly happen, as he will find, that the reactions 
will really act in the contrary directions to those in- 
dicated. 

Ex. 785. — A uniform rod 12 ft. long: and weighing lOlbs. is suspended at 
one end, it receives at the other, in a direction perpendicular to its length, a 
blow whose momentum is 1 ; determine (1 ) the angular velocitj with which 
it begins to move, (2) the impulsive pressure on the axis, and (3) compare 
this impulse with the blow given by a weight of ^ of a ponnd which has 
fallen through a height of 2 ft. Ans. (1) 0*8. (2) — i (3) 4 times. 

Ex. 786. — A beam of oak 10ft. long and 1 ft. square is suspended bj an 
axis perpendicular to one face and passing through the axis of the beam, at 
a distance of 1 ft. from the end ; it is struck at a point 8 ft. below the axis by 
a bullet weighing lib. and moving with a velocity of 1000ft. per second; 
determine (I) the impulse on the axis, (2) the angular velocity communi- 
cated to the beam, (3) the angle through which the beam will revolve. 

Ans, (1) 10. (2) 0-56. (3) 14° 8'. 

Ex. 787. — A hammer's head (considered as a point) weighs 10 lbs. and 
makes 60 strokes per minute on an anvil, if the time of ascending equals 
that of descending, and the blow is entirely due to the velocity it ac- 
quires in falling, compare that blow with the impulse on the axis in the 
last Example. Ans, One half. 

£x. 788. — Determine the impulse en the axis if the mass of cast iron in 
Ex. 721 strikes an anvil after falling through the 30^; the blow on the 
anvil being supposed to be given by the extreme edge of the cube. 

Ans. 97. 
[It will be observed that in this case the impulse on the axis is greater 
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than that which woald he prodnced hy a shot weighing Slhs, and moving 
at the rate of 1000 ft. per second; it is obTions that a succession of snch 
impulses would tear to pieces the masonrj on which the axis of such a 
hammer is supported; and accordingly it becomes a point of great practical 
importance to suspend a tilt hammer in such a manner that there shall be 
no impulse on the axis. The following explains the principle on which this 
is done.] 

150. The centre of percussion. — Eeferring to the 
equations (2) and (3) of Prop. 35, we see that if the blow 
is delivered in such a manner that x equals rig. lei. 
zero, and k{^ equals ay, then X and Y equal 
zero separately, and there is no impulsive pres- 
sure on the axis of suspension; hence if be the 
centre of suspension, Gr the centre of gravity 
of the body, and a point 0^ be taken in OGr 
produced so that 

* 0(jr 
then if the body is struck by a blow whose direction 
passes through Oj at right angles to 00,, there will be no 
impulsive pressure on the axis, and the point 0, is there- 
fore called the centre of percussion ; it evidently coincides 
with the centre of oscillation with respect to the centre of 
suspension 0. It must be remembered that the body is 
supposed to be symmetrical with regard to the plane of 
the paper, as specified in the enunciation of Prop. 35. 

Axis of spontaneous rotation. — Since the body in the 
last article when struck begins to rotate round the axig 
through O without any constraint, it follows that if the 
body were entirely free, it would begin to move round 
that axis, which is therefore called the axiij of KpontaueouB 
rotation. If it is given that a body us struck liy a V>low ^ 
along a given line, the axui of iip/ritiirM^iUtf r<>tation i^ 
determined as follows : c/ttusMtit tb^ pLwAiH patssing through. 
Gr the centre of gravity «nd tlw? <lir<^*tion of the l>lo^ . 
through Gr draw a Vm» at right wigUjs to tliis plas^ ^^ 
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let k be the radius of gyration of the body with respect to 
it: through the centre of gravity draw a line at right 
angles to the direction of the blow and cutting it in Op 
and on the other side of the centre of gravity take in the 
line a point such that 

OG.GO,=ifc* 

then an axis through perpendicular to the given plane 
is the axis of spontaneous rotation. 

It will be observed that if the axis of spontaneous 
rotation is to pass through the centre of gravity, we must 

have in equation (3) of Prop. 35, both x=0 and y = 0, 
and therefore E=0: but from equation (1) a> having a 
finite value aE must also have a finite value; or in other 
words the body must be struck by an impulsive couple 
whose moment is aR, and whose plane passes through the 
centre of gravity of the body ; it will then begin to revolve 

with an angular velocity ^-^ round an axis at right angles 

to the plane of the couple, and passing through the centre 
of gravity. The remark made in the last article with 
reference to the symmetry of the body is true in regard to 
the present article. 

Ex. 789. — A hammer tarns roand a giyen axis, the weight of the head is 
W, and its radius of gyration is k with respect to an axis parallel to the 
given axis and passing through its centre of gravity, the weight of the 
handle is Wi ; its radius of gyration with respect to the axis is A^, and the 
distance of its centre of gravity from the axis a. If the head of the hammer 
is so placed that its centre of gravity is at the same distance (a:) from the 
axis as the centre of percussion of whole hammer, then 

' W[^ — 

Ex. 790. — If the head of the hammer in Ex. 721 is shifted so as to fulfil 
the conditions of the last Example, determine the distance of its centre of 
gravity from the axis of rotation. Ans. 6*36 ft. 

Ex. 791. — A sledge hammer AC is moveable round an axis through A; 
it is 6 ft. long and weighs 4cwts., it is held in a horizontal position by a 
weight of Scwts. attached to the end of a string which after passing oyer a 
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small pulley is fastened to B (the parts of the string being vertical); the 
hammer when allow-ed to fall into a vertical position makes 50 oscillations 
per minute round A; determine (1) the centre of percussion, and (2) the 
radiu9 of gyration about an axis parallel to the axis of suspension and 
passing through its centre of gravity. Ans, (I) 4*67 ft. (2) 0*87 ft. 

Ex. 792. — A cylindrical bolt of cast iron 4 in. in diameter and Sin. long 
is struck simultaneously by two equal blows in contrary directions, each 
at right angles to an extremity of a diameter of its mean section; in conse- 
quence the bolt rotates 250 times in a second; determine the magnitude of 
each blow, and compare it with that which the bolt itself would give if 

moving with a velocity of 1000ft. per second. Ans. (I) 53 6. (2) — , 

48 

151. Robin^s BaUiatic Pendulwm. — This machine is 
employed to ascertain the velocity with which a shot leaves 
the mouth of a cannon. The principle on which it is con- 
structed will be most easily understood by describing it in 
its original form; at present the gun itself is suspended 
and the recoil observed; but at first it was constructed as 
follows : — A large mass of wood is carefully suspended so 
as to turn freely round a knife edge (Art. 142); the shot is 
fired into this mass, which is backed with iron plates to 
prevent the ball passing through or shivering it, so that 
the shot stays in it, and by the blow causes it to revolve 
through a certain angle (d), the magnitude of which can 
be ascertained by a riband attached to a point of the 
pendulum which is pulled through a spring sufficiently 
strong to keep the riband straight while the mass moves 
up, and also to prevent any of it returning when the mass 
moves back ; it is evident that the length of the riband 
gives the chord of the arc described by the point to which 
it is fastened, and thus 6 is observed ; the weight W of the 
pendulum includes that of the shot w ; the distance h of 
the centre of gravity of W from the knife edge is deter- 
mined in the manner suggested by Ex. 791. The radius of 
gyration is inferred from 7i, the number of small oscillations 
made in a minute ; the distance, a, b.elow the point of 
support of the point in which the shot strikes the pen- 
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dulum is meaflured ; and it is (of course) endeavoured that 
this point should as nearly as possible coincide with the 
centre of percussion* From these data the velocity V of 
the shot can 1>e found. 

£z. 793. — In the baUiftic pendalnm show that 

wnaw 8 
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ON LIMITS, AND ON THE CYCLOID. 

Thboughout the present work particular geometrical limits 
have been used instead of the formulae of the differential and in- 
tegral calculus — at least this has been done as far as possible; 
if the reader has not b«en accustomed to reason on limits, he 
may perhaps find a difficulty in understanding the propositions 
in which they occur; should this be so the following remarks 
may prove useful : 

1 . Definition of a limit. — ^Let there be any variable mag- 
nitude X and let there be a fixed magnitude A ; also suppose 
that X in the course of its successive changes continually ap- 
proaches A, but never becomes equal to it, though the difference 
between the two magnitudes can be made less than any assigned 
magnitude however small ; A is then said to be the limit of 
X. Thus suppose that X denotes the area of a polygon of n 
sides inscribed in a circle whose area is A; if we conti- 
nually increase the number of sides, X will continually ap- 
proach A; also if we assign any magnitude, say one square 
inch, a polygon with a certain number of sides can be found, 
whose area will differ from A by less than one square inch ; 
in like manner if i^^jth, y^^th, &c. of a square inch had been 
assigned! ; therefore the area of a circle is the limit of the area 
of the inscribed polygon. 

The simplest form which the reasoning on limits can 
assume is the following : — Suppose it can be proved that two 
variable quantities X and Y remain equal throughout their 
variations, and suppose that X continually approaches a limit 
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A, while Y approaches B, then it follows that A must equal 
B ; tliis admits of a demonstration which we have not space 
to give. Thus it can be proved that the area of the inscribed 
regular polygon equals the rectangle between the semi-peri- 
meter and tlie perpendicular let fall from the centre on one 
side ; now the limit of the former is the area of the circle, and 
of the latter the rectangle between the semi-circumference and 
semi-diameter, and therefore the area of the circle equals that 
rectangle ; not, the reader will observe, nearly equals it, bnt 
actually equals it. Prop. 1 supplies a good example of the 
same form of reasoning. 

2. On ultimate ratios, — Suppose there are two variable 
magnitudes x and y whose separate limits are zero ; what, it 

may be asked, is the limit of their ratio - ? The value of 

this limit depends upon circumstances, and in different cases 
may have values differing to any extent whatever. Suppose 
X denotes the sine of an arc, and y the length of an arc, when 
X continually diminishes y continually diminishes, and their 
separate limits are zero ; it is capable of proof that in this 

case the limit of — is unity ; but if x denotes the base and y 

y ' 

the hypothenuse of a right-angled triangle, whose dimensions 
continually diminish in such a manner that angle (A) between 
X and y continues unchanged, then, although the separate limits 

of X and y are zero, the limit of - is cos A; in the former case 

y 

X is frequently said to be ultimately equal to y; in the latter x 
ultimately equals y cos A. 

As this point is of great importance we will illustrate it by 

Fig. I6S. 




the following case; — let AP« be a semicircle, take P any 
point in its circumference, join P with the centre O, and draw 
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P N at right angles to A O ; take Q a point between A and 
P, draw QMq and Tp parallel to A a ; let P T be a tangent 
to the circle at P, and produce M Q to meet PT in T. Now 
if we suppose Q to move along the circumference up to P, 
then it is plain that the limiting values of P M, P Q, P T, 
M Q, M T, and QT are separately zero, while "Pp is the limiting 
value of y M, ^^ Q, and q T. Under these circumstances it is 
commonly stated that P M Q e* ultimately a triangle similar to 

O P N ; this means that the limit of =-^ equals ^^-^^ , from 

PM ^ ON 

PM 

whence it will of course follow that the limit of — ^ equals 

-^--, and that of — b? equals ;— — . Now it will be remarked 

OP py ^ OP 

that equals under all circumstances; and therefore 

PM ^ ON 

in the limit ; so that what we have to prove will be done if we 

MQ , ^ ^ MT 

can show that the limit of -p lU equals that of tJtt, t.e. equals 

MO OT 

that of — -^ 4- -^^ > or in other words we have to show that the 

PM PM 

limit of ^ is zero. Now Q T . T y = P T^ (Eucl. 36-nL) 
PM 

QT PT PT ^PT s^^^^^p 
• PM Tq PM Tq 

Now the limit of P T is zero, while that of T y is P/>, con- 
sequently in the limit the right hand side of this equation 

T 

equals zero, and therefore the limit of ^— = 0. The reader 

is requested to remark particularly that not only does Q T 
vanish in the limit, for so also does Q M and PQ, but that in the 
limit it vanishes in comparison with them,* Hence if we are 
reasoning upon the relations that exist between the limits of the 

• It is not unusual to call PT, PM, QM, TM, small quantities of the 
first order; and QT a small quantity of the second oiider. The reason of 
this is that QT bears to a finite line the same ratio that the square of PT 
bears to the same or some other finite line. 

X 
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ratios of the Bides of T Q M wo may substitute for them those 
of P T My or vice versa^ the two being ultimately equal. 

3. Definition of the cycloid, — The demonstrations that 
follow of the fundamental properties of the cycloid are very 
instructive examples of the mode of reasoning on ultimate 
values ; they are inserted for that reason, and also because a 
knowledge of the properties is presupposed in Prop. 28. 

Def. — If a circle rolls along a straight line, and keeps 
during the motion in one plane, a point in its circumference 
traces out a curve called a cycloid. 

Let AB (in the figure to the following article) be the 
straight line, A C B the cycloid ; take D, the middle point of 
A B, and draw C D at right angles to it ; on CD describe a 
tircle C D E; this is called the generating circle; take P, any 
point on the cycloid, draw P N at right angles to C D, cutting 
the circumference of the generating circle in p, join C/> ; then 
Cp \8 parallel to the tangent at P, and the arc C P is twice 
as long as the chord C p. Also it is evident that A B mast 
equal the circumference of the generating circle, since each 
point of the one has been successively in contact with each 
point of the other ; for the same reason A H equals the length 
of the arc P H. 

4. To draw a tangent to a cycloid, — Let the describing 
circle be in the position H P K, so that P is the describing 

Fig. 163. point, then it is plain that 

the circle is at that instant 
turning on the point H ; con- 
sequently P is moving in a 
direction at right angles to 
P H, that is P K is the tan- 
gent to- the cycloid at the 
point P (Eucl. 31— IIL). To show that PK is parallel to 
Cp; since MD is a parallelogram, MH equals ND, there- 
fore C N equals K M, and therefore P M equals p N (Eucl. 
35 — IIL) ; therefore the right-angled triangles PMK andjpNC 
are equal (Eucl. 4 — I.) and the angle KP M equals the angle 
Cp N, therefore Cp is parallel to P K (Eucl. 27 — L). 
Remark, — There is a point in the above proof which requires 
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attention; let KPH be one position of the describing circle, 
and P the describing point ; kQh another position of the 
describing circle, then P H comes into the position Q H'. Why, 
it may be asked, are we entitled to neglect 
the distance H'H, which we do in as- 
suming that the point P ultimately moves 
into the next position Q by revolving 
round H ? The answer to this is obvious 
enough when once the difficulty is clearly 
seen ; the distance H H' not only vanishes 
in the limit, for so also do P Q and H A, but it vanishes in 
comparison with them, (See Art. 2, App. I.) The same 
remark applies to the case in which A B is an arc of a circle, 
i, e. in which P is describing an epicycloid (Art. 96). 

5. To determine the length of the arc of a cycloid. — Take 
P, any point in the arc of the cycloid ; draw P N parallel to 
AD and cutting the generating circle -.. 

JP Ig* 1 Ovt 

m /> ; take P a point near P, and in like 

manner draw P'p'N'; join C/> and produce 

it to cut P'N' in q\ join Cp', draw ps 

and p' r at right angles to C/>' and C q 

respectively ; draw C T, a tangent to 

the generating circle at C, join p' p and 

produce it to cut that tangent in T ; also draw P Q, a tangent 

to the cycloid at P. 

Since P ^^ is a parallelogram, pq equals P Q, «. e, it ultimately 
equals P P' the increment of the arc of the cycloid ; again, 
since C/> ultimately equals C* (for ultimately the angle pQs 
vanishes and the triangle becomes isosceles), sp^ ultimately 
equals the increment of the chord. Now the chord Tpp' is 
ultimately a tangent to the circle at j9, therefore ultimately the 
angle Tjp C equals TC/), i.e, equals |>y/>' (Eucl. 29-^1.) ; there- 
fore ultimately p p'q is an isosceles triangle, and therefore ulti- 
mately /> ^ is the double of p r. But since C /> ^ is ultimately a 
right angle, « j9 r is also ultimately a right angle, and the figure 
prp's ultimately rectangular, and j9 r ultimately equal to Bp\ 
Therefore P P' is ultimately double of sp'\ or the increment of 

X 2 
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the ftre ii uUimatel/ double of tbo increment of the chord. 
Now both the chord tnd the arc commeace from the same point 
C, but when two magnitudes both commence from zero, and 
the first j/rowt twice u fast the secoDd, any value of the first 
will be twice as large ma the corresponding value of the 
second ; therefore the length of the arc C F is double that of 
the corresponding chord Cp.* 

6. To eatue a point nupended by a perfectly fitsihle ttring 
to oteiUate in a cj/cloid. — Let ACD be half the cycloid in 
wliiuh the point is to be made to vibrate, 
^ ^ the vertex of that cycloid being C j take 

an equal setnicycloid AHF, and place it 
with its vertex at A, the bases of the 
two cycloids being parallel, complete the 
rectangle G E. Now if the point be sus- 
pended from E, and the length of the string 
equals A E, then if the string be wrapped 
on AE, the point in the process of un- 
wrapping the string will describe AC; 
and of course in the same manner it can be made to describe 
the other half of A C. This can be proved as follows : — 

Draw any line H K L at rig'ht angles to F E and A D, and 
the circles H N K and K M L ; if we suppose these to be the 
describing circles of the respective cycloids, N will be the 
describing point of E A, the cin^Ie having rolled from E to 
H, and M the describing point of A C, the circle having rolled 
from A to K ; join M K and K N. Now F E equals the semi- 
circumference ofHNKorKML, HN equals H E, and F H 
equals A K equals the arc M K ; therefore M L equals H E, 
i.#. HN, therefore the angle HKN equals the angle MKL 
(Eucl. 27— III.)> ^n<^ therefore M K and K N are in the same 
straight line. Also since the arcs M K and KN are equal, the 




* The BtDdont will find the above proposiKon a verj laitmetive one; 
he moBt bear In mind that the reasoning has rererence not to the lines in 
the diagramB, but to what they tend to become when P F is continually 
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chords are also equal; therefore MN, which touches the 
cycloid in N, equals twice KN, i. e, equals the arc AN. But 
if the thread were unwrapped it would equal A N in length, 
and be a tangent at N, i, e, it would coincide with N M ; and 
this being true for all positions of N, the heavy point will 
describe the cycloid A C, 
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ON MOTION IN A RESISTING MEDIUM. 

It has been already stated that the motion of a military pro- 
jectile differs largely from the motion assigned by the para- 
bolic theory, and that this difference arises from the resistance 
of the air which it experiences in fact, and which is neglected 
in that theory. The following pages contain one or two 
simple cases of the motion of a projectile, in which the re- 
sistance of the air is taken into account : the reader must^ 
however, be on his guard against supposing that these inves- 
tigations completely represent the facts of the motion of mili- 
tary projectiles.* 

The resistance which the air offers to the motion of a 
spherical shot may be nearly expressed by the following 
formula 1[ : — 

E = 00006 A««(l+^) 

where R is the resistance in lbs., A the area of a great 
circle of the shot in square feet, and v the velocity of the 
shot in feet per second. It will be observed that if v 

* The deficiency alluded to in the text is twofold; (1) as is stated in the 
next paragraph the resistance is not accurately represented by kv^; (2) no 
account is given of the deviation of the shot, which depends on the form of the 
shot and on the axis about which it rotates. This deviation, especially in 
the case of spherical shot, is frequently very great. The reader will find an 
account of some very beautiful experiments illustrative of the deviation of 
shot in a paper by M. Magnus translated in Taylor's Scientific Memoirs. 

t Poncelet, Introd. a la M6can. Indust. p. 618—621. 
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is small, 1 + ^n^ very nearly equals unity, and also that for 

any body whose velocity does not change greatly the variations 
of the term 1 -f- are very small, and hence, in both these 

cases, the resistance R can be denoted by the formula ^v^; 
in what follows this will be assumed to be the Inw according 
to which the resistance changes. 

A body acted on only by the resistance of the air begins to 
move with a given velocity, to determine its motion. 

Let — be the mass of the body, and V be its initial velo- 
9 
city, z the space described, and v its velocity at the end of t 

seconds ; z\ v'y the space and velocity at the end of t' seconds. 
Now there were j^-v^ units of work accumulated in it at 

W * 

the end of ^ seconds, and ^-r'* at the end of tf seconds; but 

^9 
ultimately the resistance of the medium may be considered 

constant throughout the short space s^ —Zy and to equal kv^ i 

therefore while the body describes that short space it will 

^o kv^ {z'--z) units of work. Hence, 

Hv^ = ^i?'2 + ;ti?« (z'-z) ultimately 
2g 2g ^ ^ \ ^ 

or — • -zr- = — «v* 
2g dz 



m m 



dz 



where j3 represents ^, 

Now, when ar = 0, v = V, /, C = V*, and we obtain 

v^ = V^r*'^* 

ort;=:Ve""^* 0) 

X 4 
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wliicli gives the velocity which the body has after z feet have 
been described ; it will be remarked that as z increases v con- 
tinually diminishes, but does not vanish for any finite value of 
Zy SO that the resistance of the air only would never entirely 
Btop the body. 

Next to determine the space z described in t seconds ; the 
space z'^z is ultimately described in the time ^— t^ with a uni- 
form velocity r; hence, 

T^—z = r (<'—/) ultimately, 

or, . = r = Vtf 
di 

.\ ftYt = ij'^'+C 

Now, when < = 0, z = .% C = — 1, or 

efi^ = PYi + 1 

/. z = llog(/}V/ + 1) (2) 

From (1) and (2) we immediately obtain 

i-^=/3.. (3) 

which gives the relation between the velocity and the time. 
The equations (1) (2) (3) completely determine the motion. 

If a body moves in a vertical line in a resisting medium and 
under the action of gravity, to determine the motion. 

There are three cases Included under this general enunciation; 
(1) if the body is thrown upward with a given velocity; (2) 
if it is thrown downward with a given velocity; (3) if it is 
dropped. The three cases closely resemble each other and their 
solution is step by step the same as that in the last article ; we 
will therefore indicate the principal steps in the first case 
and mention the results in the two others. 

(1 .) The fundamental equation is the following — where the 
notation is the same as in the last article 

1^ r5» = !^ i;'2 4. (W -f kv^) (z'-z) ult. 
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or - ^.^=W + kv* 
2g dz 



.-. t,2=a2{(l + y2)^-2^*^ ij (4) 



where a ^ = -r- and y^ = V^ -— -. 

k W 



Hence ^ = a^ (1 + y^) e - 1. 



= Cj — cos 



-1 y 



Vl -t- y2" 

where y = e^* ; but if * = 0, 2? = 0, and y = 1. 

/. a/>^ = sm -^ — sm -== 



= sia"^ yy - ^1 + y- - y^ 

—1 y —1 

and a^t =^ — cos . ^ + cos 



VI + y2 Vl -I- ya 

= nng-^ y + y ^ 1 + y^ - j^' 

1 + y^ 
/. y or e^* = y sin a^t + cos a/3^. (5) 

(2.) In the second case the fundamental equation is 

W V2- W 



t;'2 = _::- „2 + (W - ;fei;2) ( ^^ z) ult. 



2^^ ^9 

or = W — kv* 

2g dz 

and we obtain 

«« = a« { 1 - (1 - r*) e-^"' \ (6) 

e'" = \\{l+y)e~'" + {\-y)e'^'\ (7) 

It will be observed in equation (6) that as z increases v con- 

tinually approaches a, and can never exceed it; a or ^ -— 

is therefore called the ultimate velocity and is soon sensibly 
reached by a falling body. 
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(3.) The third case differs from the second in that Y = 0; 

I. tf. y s= 

or V* = a« (1 — e ^ (8) 

e = i {^ + e } (9) 

To determine approximate^ the motion of a prtyectile thrown 
at a small elevation^ tahing into account the resistance of the 
air.* 

Let X ^ be the coordinates of the body's position at the end 
of t seconds ; let 2r be the space which the bodj would have 
described along its direction of projection if not acted on bj 
gravity; a the inclination to the horizon of the direction of 
projection; then, as in Art. (109), we shall have 

X ^= z cos a 

y =: 2? sin a — } gt^ 
approximately ; the value of y, it will be observed, supposes 
that the motion of the shot, so far as it depends on gravity, is 
unaffected by the resistance of the air. But from equation (2) 

/"=I +fiYt 

I r fix tec • 1 

Q r fix teem ^ 3 

ory = a:tana --^L| e -Ij (10) 

which is an approximate expression for the path of a projectile. 
Differentiating we obtain 

^=tana^X5£^| /'""•- l) /'"^- (11) 

Now let a?i be the range on the horizontal plane, and 0:3 the 
value of X corresponding to the greatest height of the projectile, 
we obtain from (10) and (11) 

„ f fix, tec » 1 3 

0=tana-£i2£^[/'^""--l} /'»•"- (13) 
* This Article is in substance dae to the Kev. H. Moseley. 
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Finally to detennine the velocity of the shot at any point.' 
We have 

=V' ^-'" -If ie''-l)Ye-'%ina+^-^ (/'- 1). 
.\v^=zY^e 1: (1 -. tf ) sm a 

In the case of point blank firing we have a = 0, and there- 
fore, measuring y downward^ we have from equation (10) 

.-. * = JL log(l+/3Vv^?i?) 
which gives the point blank range. Also we have 



(15) 



V«=~^(e -1)> (16) 

which gives the velocity at point blank firing to hit a point 
(a;, y). Lastly from equation (14) we obtain 

v^ =r V2 r^'+ 2gy (17) 

. which gives the velocity with which it strikes the point («, y). 

To determine the velocity of a bolt at any point of the rifled 
barrel out of which it is fired.* 

The principle on which this is determined is as follows : — When 
the bolt is at any point of the barrel the work that has been 
done by the ignited powder will equal the work expended on 
the friction of the barrel and screw, together with the work 
expended on the resistance of the air, and the work accumu- 

* Commnnicated by the Bcy. H. Mosdej. 
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f\ 



^^2 / HL^dx^ TrEar^ log ~. 
X a 



(2.) To find the work expended on the friction of the barrel 
and screw. Let jo be the pressure which acting parallel to the 
axis would just drive the bolt forward; then /? (ar — a) is the 
number of units of work required; now p overcomes the 
reaction of the screw inclined to the normal at an angle ^, and 
also the resistance P which will act in a direction opposite to 
the motion, i,e, along the thread; hence from the properties of 
the inclined plane we obtain 

• p __ cos 



F sin (i — 0) 

... p (^ - «) = ^i^^j?!^. 

sm (i — 0) 

(3.) To find the work expended on the resistance of the air. 
This results from the pressure the bolt would have to sustain 



I 



latcd in the bolt In applying this principle we shall use the 
following notation. Let W denote the weight of the bolt, v its 
velocity at a distance x from the bottom of the chamber, ui its 
angular velocity at the same point, a the length of the chamber, 
r the radius of the barrel or bolt, P the friction due to the _ 
binding of the bolt on the surface of the barrel, being the pres- I 
sure which would be necessary to drive the bolt forward if the 
barrel were not rified, ^ the limiting angle of resistance between 
the thread of the screw and the bolt, i the inclination of the 
thread to the base of the screw, n the number of turns of the 
thread of the screw per foot of the length of the barrel, m the 
pressure of the air per square foot of the section of the bolt, 
being that which it would sustain if it were at rest and a va- 
cuum were behind it, kv^ the resistance of the air per square 
foot of the section of the bolt, E the elasticity per square foot 
of the gases when first liberated, I the moment of inertia of the 
bolt about its axis. 

(1.) To find the work done by the gases. If we suppose 
Boyle's law to obtain in the expansion of the liberated gases, 
the work done by them on the bolt when it reaches the point 
X is given by the expression 
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if it were at rest and a vacuum were behind it, and from the 
resistance which the air opposes to the motion of the bolt. The 
former is represented by the expression irr^ wi (a? — a) and the 

latter hy wr^kl v* dx. 



hj wr^kjv* 



(4.) To find the work accumulated in the bolt. This will 

W 

equal A I w^ -f- v^. 

Now from the form of the screw 

27rr » tan i = 1. 

But the bolt makes n revolutions in traversing one foot, and 
therefore vnin traversing v feet, and therefore its angular ve- 
locity is 2irvn 

.*. w = — 

r tan i 

and the work accumulated in the bolt will equal 

2 I r2 tan2 * "^ J ' 

(5.) Hence if we collect all these results, wo obtain for the 
determination of v the equation 

E9 1^^ ^ P (a; — a) cos 6 , « / ^ 

ar' log - = -. ^ — —J- + wmr^ (x — a) 

° a sm (^i - ^) "^ ^ 

a 

an equation which, by obvious abbreviations, may be written in 
the form 



v« + Af'v^dx = C log |- - B (a? - a); 



in which A is always a small quantity since k enters it as a 
factor. Differentiating we obtain 

_+Av« = --B. (18) 
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An equation which is easily integrated^ and gives 



v'-e =C/ 



rfa: — -— (tf — tf ) 

X A 



which is the result required; it being borne in mind that 
« *• 1 . 2* 1 . 2 . 3» 



/ 



(6.) A first and second approximation may be obtained as 
follows : — In equation (18) assume A = 

/. v« = C log - - B (a: - a) 

a 

which is the first approximation. Next substitute this value 
of v^ in the small term of equation (18) and we obtain 

4!!L = C._B-A f Clog^-B(x-a)) 
Integrate between the limits of x and a, and we obtain 
r« = C log - - B (a? - a) - A 5Ca? log * 

- C (a? - a) - J B (a: - df\ . (19) 
(7.) Lastly, if we wish to determine at what point t; is a 

dx 



maximum, we have -7— = 0, and therefore approximately 



0=^-B 



x 
or a? = g . (20) 

d^ v^ 

a value which renders — negative^ and therefore v^ a 

ax^ 

maximum. The value of x above determined is an approximate 
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expression for the length of the gun in order that, cceteris pa- 
ribus, the shot may leave it with the greatest possible velocity ; 
if for B and C we write the expressions for which they stand, 
the equation (20) takes the form 

X = xEar» sin - ») 

F cos + wmr^ sm (i — ^) ^ 
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BbtUM. Bsconil EdllUm, ImptDTidi 

ObU ud rulis'i Book of Sm- 

C^n ■DdllolilItl'uLIII; vlUiAulio- 
rtam. AduM, nod FrartTbt or all 
NiHeuI Tb* Illutnthiu fnwly 
midind fniB dBign boBA in Ihi 
HOrkt or CaU ufTuUe. bi Jomf 



BirvliiH of ths Corn In tbg Cil 
U tilt ilea or Idiutopcd. 
XdUian rmtb IT oiflainaP 

0«iit1>«u« «nd Howuil'b Lift 

ud Ei4iUh irf Balnt Paul : OsnpiUnT 

InBertaamChniulaaualOtdAr. Wrd 
untrti Miat ud Woodcnti. 'and 1 
Platca. lTola.a4iunaramSnL31(.<d. 



-Th« Stnd Farm; or, 

IB Bnedbur Bom (Eirtba Tort 

ue^ udtHe Rwd. Addrwed 

ra, Lauded Proprlflton, ud IV _ t,„ i .^ 

Hm«..ByC.«U.Fcp.8.o.ta. ^3^^' 



Dr. Copland'! Qietioiiuy of 

PncUcal Htdldna i Comnrlalnfl Qen*- ' 

nl P*Ulol(«y, tht Stbui anf Treat- | 

and tbaDI«iil«ra«ap«claUFlnoMeDUl ' 

loCl^alH, UiSti,aiid(aU»diato«BC . 

M«dlcl£ I 



Tko an oonoanad In Badng, SloapU- 
Chadiw. and Foi-Hontini. Seoond 
EdIUoD. Fc[i.BT<>.vlUiPlaU,ea. 

CbapmsiL— mitory of Onitftvni 

Adolphnt, and gt Ui» Thirty Toara' 
War np to <]» Klni^B Death: With 



1th Sdltlon . JSmo. Ea. Bd. 

Gniy'i EnOfClopEedin of (Svil 
EngbMeiliig, HMoilisl, Tbtontlsil, 
and Pnctlaal. lllutnted by murarda 
of t,l1M Woodcota. Smumi jUiUM, 

I. Brick and Inn Coaatnic- 
'—*— ™'" , TubDlar Brld^d, 



PUBUBHID BT lOiraiUH, dBESN, 1 



(!n)w«.>»nie HUtor; ef Transa. 

Ornikiliuik. — The LUa ol Sir 

Ohfii* CnilliBhuik. Ausmpuded by 
HI Uiiuiiury Dlotcraphy oi lEe KiuhIli^ 

bj BOBIIT D. BBOilDH. Boyil S\D. 

£adyGnit'iInTaUd'iOwaBoak i 

olu Hid varloDH Ccunlrlek. Secoitd 
Woa. Tap. if a. it. (ii. 

Tha Bav. CaiLOii Dsle'i DvmHtic 



■iraCTlWafait'frMiEL^dMSidftnti 
ft»TM giif Of mamVaifri Put 
n: IB MpirsiAl* BmuB tat Evny 
PtMits. Hi. oloUii Ua. td. nifi or 



CamtiiDn 
- IngUib 

'omk- 



Sen, IIJ>„ F.IUIJ,, Ac. Fop.BTO.Sa. i 

Tha Angler in Che Lake Diitriet ; ' 
or, PUdbiiT CoUoquled and FlaUJng 
EiiconlAiitlbWettnionlfuidiLruiCLmi- ; 
berlud. Fcp.ST(>.a(.gd. 

Da Fonljlanqna.— Til* Admiui- 
-^-lUopvidOrifuiLiDtlDDDflhelJriLiah 



I Tha Eelipie of Foitlk ; or, t TUt 

to > RaUaUmi B«iUc. DM SMten, 

Datanoa of Tha £elipae ol 7aitli, 

Pfotbuot ffewman's i/oifi' r indmlintr 

am] a ChapUr on tl]0 Aapeda and Pre- 
I AHMdii, rBviiad. I'oii BvD. ia. cd. 

Tlie EngUahmun'a Oraak Con- 

Gi^^h nd ^igtiiMli 



Tha Engliahman't Eebraw uid 

CbaIdH ConuidaiM oF tlia Old Teita- 

» L^ of llie"proiM'fiLmie. and u!S 
*8, uTSil'liirgB papar^M. ^. M.™' 

Ephemeia'aHan dbookoUnKllng; 
Machliig Fly-ftihtng, TrolUns, Bottoin. 
yiildnii, BalmoD-ftiliiiig ! ^Ith Lh« 
bait Mudn of Catrlilmi tham! Tblrd 
EdLUon, comcUd jmd improTed i wlHi 
Woodouta. Fop. 8to. EVa. 

Ephaman'aBaek of tha tUmea : 



Oa la Slnl Treatise on Elee- 

Domeneoh, — Savan Teari' Beii. 

alnllmt'.^vo'li.Svo. f^Hilrtadr. 
Abba* Someneoli'i MiaalanaT? 



Fairbaini.^TIiefaI Informattos 
for Engbieeri ; Brti* a SmI 



Fint Imprestioni of the Hew j 
TUetw, — Fiansii Baeon of 
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KXW WORKS AJn> HXW XDITIOITS 



VorMter. — BamUet in Uit 

Iibuids of Conk» umI Sardinia : With 
NoMcM of tlMtr HIitorT. AntiiiaitlM, 
Mid iiTMent Condition. By Thomai 
FomsarBi. Wltb coloortd Map ; and 
a n m r ooB UtboRraiMc and woodeat 
lltnatrattona Iran Dratwiass naada 
dnrinir tha Tour fay Lkat.43oL If . A. 
BIddalph, B.A. Impartal i»vo. M. 

Vns«r. — Lettan of Sir A. S. 

Fraxer. K.C.B. Oommandlnfr tha Boral 
HoTM Artillery under the Duke of Wei- 
linfrton: Written during the Penin- 
aoiar and WatertopCampaigna. Edited 
Inr MiiJOB^lnnBAL BABora, R.A. 
With Portrait, 2 Ifapa, and Flans. 
8ro.l8a. 



Tretman and SalTin.— i^aloonry: 

Its CSaima, Hlatory, and PraflUee. By 
Oaob Eablb FsBBMAir. MJL C* Pere- 

flnrine" of the Field newspaper) ; and 
Captain F. H. Baltut. Post 8vo. with 
WqodcQt Uhtstrations from Drawing! 
hy Wolf, price Itoi Od. doth. 

Oanratt — Xarreli and Xjaterief 

of Instinct : or, Carlosttlea of Animal 
I4fh. Biy Gbobob OxmrnATt, Stetrnd 
AMMoM, improved. Fo|».8vo.4a^6d. 

OillMLrt.— A Fraetieal TreatiM 

on Banking;. By Javsb Williaic 
Gilbabt7f.R.S. Sixth BOMim. 2 
vols. 12mo. Ifls. 

Oilbart*! Logic of Banking : A 

Familiar Exposition of the Principles 
of IleasoninK. and their Application to 
the Art and tha Science of Banking. 
12mo. with Portrait, 12b. 6d. 

Oleig. — EssayB, Biograpldeal, 

Historical, and Miscollnneous, contri- 
buted chiefly to the Edinbwrgh and 
QtMrterly Review, By tho Rev. Q. R. 
Glbig, M.A., Chaplain-Oeneral to the 
Forces, and Prebendary of St. Paul's. 
2 vols. 8vow price 2Is. 

The Poetieal Works of Oliver 

Goldsmith. EditedbyBoLTOB^CoBmsT, 
Esq. Illustrated by Wood Engravings, 
from Designs by Members of the 
Etching Club. Square crown 8vo. 
cloth, 218. ; morocco, £1. 16s. 



Ooflse.— A Ifatoraliat'fl Sojonm 

in Jamaica. By P. H. Gossb, Esq. 
With Plates. Post 8vo. lis. 

Oreathed.— Letters from Delhi 

written during the Siege. By H. H. 
Gbbathbd, late of the Bengal Civil 
Service. Edited by his Widow. Post 
8vo. 8s. 6d. 



Oroen.— LiYOi of the Pxinceans 

of England. By Hra. Habx Ajhtb 
Btbbrt Gbbbb, Editor of the LetUn 
t^fBojfdt and lOueMoma InMet. With 
nmnerous Portndta. Complcrte fan 6 
Tola, poat Sro. lOa. ed. 



€hr«jsoa.*-8«ieotions froai the 

Oorre a poadenee of R. B. <3BBT8oir, Esq. 
Editedby the Anthor of We JbWpsa qf 
FoUh, NewBditloii. Crown Sro. 7a. 6d. 

OrovOti— The Correlation of Shy- 

sloal Fbroes. Ihr W. R. Gbotb. OC., 
"" * TMrdMNMi. SraTh. 



Oomer.— St Lonis and Henri 

lY.: Being a Second Sariea of Hlilo- 
rlca l Ske tches, ^tha Bev. JoHO' H. 
GuBBBTa H.A. wc^ 8vo. 6lu 

BveningBeoreatione ; or» Samnlei 

from tiba Leotara-Boona. Sdltaa by 
Rev. J. H. GuBBBT. GramtSvowSa. 



Chrilt^i Xnejrdopodia of 

tectnre, Uistoriad, Theoretical, and 




Hare (Arehdeaeon).^— Tha lofe 

of Lnlher, in Forty-eight Historical 
Engravings. By Gusca^t KAbio. 
With Explanations by Archdeacon 
Habb and ScsAiariLK WIbxwobxh. 
Fcp. 4to. 28a. 

Harford.-^LiliBof][iohaeIAngelo 

Buonarroti: With Translations of 
many of his Poems and Letters : also 
Memoirs of Savonarola* Raphaa, and 
YittoriaColonna. ByJoHB-S.HABPOBD, 
Esq., D.C.L., F.R.Si Second Edition, 
revised; with 20 Platoe. 2 vols.8vo. fba. 

ninstrations, Arehiteetnral and 

Pictorical, of the Genius of Michael 
Angelo BuonarrotL With Descriptions 
of the Plates, by the Commaidatore 
CAirnr A : C. R. Coobbbbli,, Esq^RJ^. ; 
and J. S. MABFOBi>,Esq,, D.C.L., F.R.S. 
Folio, TSs. 6d. hall-bound. 

Harrison. — The Light of the 

Forge ; or. Counsels firom tha Siok-Bed 
of £.M. By the Rev. W. Habbisob, 
M.A., Domestic Chaplain to the 
Duchess of Cambridge. Fop. 8vo. 58. 

Harry Hieover's Stahle Talk 

and Table Talk; or. Spectacles for 
Young Sportsmen. New Edition, 2 
vols. 8vo. Portrait, 21s. 



BE JOHQltXS, QKBiES, . 



Hmtt BiMTM.— The Hoikting- 
Harry HIbovst. — FraetUal 



Ban7HieoTsi.^XheFooketuid 
Harry Hleorer, — The Stnd, fbr I 

PractWl PorpoMS and PnutJcal Men : ' 
tbr OH nnrs lluB rut Idioir. Tcp. Si. 

HwuU^-A Hutoiy of the Bri- : 
DeKTlpllons or theSwnldH 



Sit John HersebellB Eauri 

Htvievt, with AdOTHflH 4bd otbor 



Hinehliff. -» Summer Konthi 



Elsti on Etiqnetta and the 

UiuH of Bodan : WlUi B UlsiM al 
EUTHablU. Viw KdlUoD, RviHd 
Mth AdiUlLons) tiy a Ltdj of lUnk. 

EoUand.— Hedioel ITotet and 



Sir H. HoUend'i Chapter* oi 



OwninlwM'i eall Antlwraltte Bworu 
o( tlMt CommlNlon nwlahadimau i 



anjffooi; 



feo with HS murtnUoD^, rngmvi 
on Wood. CrswD BvD. 17t. ltd. 

Col. EawlceT'i InetmotlDiu I 

viied^ Ui»™uUior's aon, Majof ] 
■ndWoodiniU. S4. crown Sid. IBi. 

Haydn's Book of Dlgnltlei ; 

ContafailBg BoUi of Die OOdtl PnHih 



guua^tbe P»r>B« uiil Nobflttr of 
Haywud, — Kt^rapMeal and 

vists. wllh AdJlUona Mid ConscUoot. 
By A. lUywAKD, Eiq., Q.C. S Tola. 

Sir John EeneheVe Ontliaea of 







.. 'iIiiI'twu™' HoniiK. ?l.u? {Uie 
li.U."; aiiirs. i'bV™IIi Tnt^iiL^Sfc 

Home.— A CompenUmu Intro- 

tbB I^. T. Habthbli. Houn.B.lJ. 
HoikynB.— Talpn ; or, the Chro- I 

n]nlMotBClayPBnO;AnAB(lra\Unl 
Fraidnent. Bj^ Chahbob Wmk ^ 



11 VBW woBKi An VBW XDtnon 

Hovttt (A. K}— An Art-Bta- H*dMm ud Knudr'a AMMt 

dm Ib HudMi. Br AMI XuT ofHiMl Blue bf ■ Mnr Bert* i^ 
UowiTT. lTo)>.i>anh<i.l<i. WUbootOaidH. m n m d m t i m m,wMk 



th:ud Put ll.tLB*irtiLia.Bcvu 



. Hewitt — TtUuiMtU, tha „„ ™.™i _». 

tn)i.rgrtlTS.Ui. 

Hmritt.^Lftnd, Labmr, tud 
MS %'.U'J?f?.?««™^'^2j Hnmbflldt'i AipMta of »«tmt. 

ir.Howia'i^dtitoBraMikaUc: sll?i^*'"'~****°'^**- 

FluHi Old BiUi, BMtlfrflridh mi I _ 
ScnMlUmtnUitoflRriUuPHsM Honphrn*.— P*nUw of Oar 



WUIUh Bbwittfa Boj*! Conn* 

tiT BoDki B^ tte BhI vital ■ 

■nd PanulU i4 ChUdm In the Coua- 
mr. WiUlOWoodcuti. Fcp.Bn.lL 

WlllUm HowlH'i Bnrol Lifs of 

udwlLLuu. Mtdliim i>g!W 



Hno- — Chriatiaiiitr ia CUok, 

Turtir;, and Thlliet, Bt K- I'AbM 
Hud, formerly Uluioiury AponUlo 
uidVaL.IIt lOLCd. 
Hudion't ExeBntor'* Onide. 



IncoiponUd. Fcp, 8vD. 6i. 




Hant.<— B«aMrohM on Lifht is 
1U ChemLol RAlatkm jADlmicbii ft 
Couldenllan at all ths PhoUgn^lc 
ProHH». Bt Roin* How, F.RS. 
Second EdlU^. irltfa PlUeud Wood- 



Hatflhinwii. . . . . „ 

Wertem AMea ! with m Report on tfae 
PecolUrtUea of Tmlle np the Riren Id 
UwBMitorBliftK. ByJ.T.HilTCSIir- 
iOII, Etq., Blltllb ContolfOr Um Bight 
oTUbfn and the TelMod oT Fenuodo 
Po. PaitSni.8B.td. 

Idle<— Hinti dh Blio«tii]^, Slili- 
Ing, t^ belli on Bei uid Lud, and 
In ttie Fresli-WalfT Lochs of S«itlwid ; 
BeiiigthtEipeii«i«>Df ClDLit, Ebi|. 



Endion'i Plain DireationB fOi 

Uwi^CVti^^^i^'ud »■ i Hr*. JanuiMn'. T«o iMtuiM 
viaed Iw the Anllmri and uncUcall; the SocUl EmphwineiiU of Worn 
Mo^^MbgrBpeoliiuiHorWIIIacon- AMtria^dan'^and the (TWnnu 
tfudna nUBUr Taiiailot of BciiiieitB, «* '■-'■ — " — ip-ii.t~. -i.i. 
•^ Hotea ofCuaa JoUelaUj decided Pn 



■n. Jtmamtn't Ltgmdi of iba KtmVlt. — Tha Su«a« in Eng- 

Siinla nd Hutjn. u rnnHDUd in luid; A Hilton' nlthe En^hCom- 

Cbrlittu Art I Funning tlu yiBI ninnwcilUi tlU Uu Conquoil. Ut }. K. 

a—nt of antrtg mJ tdtM iar v Art. KnnBti, l(.A. I tdIi. Bro. EB«. 
Third EdlHooi Willi ITfilditag^ md 

""""^IJi.s' «"*?** ' ' ^^tl' JaliMtoii'" ricUonMy of 

•qou* oown wo. *u. on. G«wni|*iy, DaaJptlTe, Phyrtoal, Blft- 

.. ™™.™™i In ^.jj^ AiWM, netiOed to Hv W»- 
In I niL o( un> pun. nniprlilnB 

._-__ BdlUon, mlitged: with ii .1^1.. ^ 1..1.1 > ■ 1; 

EusliliiBi bj tha Authoi ma BB Wood- 
Sura^iBn ciownBTO. Hfm. 

Kn. JanuMn'i Ltgendi of the 

Art; Fonnbw the Thisd Bmu of Sfloaro p«t 810. 7i. M, 
<^«-^ and Ltffendarv Art. Second 

■^ HBdMWWoodKngraVingl. „ EnlomoW- or Eli'meDla of Ilia 

•n8to.»i. Mwiital Hinlorj of'_li>«.*oii Coinirlii- 

Hzt. JamMon'i OommmiilaM- ini^^oriS^&'Mlumo^hwa.^a^ 

Book orTboaahU, MemorfiB, and ran- gtralwemi, Uftblutloiin, BikMIh, 

ritLMildsil ud SfJK^^SKnd HoU^.NolKa.HjbeniftJan.lIuIUuit: 

ElchliiKl uidWoadcul*. CrownBro. Oil rel:itive to Ulu Orfuili una Prubrisi 

Jaquemet'B Comptndiam of ^ Ladv*! Tom lonnd Honts 

CbronokKT; CootalDbiff the moat Im- iiihd. wtthVlilutotluTbilluiVKUevH 

S^Hht^Slm S^hlworta^^i ^"' ^'i'™'*' *"'*• "^ '^^'^ '■ '" * 

(BacfUuriuiaH. po.t8vo.VM. ibm, jeos. with »ip,i iiiuiirBiioB; 
Jaqnemet^ ChiODOlogy 

Lardner'i Gatuuet Cyclapadia of 

Rlilory, Blacnpliy. utintnre, tha 
Am uid SolRicH, Nitoml Hlnoiy, 



lad lettoy'B ContribntionB tt , 

Tho BdlDbarEh Railew, AHswltdi- ^nslnlit lolg.tOp.gTO. wUbVlgngtlo 
tloB. comptMo In On« Valama, with TItlat, prlB eiD. IM. cloth tnurtd. 
Portrait iDd VljnetM. Sqniro oimrn n,, Wotka woaroW/w, In iItieIc 

Bra. Hi. cloth; or Ws. «ir,— Or in Volmnn or EMi, pries 3a. Od. euh 
a TolL Bto. price 42i. Volnmo, olcth lettoied. 

Blihop Jtmmy Taylor's Entire Xn. B, Lao'i ElemenU of Na- 

Work«i Wild Lift by Uiriiop Hbbbi. tural Hlriorr; or. Flrit IMndples of 
Rerieed nod coirooted by the R*v, zodIdbv ^ Com«iui^ the Prlncfiileb of 
Cuiua FjlOi Esih. Fellow of Orlol ciMjaaitlon, KurepetMd witli tmia- 
Colle«J, IBmA Now cempjeta In 10 ing and tnatrurttie Aocounle of the 

Kana— ■WaadoriiwtofanArtiat Uon; w«>d™i.. fcp. svo. 7.. od. 

5?™*.^!''*?^'''^'"'"*?°?'?™! The Lsttar* of a BetroUwd. 

from Cuidn to Tmoouver'e Iilnnil "" T..'„,,^-^ _i/.ih 
utdOregonJhrough Uio Hud.on>. Ha, Ft. 8vo. prt« m. cloUi. 

B^5KkS?ViI"m.^ii!!SS; LatteritomyTrnknowQFrienda. 
Sioi In Coloon, nod wW Bn»rsv. By a Linr. Author of icfMr* o« flno- 
lose. 810. ill. i™«»- FOnraEMUn. yop.STO.B». 



IXL.— Tha PMtldtl Woika af I 



Dr. Jaha tla^af* Tb»arf and 

tnpl Id «aqiUtai th* prta el pw OpHfr 
OnoBilii IMrwilwilHaidWMUaur 

Oh mmrr oruw^wf ' - 

iHBtdiwUhWWoailcD 



Dr. John Uttdln't latnaaeUeu 

laBotanf. NHidttl«.wlUii»mc- 
Uoiu uiLil roiilom ALUUtlmis. i vole. 
Bra. wtUi PUta ud Woiidiut*. SM. 

Sf. John UndlcT'i ^njaii of 

tha BrllUh noTA unogva UKDidlda u 
U» NUiinl Orilm | conUlalng Vu- 
cnluH or FlDw(iriiu_Plul«' 3VrtI 
JUUkn (nprluliiilj. Fcp, Sro. Hi. 

UnwDod, — AntholortB Oxoni- 

•HlL >ln narllKlnni • Uutbiu psel- 

«t Lntinll denrptulD. CormntA Qm.1' 
nwo LnwooD. M^ Sto.U*. 

Lorbnai'i Lattm to a Tmuu 

Muter Uuiiiier on urn* HuUhu md- 
□ecud with till Cklling. Pep. tn>. 

I«iLdoii'* Snereloptidla of Oar- 

'"ilnv: ComprlnlTiR tha Thtary Bud 



London'i EnoyeltqHidia of Tian 

ftMfiri^RdfcKM j^d£ed : GantalLilug 
Um HmrOy Tna and Bhrubi or QnU 
BrlUln, Native mnd Poraign, Bolsiill- 
OalLy and PopulHlv DsHribed. With 
■bout a,IMI> Woodimli. Bva.E(]^ , 

London's Enoyolopndia of Agri- : 



Lmdon'aXiLnalopBdiMttPlaatai 

Coniprl4iu va Spedfle Chmctar. 
Dmivtlcm, CnUm. HI*t(nT,A|vlll» 
tlou hi tha Arta. and n«n oOmt d*. 
alralda PurttoolAT nauMiw bH th* 
Planli Ajimd In Onu Bi£Ei. With 
npnrda ''^.MO Wo^rtk Brn. 

London'! BBmlopadia of Cot- 
tMta. Vum, utd VlDs AictdtHtBia ud 
VimltaTa. n«w Edltln, adllad to 
Xn. LOCSOH) with nun ttea t,tSl 
WoodoiU. Sni.«9a. 

London'! Hoitoa Bittannlnu: 
nr^anlnnii crfiU Um PI«i» fcmihj 
bi Mn. Lome*. ernkSmM, 

■n. London'! IaAj'b Otiuibj 

CcnintTy Llfe^'ltaUmUr. ^PSth 



iHidu, or Hm^ finite td 
Saoond XdMon, Niktd. 
, with WmdoDti^ U. 



Woodeua. a 
^l^aeohai ot 



11. evo. 3b. 1 VoW. m. aud IV. »L 

Lord MauolayB HUtorjr of Aw- 

Ijind rnm Ui> Aoogarion of Jamaa lY. 
ottoeoaaio Edition, nrUad ud 

Lord HsMnlay'i Crltloal and 
Hlatatinl Ehivb conlrllntM la The 
Edlnbuivh Beiiiw, Fom- BitlHona :— 

(TBjiL and Vf^uHCa. S^ar« anwB 



PTTBUSHED BT LOKGMAIT, GBEEIf, AUB CO. 
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ICacaulay. -^ Lays of Anoient 

Bome. with Jwy and the Armada. By 
the Richt Hon. Lord Maoaulay. 
KewBcBtion. lOmo. price 4s. 6d. doth; 
or 108. 6d. bound in morocoo. 

LordlEaeanlaT's Lays of Ancient 

Borne. With ncunerons Illustrations, 
Oriffhial and from the Antique, drawn 
on Wood by Geoi^ Scharf, Jnn. Fcp. 
4to. 8lB. boaids; or 420. bovmd in 
morooco. 

Hae Donald.— Poems. By George 

Mao Doitald, Author of WWUn and 
Witkout, F(v.8vow78. 

Mac Donald. — Within and 

Without: A Dramatic Poem. By 
G^obobMaoDohals. Fcp.'SvaiB.ed. 

Kae DongaH — Tb& Theory of 

War illustrated by numerousExamples 
firom History. By Lieutenant<k>Ionel 
Mao Dottgall, Commandant of the 
Stair CoUege. S»eond BdUUm,Tmia»&, 
Port 8^0. with Plans, 10b. 6d. 

Uac Dongall. -^ The Campaigns 

of Haanibal, arranged and criticaUy 
oensidered. expressly for the use of Stu- 
dents of Military History. By Lieut.- 
CoL P. L. Mac DouaAi.ii, Commandant 
of the StaffCoUege. Post 8vo. 7s. 6d. 

X^Dongall. — The Eventftil 
Yoyageof JJJlf. JHteoverv Ship Resolute 
to the Arctic Regiotu in search of Sir 
John FrankUn and the Misting Crews 
of HJi. Discovery SM/ps Erebus and 
Terror. 1852, 1868, 1854. By Gxobgb P. 
M'DousALL, Master. With a coloured 
Chart, Illustrations in Lithography, 
and Woodcuts. 8vo.21s. 

Sir James Hadkintosh's Miseel- 

lanaous Works : Induding his Contri- 
butions to Th« Edinburgh Review. 
Complete in One Volume; with Por- 
trait and Vignette. Square crown 8vo. 
2l8.cloth: or 80s. bound in calf ; win 
8 vols. fcp. 8vo. 81s. 

Sir James Maddntosh's History 

of England firom the Earliest Times to 
the final Establishment of tibie Befbrm- 
atioo. 2 vols. 8vo. 21s. 

X*Galloeh's Dietionaxy, Prac- 
tical, Theoretieal, and Historical, of 
Commerce, and Commercial Navi- 
mtioo. Illustrated with Mi^ and 
Plans. New Edition, revised and 
adiHPted to the Present Time. 

[.Just ready. 



U'Colloch's Dictionary, CFeo- 

granhical, Statisttcal, and HistoricaL 
of the various Countries, Places, and 
minoipal Natural OMects in the Woiid. 
IllustrBted with Six lai^ Maps. New 
Edition, revised. 2 vds. 8vo. 638. 

Magvire. — Bome; ita Bnler 

and its Institutions.' ^ JohnPsaitois 
Maouibb, M.P. Second Edition, in.- 
larged : with a new Porteait ci Pope 
Pius IX. Post8vo.10B.6d. 

Mrs. Kareet's Conversations on 

Natural Philoeophy, in whidi the Me- 
ments of that Science are ikmiliarly ex- 
plained. Thirteenth Edition, enhuged 
and corrected; with 34 Plates. Fcp. 
8vo. price 10s. 6d. 

Krft ][areet*s Conversations on 

Chemistry, in which the Elemmts of 
tiiat Seience are Ihmiliarly eac^ained 
and illustrated by Experimmits. New 
Bdition, improved. 2vols. fbp. 8vo. 14s. 

Marshman.— The Lifb and Times 

of Carey, Marshman, and Ward : Em- 
bracing the History of the Serampore 
Mission. By JoHir Clabk Masshuait. 
2vols*8vo.ffis. 

Hartinean. i* Studies of Chris- 

tianitjr: A Series of Original Papers, 
now first collected, or New. By Jambs 
Mabxutbau. Crown Svo. 7s. 6d. 

Martineau. — Bndeavonrs after 

the Christian Lifb: Discourses. By 
Jaubs Mabtinbau. 8 vols, post 8vo. 
price 78. 6d. each. 

Xartinean. — - Hymns for the 

Christian Churdi and Home. Col- 
lected and edited byJAMBsMABTiirBAU. 
Eleventh Bdition^ 12mo. Ss. 6d. doth, 
or 5s. calf; Fifth EdUion, 82mo. Is. 4d. 
doth, or l8. 8d. roan. 

Hartinean.i— Miscellanies: Com- 
prising Essays chiefly religious and 
controversial. By Jaicbs Mabtihbau. 
Crown 8vo. Ob. 

Mannder's Scientific and Lite- 
rary Treasury : A new and popular 
Encydopeediaof Sdence and the Belles- 
Lettres; induding all Branches of 
Science, and every subject connected 
witii Literature and Art. Fcp. Svo. lOs. 



D HKW IDITIOHI 



BloanphlNl Ttm- Xorlnla. — A HUtorr of t 

■uji OBOiiMlBadtlbiiuiniSkilcbM, Koduiu dndor thi Bmplrv. Bt-| 

udbrlafMatlaasf itonlUW Eml- Rtr. Cmuui Hiutxu, B.D., L 

frOBtkl EuUilt FllM of HMao: Sm. idlh Uapa. 

FonilllV»eanp)«t«1>lctiODBn_4>ftrnU Yau ] uul [L fwrnnririiv tlw BM^T 

(oiiMPnMUTim*. roii.eTo.ioi. ^Vi,, lii;.S;r^lSlS^SBi.^.?5 



flT'^MSSlSi^'SiSSSSTb^ Wldrtd Kormait thB Nmnna. 

^f5,*KlJi^»rw^oS™: llUe*-— III* Hor»'i Foot ui 

Zogloflal CbuHUrtiUa tlut d'- 
■iKoGihUMiUfknM ClHHa, Qmti , 

uid BpHlK, m MuMnsd with i Slioelns. With 

TwlMy oflntinMlni IninniiBtlqa lUur Scconil Edition. 



^SSV^STaZm%^ KilMlFli.lnTrMtiMonHorM- 

IITI .^.^_ -_ .^^..J _... _ Bhoelnji. With P1U« uid Woodoitt 
Scconil Edition. Pott Sm. li. 

Xlluer'i HistoTT of tha OhaHli 



D.n..P.E,S. A 



■anitdw'i HlitoriMl Tmudt; ; ^ EmSx 
■nd Modenu ud ii Serin or Sepunto 

9"««V- *,iSij«SwSB lIl«nm._Pt»nlI„ Yoik 10 

HlltlDiLttullDnluidKoeiil Delhi br my of Rio da Juielro. Aib- 

-r toelr reiiiealiie Iiihibl- tralli, und OMni. =•■ " " = 



Cu>loiiii,Ae. Fqi.BiD.10e. Hipofladla. Foel: 

'^^'ilLTX,Si'''DiriS:f; Hd.IlliaMoii.-DUry of a Jour- 

«unto(»«^Coa,itir,'Sn ilieWortd^ ?k.S?nS!S?S^%5u fc^KS 

NBttotSr"^" view of Il.e KetuUoiie ^F' ■?'3l?1iS''SS'"™''"**'"** 

of O^wmphy 10 Anrmmny and tlie ™^ irole.8ra.S0e. 

vfiiLuv HuQUB, F.iLU.^. \vtth7 Jamei HoBteomerT'i 7o«ti«m) 

Mspe lad le SlMl PlalM. Fci.. Svo. 1*. worki ; CoUhII.8 Edition ; wlOi Iha 

MeilvRle {Hill).— ObrUtian ^Cpuuin'of^T^^^tbP^n^ 

Rworde: AShortHieloryofApoetolic "ml V!gn«Hy. Square crown Bto. 

Aue. By L. A. Uaurm. rep. Svo. I*e. «. doth i morocco, lie.— Or, in t 

^ct 7b. Od. 'ole. Rjp. 8>o. »iUi PlMe.. lie. 

■etlTalB. ^ The Fall of the Moore.— The Power of Qm Sonl 

Romm Republic : A Short HIitoiT of over the Boity, coneidered la reUUon 

LaM. Cencnry of the Commouneailh. to Ueilth and Hoisli. By QBosas 
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Xoorei^— Man and hii Xotivei. 

By GsoBOB MooBX, M.D. Fcp.8vo.6s. 

Xoore.— The Use of the Body in 

relation to the Hind. Bj O. Moobb, 
M.D. Fcp.8to.6b. 

Moore.— XemoirB, Jonmal, and 

Ck>rre8pondence of Thomas Moore. 
Editeoby the BJght Hon. Lobd Johit 
BussBU., M.P. With Portraits and 
Vignettes. 8 vols, poet 8to. £i. 4s. 

Thomas Uoore*s Poetical Works : 

Comprising the Author's Autobiogra- 
phical Preraces, latest Corrections, and 
Motes. Various Editions of the sepa- 
rate Poems and complete Poetical 
Works, as follows i— 

a. d. 

LALLA ROOKH, 82mo. raby type .... 1 

LA.LLA. ROOKH. 16mo. Tignette .... 2 6 

LALLA. ROOKH, tqiure crown 8ro. 
Plates 15 

LALLA ROOKH, fcp. 4tn. with Wood- 
cat llliutrations by Tbmmui., in the press. 

IRISH MELODIES, 32mo.niby type.. 1 

IRISH MELODIES, l6mo. Vignette ..2 6 

IRISH MELODIES, square crown 8vo. 
Plates 21 

IRISH MELODIES, iUostrAted by Mac- 
LISE, saper-rqyal8TO 81 6 

BONOS, BALLADS, and SACRED 
SONGS, 32mo. ruby type 2 $ 

SONGS. BALLADS, and SACRED 
SONGS, 16mo. Vignette 6 

POETICAL WORKS, People's Edition, 
10 PA.aTs, each 1 o 

POETICAL WORKS, Cabinet Edition, 
10Vou.each 3 6 

POETICAL WORKS, TrareUer's Edi- 
tion, crown 8vo 12 6 

POETICAL WORKS, Library Edition, 
mcdium8ro 21 

SELECTIONS, entitled « POETRY 
and PICTURES from THOMAS 
MOORE," fcp. ito, with Wood £n- 

S raring 81 
ORE^S EPICUREAN, Ifimo. Vig- 
nette 6 

BdUioiM printed with the Mtuie, 

IRISH MELODIES, People's Edition, 

smalUto .12 

IRISH MBLODlE8,imperial8TO.smaU 

muticsixe 81 6 

HARMONISED AIRS fh>m IRISH 

MELODIES, imperial 8to 15 

NATIONAL AIKS, People's Edition, 

lONos.esLh 1 

NATIONAL AIRS, imperial 8to. smaU 

music size Si • 

SACRED SONGS and SONGS irom 

SCRIPTURE, imperial 8to IS 

No Edition of Thomas Moore's Poetical 
Works, or any separate Poem of Moore's, 
can be pubUiBhed complete except by 
Messrs. LoirGHAir and Ck>. 



Xorell. — > Elements of Psycho- 
logy : Part I., containing the Analysis 
of the Intellectual Powers. ItyJ. D. 
MoBEiiL. M.A.. One of Her Majesty's 
Inspectors of Schools. Post 8yo. vs. 6d. 

Morning Clouds. By the Author 

of The Afternoon cflAfe. Second Edi- 
tion, revised throughout. Fcp. 8to. 58. 

Morris (F. 0.)— Anecdotes in 

Natural History. By the Ber. F. 0. 
MoBBis, B.A., Sector of N unburn* 
holme, Yorkshire, Author of " History 
of the Nests and Eggs of British 
Birds," &c. Fcp. 8vo. [Juat ready, 

Morris (J.) — The Life and 

Martyrdom of St. Thomas Becket, 
Archbishop of Canterbury and Legate 
of the Holy See. By Jonsr Mobbis, 
Canon of ^Northampton. Po8t 8vo. Os. 

Morton.i»The Besources of Es- 

ti^s : A Treatise on the Agricultural 
Improvement and General Manage- 
ment of Landed Property. By Jouir 
LocKHABT MoBTOir, Civll and Agri- 
ccQtural Engineer ; Author of Thirteen 
Highland and Avricultural Prize Es- 
says. With 25 Ldthographic Illustra- 
tions. Royal 8vo. 81s. 6d. 

Moseley's Mechanical Principles 

of Engineering and Architecture. Se- 
cond Edition, enlarged; with numierous 
Woodcuts. 8vo. 2te. 

Memoirs and Letters of the late 

Colonel Abuiitb MouKTAiif, Aide- 
de-Camp to the Queen, and Aqjutant- 
General of Her Majesty's Forces in 
India. Edited by Mrs. Mountaix. 
Second Edition, Portrait. Fcp. 8vo. 66. 

Mure.— A Critical History of the 

Language and Literature of Ancient 
Greece. By William Mube, of 
Caldwell, vols. I. to III. 8vo. price 
8Gb.; Vol. IV. 15s.; and Vol. V. ISs. 

Murray's Encyclopeedia of Oeo- 

flrraphy, comprising a complete Descrip- 
tion of the Earth : Exhibiting its Rela- 
tion to tlie Heavenly Bodice, its Phy- 
sical Structure, tlie Natural History of 
each Country, and tlte Industry. Com- 
• merce. Political Institutions, and Civil. 
and Social State of All Nations. Scoond 
Edition ; with 88 Maps, and upwards of 
1,000 other Woodcuts. Svo.OUs. 

Neale.— The Closing Scene; or, 

Christianity and Infidelity contrasted 
in the Last Hours of Itemarkable Per- 
s(ms. By the Rev. Ebskinb Nbalb, 
M.A. 2 vols. fcp. 8vo. Ss. each. 



KBIT woBXB Ana KBW tjtunom 



ubj (Maiqoii ot).^A i Sr. Ptnini'a : 



ktptkiiPulalDlternrlM. BiUitl 
Muai<UMllouuBi;K.a. tnU. 

Oidl*t*.>i^Iha KutarBaUdcrt 

Ftoaj or, Iht PrlnotplH of Ornulc 
AKUtKtan u In JloiCd in th* tni - 



Oibora. — Osad^; or, Mmy 

^VTH fkvn jt JoQiml iB HftlAnJI 
B.N.,C,B. WltkloglmmdCbutuid 



tka Uhotwt of tka 
_H>uMml™H.Sl.a/«wi- 

(Mw, CBtalB&lrCLCU, IBBIMeM. 

aB. TfiirriTSdiHiBi wttti Pnatf^ 



Or, Fereiim'i Leetnni on. ?oUr- 

tvd LiRt4, twBbhtr wl^ ■ Lnbm on 
ttia Wemiiips. td BdUoB, bIupI 
from tlu AnUuf*! MaUrlili lij B«. 
]1, Pownj^M^A. Fell. Vtd. W oodeuti, 

Twry,— Tba Fnaki, tHm tUi 

FlrM AnMnHo in HMnr ta tta 
Pnn. BwiSmM^L**. »fD. IM.M. 
Psuhari Slamasta of FltjitN. 

ind WoodaiU. B to1>. tcp. Bn>. &I. 



tbi Comp*ntLve Anitomf bnd PhjB^ , 
lo|T of tlv InTwtttmu AnknuU, dfr 
llTtnd at the Bojal CoDhb DFSnrnoii*. 
Sacond E^tion, with BB WucdctiM. 

FntMMr Owen'i LMtorei on 
tbe CompantlTo Aiutocn tad Pby- 
tloloffj "1 tha Vartabrat* Aiiloult. da- 
Uvand at tha Rojal CoUagaorennarau 
IB ISU and IMO. VOI:. I. »Io. Ila. 

Kemoin «t Admiral Pairy, tha | 

AtcUo Naiinlor. ByUiBcm,tlia Bar. 
B. PiiRT. H^., DomaaCli Cfiaplain to , 
(tMBIabopctfLcndai. SliUiBdlltiiD; . 
with m PoTtnit and ccdcnred Chut of ' 
tha Banti-W«I Puawth Fqi.Sfo.h. 

FAttiH)i.^Ilka EitUl Hid tha i 

Word : or, Ow>loK7 fts Blbla StodentL 
Br S. R. Pnniimi, F.e.B. Fcp. Sro. 
with mkiurad Map, 31. U. 

Peaki, Puau, utd OUoitn: a ' 



FbiUip^a Battaatwrl 

tloo W MlannlMT. A K*. «___, 

with *«fJn^*< tf.^ jT&rt^ttnw* 1144 ^ddt 

uiun««aa Woodmil. fotBrcUi, 

FhilUpi.^& Onida to Qwlon. 

Br JoHir PRiLun, ILA., F.SJi., 



Pltaie'i Chymioal, Vatnr*!, and 

Pbvilal UagU. Ii( tha InaCnuDoa 
.-J ■> .^ •-""-enna.dnr^ 



YLne^ari, DaUiMcch Pom^oma, Cok- 
in^tiquaa. PflrTamed Soap, ju. : uid ta 



.a ALpina Chih. fidltad 
ui, 1(.It.I.A., F.tB., F 



Biu, Hlt.I.A., F.tB., PnaMmt of 
gotloni, and ■pgmlBfa on Wood. 

"TjZSS" ----- 



Ktt.^Sow to Brew OooIBmt : 

injAl*. BlUar At<^ TiMe Ala, Brawn 
eioul. Form, ana TabLi Baar. To 
" niidMFniitliBllBitaiuitioiB 
Idiar Malt. Ttj Jam Vnc 
tTsir WiniiS B. P. Oa^, 



gvuTa onHTD Sto. til. — Tlu SlSHl wUdiimiiiUadFraifUBllBitaiieticBi 



. Fop. en>. 4i. Sd. 
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Porter.— History of the Knights 

of Malta, or the Order of the Hospital 
of St. John of Jerusalem. By M^ior 
Whitworth Pobtzb, Royal Ensi- 
neera. With 5 Illostrations. 2 vols. 
8vo,2Aa, 

FowelL—Essays on the Spirit of 

the Inductire Philosophy, the Unity 
of Worlds, and the Philosophy ofCrea- 
tion. B^ the Rev. Badxit Powxll, 
MJL, &e. Crown Svo.Woodcots, 12b. 6d. 

FowelL — Christianity without 

Judaism : A Second Series of Essays 
on the Unity of Worlds and of Nstoie. 
By the Rev. Badxit Powsll, M.A., &c. 
Groim 8vo. Ts. 6d. 

" This volume contains the pith of Professor 
Powell's argument urged often and powerfully 
against the Judaic spirit among Christians. 
....Upon the theological part of Professor 
Powell's argument we offer no opinion; we 
sUaply desire to make known the natui* of 
his book, and to secure for it the respect and 
attention it deserres." ExAXXMza. 

FoweU.-»The Order of Nature 

considered in refiorence to the Claims of 
Revelation : A Third Series of Essays 
on the Unity of Worlds and of Nature. 
By the Rev. Basbit PowbiiL, M.A. 
Crown 8vo. 12s. 

Pycroft— The CoUMrian's Guide ; 

or, Reeollectiona of CoueRe Days : Set- 
ting forth the Advaut^ves and Temp* 
tatlons of a University £ducation. liy 
the Rev. J. Prcson, B.A.. ^Sicomi 
BdiUon, Fcp. 8vo. 6s. 

Fycroffs Course of English 

Reading; or, How and What to Read : 
Adaptea to every taste and capacity. 
With Literary Anecdotes. Fop. 8vo.5s. 

Fyeroffe's Crioket-Eield ; or, the 

Science and History of the Qame of 
Cricket. Third Edition j Plates and 
Woodcuts. Fop.Svo.58. 

Qnatrefages (A. De).— Bambles 

of a Naturalist on the Coasts of France, 
Spain, and Sicily. By A. DmQtrATBB- 
VAOBS, Memb. Inst. Translated by 
E. C. OzTB'. 2 vols, post 8vo. 15s. 

Baikes (T.)— ^Portion of the Jour- 
nal kept by Thomas Raixbs, Esq., 
from IsSl to 1847 : Comprising Remi- 
niscences of Social and PoUocal Life 
in London and Paris during that pe- 
riod. New Edition, complete in 2 vols, 
crown 8vo. price 12s. 



Bidh*8 ninstrated Companion to 

the Latin Dictionary and Greek Lexi- 
con; Forming a Glossary ot all the 
Words representing Visible Objects 
connected with the Arts. Manufitctures, 
and Every-Day Lifb of tiie Ancients. 
With about 2.000 Woodcuts from the 
Antique. Post 8vo. 21b. 

Siehardson.— Fourteen Years^ 

Experience of OAd Water : Its 'Uses 
and Abases. By Captain M. Richabd- 
BOW. FostSvo. Woodcuts, 6b. 

Horsemanship; or, the Art of 

Riding and Managing a Horse, adapted 
to the Guidance of Ladies and Gentle- 
men on the Road and in the Field: 
With Instructions for Breaking^in Colts 
and Young Horses. By Captain RiCH- 
ABDSOir, late of the 4th Light Dragoons. 
With 5 Plates. Square crown Svo. 14s. 

Kiddle's Complete Latin-English 

and EngUsh-Latin Dictionary, for the 
use of CoUesee and Schools, ifew Bdi- 
tioHt revised and corrected. 8vo. 21s. 

Eiddle's Diamond Latin-English 

Dictionary. A Guide to the Meaning. 
Quality, and rldit Accentuation of 
Latin Cbssical Words. Royal 82mo. 4s. 

Biddle's Copious and Critical 

Latin-BngUsh Lodcon, founded on the 
German-Latin Dictionaries oS Dr. Wil- 
liam Freund: Post 4to. Sis. 6d. 

Bivers's Bose- Amateur's Guide; 

cont^ning ample Descriptions of all 
the fine leading variety ox Roses jregu- 
larly classed in their respective Fami- 
lies : their History and Mode of Culture. 
Sixth Edition. Fcp. Svo. as. Od. 

Dr. E. Bobinson*s Greek and 

English Lexicon to the Chreek Testa- 
ment. A New Edition, revised and in 
great part re-written. Svo. 18s. 

Kr. Henry Bogers's Essays se- 
lected from Contributioiis to the Edin- 
burgh Beview. Second Edition, with 
Additions. S vols. fcp. 8vo. 21s. 

Samuel BogersPs Becolleotions 

of Personal and Conversational Inter- 
course with Charles James Fox, Ed- 
mund Burke, Henry Grattau, Richard 
Person, John Home Tooke, Prince 
Talleyrand, Lord Erskine, Sir Walter 
Scott, Lord Granville, andfthe Duke of 
WeUington. Second Edition. Fcp. 
Svo. 5s. 



KE^ WOftEB A 



ttvglun. — BtHTi in I«ol«tiM- 

tlail ttknuto' I (torn Tha EdliibnRti 
ttarlair. ISrlUB ai^t Hou. Sir 
JiMU Rrims, K!b.B., LLJl. 
Tlilnl Edltiu. Ivok.8vo.M>. 

BtonriiBngft— Tlw Peg In EaBltli 



BUhop Tbirlvall'i HiatnrT of 

Qr«ca. LIbruy Edition; with MiM. 
fcp.flvo, nltb Vi|!nett«Tltlu, tM. 
Thamton's Seaioni. Edited by 



9<>dHot 
Inrlodlutha 



Bienehsnge'B Woik on the 6Te7- 

BniMiB, BBTtaH, ud Tntnlug iJiTtT- 
hcniniU tar PubUo Rvimmff; their 
IHuiH ud Iiwtmiati CanUlnliiB 
■Ian RulM fbr thB Huufmuflt or 
rUut l[tMlDgj,ind Kv Uw Ddd- 

i^rcoiSSrwfth- -• 




SbridEl«&a.-^lToi ef tko ttoeens 

at Snglud. By Aen* Snioiujn}. 
DidtaiiMI, liy upnu Dumtulaii, to 
Hir Halwt)? BmbgUldwd wUh ^r- 
trvilAac «aiT QiiHiit nicnvtd troni 
.. L — ^_B_._ — CompiBto 



•iSteM 



B7monda.-^IanMlri of tha lifs 

and Sirvlni or Riar-Aamt rtl Hir 
Uu HavyTB^M b; J. A. iZu. 
avo. wtUi lUaatjailou, pria SIb. 

Tftylor.— JA70I0 : knd JetuttUm 
Foit Bio. UedaUlQii. Ids. ed. 

T^lor.— WmIct wid Xethod- 

lan. nr lUAO Tixuoi. FsM Btq. 

lennent^-^Jnlon : An Aoconnt 

oTlha Iilud, rajakal, mibnlisl. uid 
TOMerapfaliMl ; wllh CopImB Notloes 
oT ffilliliin] IDMWT, AntiiiDltfii, and 



Thonuon (the Bev. Dt.)^Aii 
Thamion'i Tatlei of Xntorott, 

at Tline, Four, Foiir*iid*-Hilt and 
Fiv« wr OtDt., (Kan One Pooad to 
Ten 'fliiiaBiDd, and from I to 3BDl«(, 

irtii,Trtisnr2rs.°'a£^£2K 

from C^ to Tnelv* Uoalhi, ud fron 



thorouKfa^iBT 

The Thnmb Btbl* ; m, Terlnun 

Sempileranm. I^J.TistoK. Betng 
□iDiils In EniUih VecH. RefilDItd 

Todd (IrO^^B CjoIopaBdls of 

Anatomy and PbyiloIiKy. Edltodtiy 
kobbh B. Todb, ILS, T.as„ fte, 
Fhyatdw to Kln^s Colltce HDuma: 
lais FrolM«r of ^awnd udMaSd 
Anitamy In Un^a CoUaga, Loodon. 
Nov complete uiBTOla.GTO,pp.ftJB0» 
llluHnird with UN Wsodoob, ^t 



Tooke.— HiituT of Frleea, uid 
vorli. By TBOKAa Toou, F.B^. 



XraTBlyan (Bir 0.)^ Original 

» — in HlurtmUog tha Hlnory of the 
£uted by 



The TiavellM'i UbrMyi A Ool. 




gtrnt-maST'^ <m U>t Tin ud oUiir 
■hhA •( Um Biunl ™^ w!m^( 

olSiHon Wsrli art a MlEclini vf tbt bHt 
WiUiDnotlli«B«. SidnvSaUlbl !•«<> 

bnEspaaBi i u Be»i% if Ou Mila ud 
Vnillisi <r lV4nHil*, til Hr. SUA i aul in 
ba tol. <■ awiMa aita adr, u 4L b. pu 



Van du-Hoeren'i Eondbooltof 



Far^aSra<a,1 
TehM. — Hemoiri of the Court, 



Von Tsmpikj.^JUtl* ; 
JounMV In ll^"t 0" 
By Q. r. VOM TimxiTwiUi'M 



VMla.— Bnriuid'* < 



Lamrfr, Ac. Post 8\ 



NRW WOBSS 



Wanderlngt in tlia ttnA of WUnot'i Abril^mant of Black- 

PortWu.M. 6il. fISim w hli*Diiuslile° . ISnio. 8«. 6d! 
WfttBrton.— «ii»T» on lT»tnral 

inM.iry. chHb Ornliholop. toC. W11mii'« BtTolo^ BrlUnniom : 

OVin-JL lTol..fti.S>o.B..»ch. ^diJ^SSSim^SwlhSlSSKd 

WaMrton'i Euari on Katnrtl Ma!^\M."°^S'%^Mil\^. 

Illotoiy. Tbivd fill HB; with m Con- untancM aDd ■!(«»£ of tha Jfi4D0b^ 

tlnuUlun of tha AitoblaiTapii7, ud * old BrlMHleaof H«n. HookDr ud 

I'ortniltofUui Author. Fcp.ero.ai. Tsflor, Btd. 4tB. i ur, nlth Uu Flitt* 

WKtion. ~ C7IMI0 BriunuiM; 

Webb, — CelMtUl OywU tor ^i««. "-naL Po..to.ii.. 

WomloilW, ■nil ll«p of thii Hoon 11 Port! of good^orih. ForUi»u«of 
Inchi^i In dimmater aigr»«l on Suel, Bun, wSMminMo', WlndHUw, Ub^ 
ISoiD. ri. nw, ud Biigtr Bdii»l>; KW> Co]' 
, ^ * , ,^ T l*S"i London; kod MArilnnHiKh Col- 

Webater and FarkM'i Enerolo- i^n. aiza intiim. Pon sio. »>.; 

tViinoin); «>ni- or, witti AjFISsnoTaiMatt. !!•. 

;",'■,.,■ "..■■'\'iKX'M«imotiono?]j^ Tonatt'i Work ontbaHoriB: 

lii.'JiiiT.iiillinnillilliDUijdMofWnnn- Wllb ■ TnMbg oa Dmgtit. Now 

inir ti'iilllJlUtiV nnA Liir)iUni tliem— Edition, nflHd ud mllind t? £. K. 

Fi^STlX with lh« NalorT ot thPlr lo tli. Bwl Collmof Twrinu, Saf- 

Maurtub-Dollei of BsmnU-Ai. S*""*. WlthniinuroiKWaDdeiifllliu- 

WHIi nonrly l.OOO WoodonW. Svo.SOr. IrMloIll, Bhllto ftffln Ajflmi to W. 
Hamj. Svo. iirtce Ui. M. doUu 

Weld. — The Tttmimi, Wait .„ . „ « »_™„,. 

ond Eiurt. Br CBiin,M Eichibb Tonatt— Tho Do». By WOllun 

WiLii.ItacHnaMt-Lai', Wltbaillu- foutt. A New EfitloD i wUb nnme. 

trntlHin In Chronu-xrlognDli)' ftom rooi EntnTlun, Ihim Dwlgng to W. 

nraitinm br tlw iShor. Port Sto. Haner. 810.S. 

Wrid'. Twaaon. In Irrtwd. S^J! ^^^Bo^V^^U^TrsS: 

Po»i svo. Ml M. Tobiw— The MyBtaiy ; or, StU 

muioli'i fopnlar TaUM «>r ffi™-, ^ J"" tobiih, ll.d. 

•McrUlnl^ Iba Ttfiw of UWuld, ro^iro.n.aa. 

Ltmrtold, and Chnnh PnnarQr, Bo- __ ., _ . .^ , . ,' 

nnralHiuLAo. WUh nnmmni ad- ZOmpt^i OrammaT of the Latlll 

dltlniMlTa l ilia ^ mhftAMfoiwml- Lumiage. Trandabid and adipKid fto 

ral, rrinmniatilBa Comnian ud tht nie of EiuUth Btudnta to Dr. L. 

fiyprrboUo Loramliiiu i Conatanta, Scvkiti, F.B.S.E.1 with nnnu 

SqoMW, CuW.Koott, Redprocata, AddJUnni ud CorrtotloDi In Ibt 

»c. Fourth Edition. Po«18to.10«. Ibi — ' - -' 



